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Harish-Chandra modules

Let GR be a real reductive Lie group (often assumed connected).

Main examples: closed (Lie) subgroups of GL(n,C), stable under
the Cartan involution Θ(g) =t g−1.

E.g., SL(n,R), U(p, q), Sp(2n,R), O(p, q).

KR = GΘ
R : maximal compact subgroup

E.g., SO(n) ⊂ SL(n,R); U(p)× U(q) ⊂ U(p, q);
U(n) ⊂ Sp(2n,R), O(p)× O(q) ⊂ O(p, q).

We denote by G and K the complexifications of GR and KR. They
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Harish-Chandra modules

A representation of GR is a complex topological vector space V
with a continuous GR-action by linear operators.

For example, various function spaces on manifolds with GR-action.

Useful in harmonic analysis, differential equations, geometry,
physics, number theory etc.

To study algebraic properties of representations, it is convenient to
introduce their algebraic analogs, (g,KR)-modules (or equivalently,
(g,K )-modules).
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Let V be an admissible representation V of GR, i.e.,
dim HomKR(Vδ,V ) <∞ for all irreducible KR-representations Vδ.

Let VK be the space of KR-finite vectors in V .

Then VK has an action of the Lie algebra g0

(KR-finite ⇒ smooth) .

g = (g0)C also acts, and VK is a (g,KR)-module, or a
(g,K )-module.
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A (g,K )-module is a vector space M, with a Lie algebra action of
g and a locally finite action of K , which are compatible, i.e.,
induce the same action of k = the Lie algebra of K .

(If K is disconnected, require also that the action g⊗ V → V is
K -equivariant).
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Such M can be decomposed under K as

M =
⊕
δ∈K̂

mδVδ.

M is a Harish-Chandra module if it is finitely generated over U(g)
and all mδ <∞.

Equivalently, the (g,K )-module M has finite length.
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Dirac operator

Fix a nondegenerate invariant symmetric bilinear form B on g (e.g.
trXY ).

Let g = k⊕ p be the Cartan decomposition.

(k and p are the ±1 eigenspaces of the Cartan involution; k is the
Lie algebra of K .)

Let C (p) be the Clifford algebra of p with respect to B:

the associative algebra with 1, generated by p, with relations

xy + yx + 2B(x , y) = 0.
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Dirac operator

Let bi be any basis of p; let di be the dual basis with respect to B.

Dirac operator (Parthasarathy):

D =
∑
i

bi ⊗ di ∈ U(g)⊗ C (p)

D is independent of bi and K -invariant.

D2 is the “spin Laplacean” (Parthasarathy):

D2 = −Casg⊗1 + Cask∆
+‖ρk‖2 − ‖ρg‖2.
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Here Casg, Cask∆
are the Casimir elements of U(g), U(k∆)

k∆ is the diagonal copy of k in U(g)⊗ C (p),
defined by k ↪→ U(g) and k→ so(p) ↪→ C (p).
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Dirac cohomology

Let M be an admissible (g,K )-module. Let S be a spin module for
C (p); it is constructed as S =

∧
p+ for p+ ⊂ p max isotropic.

Then D acts on M ⊗ S .

Dirac cohomology of M:

HD(M) = KerD/ ImD ∩ KerD

HD(M) is a module for the spin double cover K̃ of K . It is
finite-dimensional if M is of finite length.
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Dirac cohomology

The spin double cover K̃ is defined by the following pullback
diagram:

K̃ −−−−→ Spin(p0)y y
K −−−−→ SO(p0)

where the bottom arrow is defined by the adjoint action, and the
right vertical arrow is the usual double covering map.
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Dirac cohomology

If M is unitary, then D is self adjoint with respect to an inner
product.

It follows that, for unitary M,

HD(M) = KerD = KerD2,

and D2 ≥ 0 (Parthasarathy’s Dirac inequality).

If HD(M) 6= 0, the infinitesimal character of M can be read off
from HD(M):
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Dirac cohomology

Let h = t⊕ a be a fundamental Cartan subalgebra of g.

View t∗ ⊂ h∗ via extension by 0 over a.

The following was conjectured by Vogan and proved by Huang-P.
in 2002:

Theorem
Assume M is irreducible and
HD(M) contains K̃ -type Eγ of highest weight γ ∈ t∗.

Then the infinitesimal character of M is γ + ρk up to Weyl group
Wg.
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Problems

1. Classify irreducible unitary M with HD(M) 6= 0.

(A lot of progress has been recently achieved by Dong and his
collaborators.)

2. Calculate HD(M) for given M.

(Many examples have been settled by Barbasch-P.)

3. Study various applications.



Problems

1. Classify irreducible unitary M with HD(M) 6= 0.

(A lot of progress has been recently achieved by Dong and his
collaborators.)

2. Calculate HD(M) for given M.

(Many examples have been settled by Barbasch-P.)

3. Study various applications.



Problems

1. Classify irreducible unitary M with HD(M) 6= 0.

(A lot of progress has been recently achieved by Dong and his
collaborators.)

2. Calculate HD(M) for given M.

(Many examples have been settled by Barbasch-P.)

3. Study various applications.



Problems

1. Classify irreducible unitary M with HD(M) 6= 0.

(A lot of progress has been recently achieved by Dong and his
collaborators.)

2. Calculate HD(M) for given M.

(Many examples have been settled by Barbasch-P.)

3. Study various applications.



Problems

1. Classify irreducible unitary M with HD(M) 6= 0.

(A lot of progress has been recently achieved by Dong and his
collaborators.)

2. Calculate HD(M) for given M.

(Many examples have been settled by Barbasch-P.)

3. Study various applications.



Problems

1. Classify irreducible unitary M with HD(M) 6= 0.

(A lot of progress has been recently achieved by Dong and his
collaborators.)

2. Calculate HD(M) for given M.

(Many examples have been settled by Barbasch-P.)

3. Study various applications.



Motivation

Irreducible unitary M with HD 6= 0 are interesting:

I discrete series - Parthasarathy;

I most of Aq(λ) modules - Huang-Kang-P.;

I unitary h.wt. modules - Enright, Huang-P.-Renard;
more directly by Huang-P.-Protsak in special cases (Wallach
reps);

I some unipotent reps - Barbasch-P.

I also fd modules - Kostant, Huang-Kang-P.
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Further motivation

I unitarity - sharpening the Dirac inequality

I irreducible unitary M with HD 6= 0 should form a nice part of
the unitary dual

I HD is related to classical topics like generalized Weyl character
formula, generalized Bott-Borel-Weil Theorem, construction
of discrete series, multiplicities of automorphic forms

I HD is related to n-cohomology in some cases
(Huang-P.-Renard)
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I can construct reps with HD 6= 0 via “algebraic Dirac
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I HD is related to K -characters and branching problems
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Generalizations

The above setting, in particular Vogan’s conjecture and its proof,
have been generalized to various other settings:

I Kostant: cubic Dirac operators attached to quadratic
nonsymmetric subalgebras

I Kumar, Alekseev-Meinrenken: noncommutative equivariant
cohomology;

I Huang-P.: Lie superalgebras of Riemannian type;

I Kac, Moseneder-Frajria, Papi: affine Lie algebras;

I Barbasch-Ciubotaru-Trapa: graded affine Hecke algebras and
p-adic groups.
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Dirac index

For many purposes, like the study of characters, translation
principle, etc., it is good to replace Dirac cohomology by its Euler
characteristic, the Dirac index.

To define the Dirac index, assume rank g = rank k. Then dim p is
even, so the C (p)-module S is graded:

S = S+ ⊕ S− (=
∧evenp+ ⊕

∧oddp+).
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Dirac index

D interchanges M ⊗ S+ and M ⊗ S−, so

HD(M) = HD(M)+ ⊕ HD(M)−.

Dirac index of M: the virtual K̃ -module

I (M) = HD(M)+ − HD(M)−

We would like the Dirac index to be additive with respect to short
exact sequences, so that it makes sense for virtual (g,K )-modules
M.

The additivity of I works on modules with infinitesimal character:
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Let M be a finite length (g,K )-module with infinitesimal
character.

Then there is an equality of virtual K̃ -modules

X ⊗ S+ − X ⊗ S− = I (X ).
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Proof

By Parthasarathy’s formula for D2, M ⊗ S breaks into a direct sum
of eigenspaces for D2:

M ⊗ S =
∑
λ

(M ⊗ S)λ.

Since D2 is even in the Clifford factor, this decomposition is
compatible with the decomposition into even and odd parts, i.e.,

(M ⊗ S)λ = (M ⊗ S+)λ ⊕ (M ⊗ S−)λ,

for any eigenvalue λ of D2.

Since D commutes with D2, it preserves each eigenspace.
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Proof - continued

Since D also switches parity, we see that D defines maps

Dλ : (M ⊗ S±)λ → (M ⊗ S∓)λ

for each λ.

If λ 6= 0, then Dλ is clearly an isomorphism (with inverse 1
λDλ),

and hence

M ⊗ S+ −M ⊗ S− = (M ⊗ S+)0 − (M ⊗ S−)0.

Since D is a differential on KerD2, and the cohomology of this
differential is exactly HD(M), the statement now follows from the
Euler-Poincaré principle.
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Corollary

Let
0→ U → V →W → 0

be a short exact sequence of finite length (g,K )-modules.

Assume that V has infinitesimal character (so that U and W must
have the same infinitesimal character as V ).

Then there is an equality of virtual K̃ -modules

I (V ) = I (U) + I (W ).
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Modules with generalized infinitesimal character

To study the translation principle, we need to deal with modules
M ⊗ F , where M is a finite length (g,K )-module, and F is a
finite-dimensional (g,K )-module.

Therefore, the above proposition and corollary are not sufficient for
our purposes, because they apply only to modules with
infinitesimal character.

Namely, if M is of finite length and has infinitesimal character,
then M ⊗ F is of finite length, but it typically cannot be written as
a direct sum of modules with infinitesimal character.
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Modules with generalized infinitesimal character

Rather, some of the summands of M ⊗ F only have generalized
infinitesimal character.

Recall that χ : Z (g)→ C is the generalized infinitesimal character
of a g-module M if there is a positive integer N such that

(z − χ(z))N = 0 on M, for every z ∈ Z (g),

where Z (g) denotes the center of U(g).

Here is an example (taken from P.-Somberg) showing that the
above proposition and corollary can fail for modules with
generalized infinitesimal character.
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Example

Let GR = SU(1, 1) ∼= SL(2,R), so that
KR = S(U(1)× U(1)) ∼= U(1), and g = sl(2,C).

Then there is an indecomposable (g,K )-module P fitting into the
short exact sequence

0→ V0 → P → V−2 → 0, (1)

where V0 is the (reducible) Verma module with highest weight 0,
and V−2 is the (irreducible) Verma module with highest weight -2.
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Here is a picture describing the module P:
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In this picture, the action of e is represented by upward arrows, the
action of f by downward arrows, and the numbers by the arrows
represent the coefficients in the action computed in the basis.
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Example

It is easy to check that this indeed defines an sl(2,C)-module.
(The only thing that needs to be checked is ef − fe = h on each
basis vector, and that is seen by a straightforward computation
using the above formulas for the action.)

It is moreover clear that the vk span a submodule isomorphic to
V0, and that the quotient is isomorphic to V−2, spanned by the
classes of the wks. In other words, P indeed fits into the short
exact sequence (1).
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Example

One checks by a direct calculation that for the index defined by
I (M) = HD(M)+ − HD(M)− the following holds:

I (P) = −C1; I (V0) = −C1; I (V−2) = −C−1,

where C1 respectively C−1 is the one-dimensional K̃ -module of
weight 1 respectively −1.

So the above corollary fails for P. It follows that the above
proposition must also fail.
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Higher Dirac cohomology

A modified version of Dirac cohomology, called “higher Dirac
cohomology”, has been defined by P. and Somberg (Transform.
Groups 21, 2016).

It is defined as H(M) =
⊕

k∈Z+
Hk(M), where

Hk(M) = ImD2k ∩ KerD
/

ImD2k+1 ∩ KerD.

(Note that Hk(M) consists of the bottom K̃ -types of the Jordan
cells for D of size 2k + 1.)

It is easy to see that for M with infinitesimal character,
H(M) = H0(M) and it is equal to the old notion HD(M).
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Higher Dirac cohomology

Let H(M)± be the even and odd parts of H(M), and (re)define
the Dirac index as

I (M) = H(M)+ − H(M)−.

Then our proposition holds for any module M of finite length, i.e.,

I (M) = M ⊗ S+ −M ⊗ S−.

It follows that the index defined in this way is additive with respect
to short exact sequences, and it therefore makes sense for virtual
(g,K )-modules.

In other words, I is well defined on the Grothendieck group of the
Abelian category of finite length (g,K )-modules.
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Higher Dirac cohomology

Another way to deal with the above mentioned problem is to
define the index I (M) as M ⊗ S+ −M ⊗ S−. (Then one has to
prove the finiteness separately.)

In any case, from now on we work with Dirac index I (M), defined
for any virtual (g,K )-module M, and satisfying
I (M) = M ⊗ S+ −M ⊗ S−.
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Dirac index and tensoring

Let M be a virtual (g,K )-module and F a finite-dimensional
(g,K )-module.

Then
I (M ⊗ F ) = I (M)⊗ F .

This is clear from I (X ) = X ⊗ S+ − X ⊗ S− applied to
X = M ⊗ F and X = M.
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Coherent families

Let λ0 ∈ t∗ be regular (t is a compact Cartan subalgebra of g.)

Let Λ be the lattice of all λ = λ0 + ν, where ν is a weight for
(g,K ) (i.e., ν is a weight of a finite-dimensional (g,K )-module.)

A family of virtual (g,K )-modules Xλ is called coherent if
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Coherent families

1. For each λ, Xλ has infinitesimal character λ;

2. For any finite-dimensional (g,K )-module F , and for any
λ ∈ Λ,

Xλ ⊗ F =
∑

µ∈∆(F )

Xλ+µ,

where ∆(F ) denotes the multiset of all weights of F .
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Theorem

Let Xλ be a coherent family of virtual (g,K )-modules, with all λ
analytically integral for K̃ . Fix a regular λ ∈ Λ.

Let
I (Xλ) =

∑
w∈Wg

aw Ẽwλ,

where Ẽ denotes the coherent family of finite-dimensional
K̃ -modules as above, and aw are integers.

Then for any weight ν,

I (Xλ+ν) =
∑

w∈Wg

aw Ẽw(λ+ν),

with the same coefficients aw .
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