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Harish-Chandra modules

As before, let (g,K ) be a pair attached to a real reductive group
GR.

A (g,K )-module is a vector space M, with a Lie algebra action of
g and a locally finite action of K , which are compatible, i.e.,
induce the same action of k = the Lie algebra of K .

(If K is disconnected, require also that the action g⊗ V → V is
K -equivariant).
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Such M can be decomposed under K as

M =
⊕
δ∈K̂

mδVδ.

M is a Harish-Chandra module if it is finitely generated over U(g)
and all mδ <∞.

Equivalently, the (g,K )-module M has finite length.



Harish-Chandra modules

Such M can be decomposed under K as

M =
⊕
δ∈K̂

mδVδ.

M is a Harish-Chandra module if it is finitely generated over U(g)
and all mδ <∞.

Equivalently, the (g,K )-module M has finite length.



Harish-Chandra modules

Such M can be decomposed under K as

M =
⊕
δ∈K̂

mδVδ.

M is a Harish-Chandra module if it is finitely generated over U(g)
and all mδ <∞.

Equivalently, the (g,K )-module M has finite length.



Dirac operator

Fix a nondegenerate invariant symmetric bilinear form B on g.

Let g = k⊕ p be the Cartan decomposition.

Let C (p) be the Clifford algebra of p with respect to B.



Dirac operator

Fix a nondegenerate invariant symmetric bilinear form B on g.

Let g = k⊕ p be the Cartan decomposition.

Let C (p) be the Clifford algebra of p with respect to B.



Dirac operator

Fix a nondegenerate invariant symmetric bilinear form B on g.

Let g = k⊕ p be the Cartan decomposition.

Let C (p) be the Clifford algebra of p with respect to B.



Dirac operator

Let bi be any basis of p; let di be the dual basis with respect to B.

Dirac operator (Parthasarathy):

D =
∑
i

bi ⊗ di ∈ U(g)⊗ C (p)

D is independent of bi and K -invariant.

D2 is the “spin Laplacean” (Parthasarathy):

D2 = −Casg⊗1 + Cask∆
+‖ρk‖2 − ‖ρg‖2.
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Dirac cohomology

Let M be an admissible (g,K )-module. Let S be a spin module for
C (p); it is constructed as S =

∧
p+ for p+ ⊂ p max isotropic.

Then D acts on M ⊗ S .

Dirac cohomology of M (Vogan):

HD(M) = KerD/ ImD ∩ KerD

HD(M) is a module for the spin double cover K̃ of K . It is
finite-dimensional if M is of finite length.
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Dirac cohomology

For unitary M,
HD(M) = KerD = KerD2,

and D2 ≥ 0 (Parthasarathy’s Dirac inequality).

If HD(M) 6= 0, the infinitesimal character of M can be read off
from HD(M):
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Dirac cohomology

Let h = t⊕ a be a fundamental Cartan subalgebra of g.

View t∗ ⊂ h∗ via extension by 0 over a.

Vogan’s conjecture (proved by Huang-P. in 2002):

Theorem
Assume that M has infinitesimal character and that HD(M)
contains the K̃ -type Eγ of highest weight γ ∈ t∗.

Then the infinitesimal character of M is γ + ρk up to Weyl group
Wg.
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Dirac index

For many purposes, like the study of characters, translation
principle, etc., it is good to replace Dirac cohomology by its Euler
characteristic, the Dirac index.

To define the Dirac index, assume rank g = rank k. Then dim p is
even, so the C (p)-module S is graded:

S = S+ ⊕ S− (=
∧evenp+ ⊕

∧oddp+).
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Let M be a finite length (g,K )-module with infinitesimal
character.

Then there is an equality of virtual K̃ -modules

M ⊗ S+ −M ⊗ S− = I (M).
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Corollary

Let
0→ U → V →W → 0

be a short exact sequence of finite length (g,K )-modules.

Assume that V has infinitesimal character (so that U and W must
have the same infinitesimal character as V ).

Then there is an equality of virtual K̃ -modules

I (V ) = I (U) + I (W ).
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Modules with generalized infinitesimal character

To study the translation principle, we need to deal with modules
M ⊗ F , where M is a finite length (g,K )-module, and F is a
finite-dimensional (g,K )-module.

Then M ⊗ F is of finite length, and it can be written as a direct
sum of modules with generalized infinitesimal character, but even if
M is irreducible these summands do not necessarily have
infinitesimal character.
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Recall that χ : Z (g)→ C is the generalized infinitesimal character
of a g-module M if there is a positive integer N such that

(z − χ(z))N = 0 on M, for every z ∈ Z (g),

where Z (g) denotes the center of U(g).

Last time we saw an example (taken from P.-Somberg) showing
that the above proposition and corollary can fail for modules with
generalized infinitesimal character.
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Higher Dirac cohomology

A modified version of Dirac cohomology, called “higher Dirac
cohomology”, has been defined by P. and Somberg (Transform.
Groups 21, 2016).

It is defined as H(M) =
⊕

k∈Z+
Hk(M), where

Hk(M) = ImD2k ∩ KerD
/

ImD2k+1 ∩ KerD.

(Note that Hk(M) consists of the bottom K̃ -types of the Jordan
cells for D of size 2k + 1.)

H0(M) is the old notion HD(M). If M has infinitesimal character,
then H(M) = H0(M) = HD(M).
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Higher Dirac cohomology

Let H(M)± be the even and odd parts of H(M), and (re)define
the Dirac index as

I (M) = H(M)+ − H(M)−.

Then our proposition holds for any module M of finite length, i.e.,

I (M) = M ⊗ S+ −M ⊗ S−.

It follows that the index defined in this way is additive with respect
to short exact sequences, and it therefore makes sense for virtual
(g,K )-modules.

In other words, I is well defined on the Grothendieck group of the
Abelian category of finite length (g,K )-modules.
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Dirac index and tensoring

Let M be a virtual (g,K )-module and F a finite-dimensional
(g,K )-module.

Then
I (M ⊗ F ) = I (M)⊗ F .

This is clear from I (X ) = X ⊗ S+ − X ⊗ S− applied to
X = M ⊗ F and X = M.
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Coherent families

Let λ0 ∈ t∗ be regular (t is a compact Cartan subalgebra of g.)

Let Λ be the lattice of all λ = λ0 + ν, where ν is a weight for
(g,K ) (i.e., ν is a weight of a finite-dimensional (g,K )-module.)

A family of virtual (g,K )-modules Xλ is called coherent if
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Coherent families

1. For each λ, Xλ has infinitesimal character λ;

2. For any finite-dimensional (g,K )-module F , and for any
λ ∈ Λ,

Xλ ⊗ F =
∑

µ∈∆(F )

Xλ+µ,

where ∆(F ) denotes the multiset of all weights of F .
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Coherent families

If λ and λ+ ν are in the same chamber for the (integral) Weyl
group, then Xλ+ν can be obtained from Xλ using the
Jantzen-Zuckerman translation functors:

Xλ+ν is the component of Xλ ⊗ Fν with generalized infinitesimal
character λ+ ν. (Here Fν is the finite-dimensional (g,K )-module
with extremal weight ν.)

Coherent families were introduced by Schmid; the above definition
is due to Duflo. See Vogan’s green book.
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Examples of coherent families

I Finite-dimensional modules:

I for dominant regular λ, set Ẽλ = finite-dimensional module
with infintesimal character λ;

I for singular λ, set Ẽλ = 0;

I for dominant regular λ and w ∈Wg, set Ẽwλ = (−1)l(w)Ẽλ.
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I for dominant regular λ, set Ẽλ = finite-dimensional module
with infintesimal character λ;

I for singular λ, set Ẽλ = 0;
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Examples of coherent families
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I for n ≥ 0, let D+
n be the irreducible lowest weight

(g,K )-module with lowest weight n + 1;

I for n < 0, let D+
n be the sum of D+

−n and the
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Coherent continuation

A basic fact about coherent families is the following.

Assume that λ0 is regular and let X be a virtual (g,K )-module
with infinitesimal character λ0.

Then there is a unique coherent family Xλ, λ ∈ Λ, such that

Xλ0 = X .

(For singular λ0 such a family exists but it is not unique.)
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Dirac index and coherent families

If Xλ is a coherent family, and F a finite-dimensional
(g,K )-module, we get

I (Xλ)⊗ F = I (Xλ ⊗ F ) =
∑

µ∈∆(F )

I (Xλ+µ)

for any λ.

So the family I (Xλ) has some coherence properties, but it is not a
coherent family of k-modules.

Namely, I (Xλ) does not have k-infinitesimal character λ, and also
F in the above formula is a finite-dimensional (g,K )-module, not
an arbitrary finite-dimensional k-module.
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Theorem

Let Xλ be a coherent family of virtual (g,K )-modules, with all λ
analytically integral for K̃ . Fix a regular λ ∈ Λ.

Let
I (Xλ) =

∑
w∈Wg

aw Ẽwλ,

where Ẽ denotes the coherent family of finite-dimensional
K̃ -modules as above, and aw are integers.

Then for any weight ν,

I (Xλ+ν) =
∑

w∈Wg

aw Ẽw(λ+ν),

with the same coefficients aw .
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Proof

Step 1: suppose both λ and λ+ ν belong to the same (integral)
Weyl chamber, which we can assume to be the dominant one.

Let Fν be the finite-dimensional (g,K )-module with extremal
weight ν.

Let us take the components of

I (Xλ)⊗ Fν =
∑

µ∈∆(Fν)

I (Xλ+µ) (1)

with k-infinitesimal characters which are Wg-conjugate to λ+ ν.

By Vogan’s conjecture, any summand I (Xλ+µ) of the right side of
(1) is a combination of virtual modules with k-infinitesimal
characters which are Wg-conjugate to λ+ µ.
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Proof

By Lemma 7.2.18 (b) of Vogan’s Green Book, λ+ µ can be
Wg-conjugate to λ+ ν only if µ = ν.

Thus we are picking exactly the summand I (Xλ+ν) of the right
side of (1).

We now determine the components of the left side of (1) with
k-infinitesimal characters which are Wg-conjugate to λ+ ν, using
the assumption

I (Xλ) =
∑

w∈Wg

aw Ẽwλ.

Since Ẽ is a coherent family for K̃ , and Fν can be viewed as a
finite-dimensional K̃ -module, one has

Ẽwλ ⊗ Fν =
∑

µ∈∆(Fν)

Ẽwλ+µ.
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Ẽwλ+µ.



Proof

The k-infinitesimal character of Ẽwλ+µ is wλ+ µ, so the
components we are looking for must satisfy wλ+ µ = u(λ+ ν), or
equivalently

λ+ w−1µ = w−1u(λ+ ν),

for some u ∈Wg.

Using again Lemma 7.2.18 (b) of Vogan’s Green Book, we see that
w−1u must fix λ+ ν, and w−1µ must be equal to ν.

So µ = wν, and the component Ẽwλ+µ is in fact Ẽw(λ+ν). This
implies the statement of the theorem in this case.
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components we are looking for must satisfy wλ+ µ = u(λ+ ν), or
equivalently

λ+ w−1µ = w−1u(λ+ ν),

for some u ∈Wg.

Using again Lemma 7.2.18 (b) of Vogan’s Green Book, we see that
w−1u must fix λ+ ν, and w−1µ must be equal to ν.

So µ = wν, and the component Ẽwλ+µ is in fact Ẽw(λ+ν). This
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Proof

Step 2: suppose that λ and λ+ ν lie in two neighbouring
chambers, with a common wall defined by a root α, and such that
λ+ ν = sα(λ).

Assume further that for any weight µ of Fν , λ+ µ belongs to one
of the two chambers.

Geometrically this means that λ is close to the wall defined by α
and sufficiently far from all other walls and from the origin.

We now tensor the formula

I (Xλ) =
∑

w∈Wg

aw Ẽwλ,

with Fν .
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aw Ẽwλ,

with Fν .



Proof

Step 2: suppose that λ and λ+ ν lie in two neighbouring
chambers, with a common wall defined by a root α, and such that
λ+ ν = sα(λ).

Assume further that for any weight µ of Fν , λ+ µ belongs to one
of the two chambers.

Geometrically this means that λ is close to the wall defined by α
and sufficiently far from all other walls and from the origin.

We now tensor the formula

I (Xλ) =
∑

w∈Wg

aw Ẽwλ,
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Proof

By (1) and the fact that Ẽ is a coherent family for K̃ , we get∑
µ∈∆(Fν)

I (Xλ+µ) =
∑

w∈Wg

aw
∑

µ∈∆(Fν)

Ẽw(λ+µ).

By our assumptions, the only λ+ µ conjugate to λ+ ν via Wg are
λ+ ν and λ.

Picking the corresponding parts from the above equation, we get

I (Xλ+ν) + cI (Xλ) =
∑

w∈Wg

aw
(
cẼwλ + Ẽw(λ+ν)

)
where c is the multiplicity of the zero weight of Fν . This implies
the statement of the theorem in this case.
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Proof

Step 3: to get from an arbitrary regular λ to an arbitrary λ+ ν, we
first apply Step 1 to get from λ to all elements of Λ in the same
(closed) chamber.

Then we apply Step 2 to pass to an element of a neighbouring
chamber, then Step 1 again to get to all elements of that chamber,
and so on.
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are regular for g.

Assume also that I (Xλ) 6= 0.
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This follows immediately from the theorem and the fact that
Ẽw(λ+ν) can not be zero.

Namely, w(λ+ ν) is regular for g and hence also for k.
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Applications

1. Find the Dirac index at some “good point” Xλ, then translate
to “worse” Xλ′ .
For example, it is easier to study the index for cohomologically
induced modules in very dominant setting, using the bottom
layer (Dong-Huang, P.)

2. Get the index of non-unitary X from the index of unitary
translates of X . (E.g., the Weil representation and its
translates.)

3. ??
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Weyl group representations

Let Xλ be a coherent family. Recall that λ varies over the lattice

Λ = {λ0 + ν | ν a weight for (g,K )}

for some fixed regular λ0.

Identify Xλ with its character chλ, viewed as a function on t.

Consider the map
λ 7→ dim I (chλ).

(Note that dim makes sense for virtual finite-dimensional
modules.)

By the Weyl dimension formula, the range of dim is in polynomials
in λ, or in ν = λ− λ0.
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Weyl group representations

Coherent continuation representation of the integral Weyl group
W (λ0) on the space of functions on t spanned by the chλ is given
by

w chλ = chw−1λ .

Similarly, W (λ0) acts on the space spanned by the dim I (chλ):

w dim I (chλ) = dim I (chw−1λ).

The map chλ 7→ dim I (chλ) is W (λ0)-equivariant.
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Corollary

The representation of W (λ0) attached to the coherent family chλ
maps onto the representation of W (λ0) attached to dim I (chλ),
and therefore it contains it.

This situation is analogous to Joseph’s theory of Goldie rank
polynomials.
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Example 1

Let Xλ be the coherent family of finite-dimensional
(g,K )-modules. We have

dim I (Xλ) = dim(Xλ⊗S+−Xλ⊗S−) = dimXλ(dimS+−dimS−) = 0,

since dim S+ = dimS−.

So the map chλ 7→ dim I (chλ) is zero and we get no information in
this case.

More generally, if the Gelfand-Kirillov dimension Dim(Xλ) of Xλ is
less than the number of positive roots for g minus the number of
positive roots for k, then dim I (Xλ) = 0.
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Example 2

Discrete series for SL(2,R):

Let Xn be the lowest weight (g,K )-module with lowest weight
n + 1 for n ≥ 0;

and let Xn = X−n + F−n−1 if n < 0.

It is easy to see that I (Xn) = HD(Xn) = Cn, 1-dimensional
K̃ -module.

The Weyl group is W (0) = Wg = {±1}. The element −1 acts as
Xn 7→ X−n, or chn 7→ ch−n.

This representation contains the trivial representation spanned by
ch0. The representation corresponding to dim I (chn) is also trivial,
since dim I (chn) is the constant function 1.
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Index polynomials and Goldie rank polynomials

Using results of King, the Goldie rank polynomial PX attached to
X can (up to a constant multiple) be idenitified with the leading
term in the Taylor expansion of the numerator of the character of
X on the maximally split Cartan subalgebra hs of g.

More precisely, if x ∈ hs is regular, PX (λ) is up to a constant
multiple equal to

lim
t→0+

tDim(X ) ch(Xλ)(exp tx).

We show that similarly the index polynomial is the leading term in
the Taylor expansion of the numerator of the character of X on the
compact Cartan subalgebra t of g, so it is an analogue of the
Goldie rank polynomial.
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Index polynomials and Goldie rank polynomials

Using a Cayley transform, we can view PX as a polynomial on t∗,
where we also have the index polynomial

QX (λ) = dim I (Xλ).

(Here Xλ is the coherent family defined by X .)

In general, these two polynomials are quite different; for example,
they have different degrees.

We show that however PX is equal to QX up to a constant
multiple if X is a holomorphic discrete series representation.
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Example: discrete series for SU(n, 1)

The discrete series representations for SU(n, 1) with a fixed
infinitesimal character can be parametrized by integers i ∈ [0, n].

To see this, we first recall that KR = S(U(n)×U(1)) ∼= U(n). The
compact Cartan subalgebra t consists of diagonal matrices, and we
identify it with Cn+1 in the usual way.

We make the usual choice for the dominant k-chamber C : it
consists of those λ ∈ Cn+1 for which

λ1 ≥ λ2 ≥ · · · ≥ λn.
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Example: discrete series for SU(n, 1)

Then C is the union of n + 1 g-chambers D0, . . . ,Dn, where:

I D0 consists of λ ∈ C such that λn+1 ≤ λn;

I Dn consists of λ ∈ C such that λn+1 ≥ λ1;

I for 1 ≤ i ≤ n − 1,

Di = {λ ∈ C
∣∣λn−i ≥ λn+1 ≥ λn−i+1}.

Now for i ∈ [0, n], and for λ ∈ Di , which is regular for g and
analytically integral for K , we denote by Xλ(i) the discrete series
representation with Harish-Chandra parameter λ. We use the same
notation for the corresponding (g,K )-module.
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Example: discrete series for SU(n, 1)

For i = 0, Xλ(i) is holomorphic. Then both the index polynomial
and the Goldie rank polynomial are proportional to the
Vandermonde determinant

V (λ1, . . . , λn) =
∏

1≤p<q≤n
(λp − λq). (2)

The case i = n of antiholomorphic discrete series representations is
analogous.
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For 1 ≤ i ≤ n − 1, the index polynomial of Xλ(i) is still given by
(2).

On the other hand, by the results of King, the Goldie rank
polynomial is up to a constant multiple given by∣∣∣∣∣∣∣∣∣∣∣∣∣
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(3)

For i = 1, (3) reduces to the Vandermonde determinant
V (λ1, . . . , λn−1). Similarly, for i = n− 1, we get V (λ2, . . . , λn). In
these cases, the Goldie rank polynomial divides the index
polynomial.



Example: discrete series for SU(n, 1)

For 1 ≤ i ≤ n − 1, the index polynomial of Xλ(i) is still given by
(2).

On the other hand, by the results of King, the Goldie rank
polynomial is up to a constant multiple given by∣∣∣∣∣∣∣∣∣∣∣∣∣

λn−2
1 . . . λn−2

n−i λn−2
n−i+1 . . . λn−2

n

λn−3
1 . . . λn−3

n−i λn−3
n−i+1 . . . λn−3

n
...

...
...

...
λ1 . . . λn−i λn−i+1 . . . λn
1 . . . 1 0 . . . 0
0 . . . 0 1 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
(3)

For i = 1, (3) reduces to the Vandermonde determinant
V (λ1, . . . , λn−1). Similarly, for i = n− 1, we get V (λ2, . . . , λn). In
these cases, the Goldie rank polynomial divides the index
polynomial.



Example: discrete series for SU(n, 1)

For 1 ≤ i ≤ n − 1, the index polynomial of Xλ(i) is still given by
(2).

On the other hand, by the results of King, the Goldie rank
polynomial is up to a constant multiple given by∣∣∣∣∣∣∣∣∣∣∣∣∣

λn−2
1 . . . λn−2

n−i λn−2
n−i+1 . . . λn−2

n

λn−3
1 . . . λn−3

n−i λn−3
n−i+1 . . . λn−3

n
...

...
...

...
λ1 . . . λn−i λn−i+1 . . . λn
1 . . . 1 0 . . . 0
0 . . . 0 1 . . . 1

∣∣∣∣∣∣∣∣∣∣∣∣∣
(3)

For i = 1, (3) reduces to the Vandermonde determinant
V (λ1, . . . , λn−1). Similarly, for i = n− 1, we get V (λ2, . . . , λn). In
these cases, the Goldie rank polynomial divides the index
polynomial.



Example: discrete series for SU(n, 1)

For 2 ≤ i ≤ n− 2, the Goldie rank polynomial is more complicated.

For example, if n = 4 and i = 2, (3) becomes

−(λ1 − λ2)(λ3 − λ4)(λ1 + λ2 − λ3 − λ4),

and this does not divide the index polynomial.

For n = 5 and i = 2, (3) becomes

− (λ1 − λ2)(λ1 − λ3)(λ2 − λ3)(λ4 − λ5)

(λ1λ2 + λ1λ3 − λ1λ4 − λ1λ5 + λ2λ3 − λ2λ4 − λ2λ5−
λ3λ4 − λ3λ5 + λ2

4 + λ4λ5 + λ2
5),

and one can check that the quadratic factor is irreducible.
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Proposition

Let X be the discrete series representation of GR with
Harish-Chandra parameter λ.

Then the index polynomial QX and the Goldie rank polynomial PX

are both divisible by the product of linear factors corresponding to
the roots generated by the τ -invariant of X .

(Recall that the τ -invariant of a (g,K )-module X consists of the
simple roots α such that the translate of X to the wall defined by
α is 0.)
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Associated variety

Another important geometric invariant of a HC module M is its
associated variety.

U(g) has filtration by degree; gr(U(g)) = S(g) = P(g∗).

A Harish-Chandra module M has compatible ‘good filtrations’;
gr(M) is a finitely generated P(g∗)-module.

The associated variety AV (M) of M is the support of gr(M) – the
variety in g∗ defined by the ideal annihilating gr(M).

Since a good filtration of M is K -stable, k ⊂ ann(gr(M)), so
AV (M) is a K -stable subset of (g/k)∗ ∼= p∗.
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Associated variety

In fact, AV (M) is contained in the nilpotent cone Np, so is a union
of (closures of) some K -orbits in Np:

AV (M) = O1 ∪ · · · ∪ O`.

If M is irreducible, then each Ok is a ‘real form’ of a single G -orbit
in the nilpotent cone Ng, that is, G · Ok = OC, for all
k = 1, . . . , `, for some OC ⊂ Ng.

In this situation, OC is the associated variety of the annihilator of
M (i.e., the associated variety of the U(g)-module U(g)/ ann(M)).
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Associated cycle

The associated cycle of M is a formal integer combination

AC (M) =
∑̀
k=1

mkOk ,

where the multiplicity mk is the rank of gr(M) at a generic point in
Ok .

The associated cycle is a finer invariant than the associated variety,
but the multiplicities mk are very hard to compute explicitly.

Definitions and basic facts can be found in
D. A. Vogan, Associated varieties and unipotent representations,
Harmonic Analysis on reductive groups (W. Barker and P. Sally,
eds.), Progress in Mathematics, vol. 101, Birkhäuser, 1991,
pp. 315–388.
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