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Real reductive Lie groups

Main examples are closed (Lie) subgroups of GL(n,C), stable
under the Cartan involution Θ(g) =t ḡ−1.

E.g., SL(n,R), U(p, q), Sp(2n,R), O(p, q).

The subgroup K = GΘ of fixed points of Θ in G is a maximal
compact subgroup of G .

E.g., SO(n) ⊂ SL(n,R);

U(p)× U(q) ⊂ U(p, q);

U(n) ⊂ Sp(2n,R);

O(p)× O(q) ⊂ O(p, q).



Real reductive Lie groups

Main examples are closed (Lie) subgroups of GL(n,C), stable
under the Cartan involution Θ(g) =t ḡ−1.
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Representations and (g,K )-modules

A representation of a group G as above is a complex topological
vector space V with a continuous G -action by linear operators.

More precisely, there is a group homomorphism π : G → AutV
such that the map

G × V → V , (g , v) 7→ π(g)v

is continuous.

Examples include various function spaces on a manifold X with a
smooth G -action.

These are “big” representations and decomposing them into
“smaller” representations is an important problem in harmonic
analysis.
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Representations and (g,K )-modules

The smallest representations are the irreducible ones; they have no
closed invariant subspaces except for 0 and the whole space.

To study algebraic properties of representations, it is convenient to
introduce their algebraic analogs, (g,K )-modules.

To define the (g,K )-module of a representation V , we assume that
V is admissible, i.e.,

dim HomK (Vδ,V ) <∞

for all irreducible K -representations Vδ.
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Representations and (g,K )-modules

Let VK be the space of K -finite vectors in V . These are the
vectors v ∈ V such that the orbit Kv spans a finite-dimensional
subspace of V .

Then VK has an action of the Lie algebra g0 of G ; namely K -finite
vectors are smooth. (The proof of this uses regularity theorem for
certain elliptic differential equations.)

The complexified Lie algebra g = (g0)C also acts. In this way we
have obtained a (g,K )-module.
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(g,K )-modules

A (g,K )-module is a vector space M, with a Lie algebra action of
g and a locally finite action of K , which are compatible, i.e.,
induce the same action of k0, the Lie algebra of K .

(If K is disconnceted, require also that the g-action map
g⊗ V → V is K -equivariant).

Such M can be decomposed under K as

M =
⊕
δ∈K̂

mδVδ,

where K̂ denotes the set of equivalence classes of irreducible
(finite-dimensional) representations of K .

M is a Harish-Chandra module if it is finitely generated and all
mδ <∞.
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Example: G = SL(2,R).

The Lie algebra g = sl(2,C) = 2x2 matrices of trace 0 has a basis

h =

(
0 −i
i 0

)
, e =

1

2

(
1 i
i −1

)
, f =

1

2

(
1 −i
−i −1

)
,

with commutation relations

[h, e] = 2e, [h, f ] = −2f , [e, f ] = h.

Since ih spans the Lie algebra of K = SO(2), h diagonalizes on
(g,K )-modules and has integer eigenvalues.

The irreducible modules correspond to the following pictures:
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• • • . . .
k k + 2 k + 4 . . .

(1)

. . . • • •
. . . −k − 4 −k − 2 −k (2)

• • . . . •
−n −n + 2 . . . n

(3)

. . . • • • . . .
. . . i − 2 i i + 2 . . .

(4)

where k > 0, n ≥ 0 and i are integers.

Each dot represents a 1-dimensional eigenspace for h. Numbers are
the corresponding eigenvalues.

In each picture, e raises the eigenvalue by 2, and f lowers the
eigenvalue by 2.



Pictures (1), (2) and (3) define unique modules.

(We know ef − fe = h; we know ef or fe at one point; so we know
ef and fe at all points; this enables us to determine the action of e
and f on basis elements.)

For each of the two pictures of type (4) (one with even, one with
odd eigenvalues), there are many modules; we do not know ef or fe
at any point. But we would know them if we knew ef + fe. We use

Casg =
1

2
h2 + ef + fe,

which commutes with g and so acts by a (complex) scalar on any
irreducible module.

Fixing this scalar determines the module.

(Not all values are allowed, the module may break up.)
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Infinitesimal character

One can define Casg for any g; it is a degree 2 element of the
center Z (g) of the enveloping algebra U(g). In fact, Z (g) is a
polynomial algebra, and one of the generators is Casg.

All elements of Z (g) act as scalars on irreducible modules. This
defines the infinitesimal character of M, χM : Z (g)→ C.

Harish-Chandra proved that Z (g) ∼= P(h∗)W , so infinitesimal
characters correspond to h∗/W .

Here h is a Cartan subalgebra of g, and W is a finite reflection
group called the Weyl group of (g, h). For g = sl(n,C), h consists
of traceless diagonal matrices, and W is the group of permutations
of the diagonal entries.
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D-modules

One can attach to g its flag variety B; it is the complex projective
variety GC/B, where B is a Borel subgroup of GC. For
GC = SL(n,C), B consists of upper triangular matrices in GC.

To study g-modules, one can instead study certain related
D-modules on B, i.e., sheaves of modules over the sheaves of
(twisted) differential operators on B.

Passing to sheaves has many advantages:

I One can study them in local coordinates;

I One can use geometric constructions like inverse and direct
images;

I One has geometric invariants like support or characteristic
variety.
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References for the theory of D-modules and their applications to
representation theory can be found on Dragan Miličić’s homepage

http://www.math.utah.edu/̃ milicic

The study of D-modules on algebraic varieties is first done for
affine varieties, starting with the affine space Cn.
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http://www.math.utah.edu/̃ milicic

The study of D-modules on algebraic varieties is first done for
affine varieties, starting with the affine space Cn.



The Weyl algebra

Let D(n) be the Weyl algebra of differential operators on Cn with
polynomial coefficients. It is generated by the partial derivatives
∂1, . . . , ∂n and by the multiplication operators x1, . . . , xn.

These generators satisfy the commutation relations

xixj = xjxi ; ∂i∂j = ∂j∂i ; ∂ixj − xj∂i = δij .

In other words,

[xi , xj ] = 0; [∂i , ∂j ] = 0; [∂i , xj ] = δij .

The nontrivial relations come from the Leibniz rule:

∂i (xjP) = ∂i (xj)P + xj∂i (P).
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Example: D(1)

The algebra D(1) is generated by x and ∂, with relation [∂, x ] = 1.

A crucial remark is that D(1) cannot have any finite-dimensional
modules.

Namely, if M were a finite-dimensional D(1)-module, then the
operator [∂, x ] on M would have trace 0, while the operator 1
would have trace dimM, a contradiction.
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Examples: D(1)-modules

An obvious example of a D(1)-module is the space of polynomials
C[x ], where elements of D(1) act by definition.

This module is “smaller” and more interesting than D(1) with left
multiplication.

Another “small” example: truncated Laurent polynomials
C[x , x−1]/C[x ]. (These can be moved to any c ∈ C.)

Another way to describe an isomorphic module is as C[∂], with

∂ · ∂ i = ∂ i+1; x · ∂i = −i∂ i−1.

(“Fourier transform” of C[x ].)
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Dimension of D(n)-modules

To make sense of the “size” of modules, one develops a dimension
theory for D(n)-modules.

The Bernstein filtration of the algebra D = D(n) is

Dp = span{x I∂J
∣∣ |I + J| ≤ p}, p ∈ Z+

One can define certain “good” filtrations of finitely generated
D-modules compatible with this filtration of the algebra D. They
always exist, and although they are not unique, any two are
equivalent in a certain sense.

Since D0 = C, FpM are finite-dimensional vector spaces.
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A D(n)-module M is called holonomic if d(M) = n (or M = 0).

For example, C[x1, . . . , xn] is holonomic.

The category of holonomic D-modules is nice: any submodule of a
holonomic module is holonomic; any quotient of a holonomic
module is holonomic; any extension of two holonomic modules is
holonomic.

Also, every holonomic module is of finite length, i.e., it has a finite
filtration with irreducible quotients.
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Holonomic modules

One can also show that the localization of a holonomic module
with respect to powers of a nonconstant polynomial is holonomic.

For example, the D(1)-module C[x ]x = C[x , x−1] is holonomic,
and hence so is the module C[x ]x/C[x ] of truncated Laurent
polynomials. Thus also C[∂] is holonomic.

More generally,
C[x1, . . . , xk , ∂k+1, . . . , ∂n]

is a holonomic D(n)-module.

Finally, one easily sees that d(D(n)) = 2n, so D(n) is not a
holonomic module over itself.
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Characteristic variety

Another way to attach dimension to a D-module M is through its
characteristic variety.

Let now Dp be the filtration of D = D(n) by degree of differential
operators. Finitely generated D-modules again have good
filtrations compatible with Dp.

Since GrM is finitely generated over
GrD = C[x1, . . . , xn, ξ1, . . . , ξn], we can consider the ideal

I = AnnGr D GrM

in GrD.

The characteristic variety of M is the zero set of I in C2n:

Ch(M) = V (I ).
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Theorem (Bernstein)

dim Ch(M) = d(M).

Examples for n = 1

I ChC[x ] = C× {0}.

I ChC[∂] = {0} × C.

I ChC[x ]x = (C× {0}) ∪ ({0} × C).

I If α ∈ C \Z, then the module M = C[x ]xx
α is irreducible, but

ChM is still (C× {0}) ∪ ({0} × C).
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D-modules on smooth varieties

To define differential operators on varieties, one first defines the
algebra D(X ) of global differential operators on an affine variety
X .

These are the differential endomorphisms of the algebra O(X ) of
regular functions, i.e., linear endomorphisms such that for some
p ∈ Z+

[. . . [[D, a0], a1], . . . , ap] = 0, a0, . . . , ap ∈ A.

(Such D is of order ≤ p.)

The algebra D(X ) is now localized to obtain the sheaf DX of
differential operators on X . Basically, this means that we allow the
coefficients to be rational functions instead of just regular
functions.



D-modules on smooth varieties

To define differential operators on varieties, one first defines the
algebra D(X ) of global differential operators on an affine variety
X .

These are the differential endomorphisms of the algebra O(X ) of
regular functions, i.e., linear endomorphisms such that for some
p ∈ Z+

[. . . [[D, a0], a1], . . . , ap] = 0, a0, . . . , ap ∈ A.

(Such D is of order ≤ p.)

The algebra D(X ) is now localized to obtain the sheaf DX of
differential operators on X . Basically, this means that we allow the
coefficients to be rational functions instead of just regular
functions.



D-modules on smooth varieties

To define differential operators on varieties, one first defines the
algebra D(X ) of global differential operators on an affine variety
X .

These are the differential endomorphisms of the algebra O(X ) of
regular functions, i.e., linear endomorphisms such that for some
p ∈ Z+

[. . . [[D, a0], a1], . . . , ap] = 0, a0, . . . , ap ∈ A.

(Such D is of order ≤ p.)

The algebra D(X ) is now localized to obtain the sheaf DX of
differential operators on X . Basically, this means that we allow the
coefficients to be rational functions instead of just regular
functions.



D-modules on smooth varieties

A general X has an open cover consisting of affine varieties Xi , and
we obtain DX by glueing the sheaves DXi

together.

D-modules on X are by definition sheaves of modules over the
sheaf of algebras DX .

Since general X are unions of affine Xi which embed in some Cn,
one can use some of the theory on Cn we outlined. In particular
one can define dimension and holonomicity of modules.
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Inverse and direct images for D-modules on affine varieties

If X and Y are affine varieties, and we have a morphism
f : X → Y , we can consider O(X ) as an O(Y )-module and define

DX→Y = O(X )⊗O(Y ) D(Y ).

One shows that this is a (D(X ),D(Y ))-bimodule.

For a left D(Y )-module W , f +(W ) is the left D(X )-module

f +(W ) = DX→Y ⊗D(Y ) W = O(X )⊗O(Y ) W .

For a right D(X )-module V , f+(V ) is the right D(Y )-module

f+(V ) = V ⊗D(X ) DX→Y .

One also needs the derived functors which are defined using
projective resolutions.
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Inverse and direct images for general varieties

These are defined using a sheaf version of the above construction.

To handle direct images in general one needs derived categories,
but for nice maps like closed embeddings or projections, there are
nicer descriptions, “adding normal derivatives” respectively
“integrating along the fibers”.

More general maps can be obtained as compositions of these nice
maps.

Inverse and direct image functors have a number of nice properties,
the most important being preservation of holonomicity.



Inverse and direct images for general varieties

These are defined using a sheaf version of the above construction.

To handle direct images in general one needs derived categories,
but for nice maps like closed embeddings or projections, there are
nicer descriptions, “adding normal derivatives” respectively
“integrating along the fibers”.

More general maps can be obtained as compositions of these nice
maps.

Inverse and direct image functors have a number of nice properties,
the most important being preservation of holonomicity.



Inverse and direct images for general varieties

These are defined using a sheaf version of the above construction.

To handle direct images in general one needs derived categories,
but for nice maps like closed embeddings or projections, there are
nicer descriptions, “adding normal derivatives” respectively
“integrating along the fibers”.

More general maps can be obtained as compositions of these nice
maps.

Inverse and direct image functors have a number of nice properties,
the most important being preservation of holonomicity.



Inverse and direct images for general varieties

These are defined using a sheaf version of the above construction.

To handle direct images in general one needs derived categories,
but for nice maps like closed embeddings or projections, there are
nicer descriptions, “adding normal derivatives” respectively
“integrating along the fibers”.

More general maps can be obtained as compositions of these nice
maps.

Inverse and direct image functors have a number of nice properties,
the most important being preservation of holonomicity.



Flag variety of sl(n,C)

Recall that the flag variety of the Lie algebra g is GC/B where B is
a Borel subgroup of GC.

For g = sl(n,C), B is the variety of all flags in Cn:

0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn = Cn

with dimVi = i .

If g = sl(2,C), the flags

0 = V0 ⊂ V1 ⊂ V2 = C2

are just the lines V1 in C2.

So the flag variety of sl(2,C) is the complex projective space P1,
or the Riemann sphere.



Flag variety of sl(n,C)

Recall that the flag variety of the Lie algebra g is GC/B where B is
a Borel subgroup of GC.

For g = sl(n,C), B is the variety of all flags in Cn:

0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn = Cn

with dimVi = i .

If g = sl(2,C), the flags

0 = V0 ⊂ V1 ⊂ V2 = C2

are just the lines V1 in C2.

So the flag variety of sl(2,C) is the complex projective space P1,
or the Riemann sphere.



Flag variety of sl(n,C)

Recall that the flag variety of the Lie algebra g is GC/B where B is
a Borel subgroup of GC.

For g = sl(n,C), B is the variety of all flags in Cn:

0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn = Cn

with dimVi = i .

If g = sl(2,C), the flags

0 = V0 ⊂ V1 ⊂ V2 = C2

are just the lines V1 in C2.

So the flag variety of sl(2,C) is the complex projective space P1,
or the Riemann sphere.



Flag variety of sl(n,C)

Recall that the flag variety of the Lie algebra g is GC/B where B is
a Borel subgroup of GC.

For g = sl(n,C), B is the variety of all flags in Cn:

0 = V0 ⊂ V1 ⊂ · · · ⊂ Vn = Cn

with dimVi = i .

If g = sl(2,C), the flags

0 = V0 ⊂ V1 ⊂ V2 = C2

are just the lines V1 in C2.

So the flag variety of sl(2,C) is the complex projective space P1,
or the Riemann sphere.



U(g) and differential operators on B

Since the group GC acts on B = GC/B, it also acts on functions
on B, by (g · f )(b) = f (g−1b).

Differentiating this action gives an action of the Lie algebra g on
the functions on B.

In this way we get a map from g into (global) vector fields on B.

This map extends to a map from U(g) into (global) differential
operators on B, Γ(B,DB).
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Theorem

The map U(g)→ Γ(B,DB) is surjective.

The kernel is the ideal Iρ of U(g) generated by the annihilator of
the trivial g-module C in the center of U(g).

Denoting U(g)/Iρ by Uρ, we get

Uρ
∼=−→ Γ(B,DB).

Clearly, Uρ-modules are the g-modules with infinitesimal character
ρ (like the trivial module).
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Localization

If V is a DB-module, then its global sections Γ(B,V) form a
module over Γ(B,DB) ∼= Uρ.

So we have a functor Γ :Mqc(DB)→M(Uρ).

Conversely, if M is a Uρ-module, we can “localize” it to obtain the
DB-module

∆ρ(M) = DB ⊗Uρ M.

∆ρ :M(Uρ)→Mqc(DB) is called the localization functor.

HereMqc(DB) denotes the category of quasicoherent DB-modules;
these are the modules that can locally be obtained by localization.
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The trivial g-module corresponds to OB:

Since B is projective, the only global regular functions are the
constants.

The constants are annihilated by all vector fields, hence by g.

So Γ(X ,OB) is the trivial g-module C.
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More examples for sl(2,C)

Recall that besides the trivial module, we have 3 more
(sl(2,C),SO(2))-modules with trivial infinitesimal character, D2,
D−2 and P, with h-eigenvalues:

I 2, 4, 6, . . . for D2;

I . . . ,−6,−4,−2 for D−2;

I . . . ,−3,−1, 1, 3, . . . for P.

We want to describe the corresponding sheaves on B = P1.
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More examples for sl(2,C)

To describe sheaves on B = P1 = C ∪ {∞}, we cover B by two
copies of C:
P1 \ {∞} with variable z , and P1 \ {0} with variable ζ = 1/z .

Any quasicoherent O-module or D-module on B is determined by
its sections on these two copies of C, which have to agree on the
intersection C∗ = P1 \ {0,∞}.
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More examples for sl(2,C)

By the chain rule, ∂ζ = −z2∂z . By a short computation one
computes the map g→ Γ(B,DB):

h 7→ 2z∂z ; e 7→ z2∂z ; f 7→ −∂z ,

and
h 7→ −2ζ∂ζ ; e 7→ −∂ζ ; f 7→ ζ2∂ζ .

(The basis is changed here so that h becomes
(

1 0
0 −1

)
, e becomes

( 0 1
0 0 ) and f becomes ( 0 0

1 0 ).)
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More examples for sl(2,C)

The first D-module we consider is given as C[∂z ] ∼= C[z , z−1]/C[z ]
on P1 \ {∞}, and as 0 on P1 \ {0}.

This is compatible because C[z , z−1]/C[z ] is supported at {0},
and hence equal to 0 on C∗.

Checking the g-action, we see that the global sections of this sheaf
are isomorphic to D−2.

Analogously, setting V to be C[ζ, ζ−1]/C[ζ] on P1 \ {0}, and 0 on
P1 \ {∞}, we get a D-module with global sections D2.

Finally, P is obtained from the D-module equal to C[z , z−1]z1/2 on
P1 \ {∞}, and to C[ζ, ζ−1]ζ1/2 on P1 \ {0}.
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Other infinitesimal characters

Modules of nontrivial infinitesimal character can be obtained as
global sections of modules over twisted sheaves of differential
operators Dλ, λ ∈ h∗.

The construction of Dλ is analogous to the construction of line
bundles O(λ), but for O(λ) one needs λ to be integral, while for
Dλ there is no such condition.

Γ(B,Dλ) is the quotient Uλ of U(g) corresponding to infinitesimal
character λ.

One can again define the localization functor
∆λ :M(Uλ)→Mqc(Dλ).

Beilinson-Bernstein theorem holds if λ is dominant and regular –
then ∆λ is an equivalence of categories.
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Equivariant version

Suppose that a connected algebraic subgroup K of GC acts on B
with finitely many orbits.

Then every coherent (Dλ,K )-module is holonomic.

Beilinson-Bernstein equivalence still holds: for λ regular dominant,

∆λ :M(Uλ,K )→Mqc(Dλ,K )

is an equivalence of categories.

This leads to a very nice geometric classification of irreducible
(g,K )-modules.
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Beilinson-Bernstein classification

Start with a K -orbit Q
i
↪→ B and an irreducible K -equivariant

connection τ on Q. In other words, τ is the sheaf of sections of a
K -equivariant vector bundle.

Since τ corresponds to a bundle, it is given by a representation W
of the stabilizer S of a point in Q. The action of the Lie algebra s
on W should be given by λ− ρ, and it should integrate to S
(compatibility).

Set I(Q, τ) = i+(τ). This is the standard (Dλ,K )-module
corresponding to (Q, τ).

I(Q, τ) has a unique irreducible (Dλ,K )-submodule L(Q, τ).

Any irreducible (Dλ,K )-module is L(Q, τ) for unique Q and τ .
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Example: g = sl(2,C), K ⊂ SL(2,C) diagonal

The orbits of K on B = C ∪ {∞} are {0}, C∗ and {∞}.

For Q = {0}, the stabilizer is K , and compatibility with λ means λ
must be a positive integer. In this case, τ is just Cλ.

Since i+ is just adding normal derivatives, I(Q, τ) = Cλ ⊗ C[∂z ]
and it is irreducible. This corresponds to the highest weight
(g,K )-module with highest weight −λ− ρ.

The situation is analogous at ∞, with roles of z and ζ = 1/z
reversed, and we get a lowest weight module with lowest weight
λ+ ρ.
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Example: g = sl(2,C), K ⊂ SL(2,C) diagonal

For Q = C∗, the stabilizer is {±1}. The compatibility with λ is
empty.

There are two possible connections: τ0 = O(C∗) corresponding to
the trivial representation of {±1}, and τ1 = O(C∗)z1/2,
corresponding to the sign representation of {±1}.

The standard modules I(C∗, τk) correspond to the even and odd
principal series representations. They are irreducible unless λ is an
integer of the same parity as k .

In this last case, the irreducible submodule is the sheaf O(λ)
corresponding to the finite-dimensional representation, while the
quotient is the direct sum of the standard modules corresponding
to {0} and {∞}.
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