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def hanoi(n, src, dst, tmp):
if n> 0:
hanoi(n - 1, src, tmp, dst)

move(n, src, dst)
hanoi(n - 1, tmp, dst, src)
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sorted list A sorted list B Divide the list into two halves A and B.
A < MERGE-SORT(A). < T([n/2])

RETURN L.

ai 18 b 20 23
A ) B < MERGE-SORT(B). <—— T([n/2])
L < MERGE(A, B). «~— O®)
merge to form sorted list C RETURN L.
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def merge_sort(L, low, high):

if low == high:
return

else:
mid = (high + low) // 2
merge_sort(L, low, mid)
merge_sort(L, mid + 1, high)
merge(L, low, high, mid)

def merge(L, low, high, mid):
size = high - low + 1
C = [0] % size
i, j = low, mid + 1
for k in range(size):
if j > high:
Clk]l = LI[il
i4=1
elif 1 > mid:
Clk]l = LI[jl
j+=1
elif L[i] <= L[j]:
Clk] = LI[i]
1 +=
else:
C[kl]
] +=
for k in range(size):
Lllow + k]l = C[k]
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T(n) < 0 ifn=1
« WS\ T2+ T(n2) +n ifn>1

o[ {1ERH, T(n) = O(nlogn)

—RRRIR, S ERRBRESS, TREMRHEHER

0 ifn=1
- T < {T(n/2) +Tm/2)+n if n>1

EEBORERTE | n/2 | Fn — 1208

0 ifn=1

- 8 T < {2T(n/2)+n ifn>1
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* R2:NRIZBIIFULTOGERE, APLPIUIENFESRL + 27U
- Sn =4, FEHRdENT

1111 29 1101 2 1100

R 0100 & 0101

RO o111 B o110

B 0010 2 0011

22O 0001 & 0000

TUEIBN & AfE %
e n=1:aE&@EARY, 180
- n=2:%@MAR2, 11501, %BR1, 01X 00

e n>?2
remove_all(n) i S P

remove_all(n — 2)

1 1 0 . . 0
remove(n)
0 1 0 . . 0

place_all(n — 2)

o
=
=

remove_all(n — 1) 1

TLEIRRN S AfE %
- n=1:@E@E@ER!, 180
- n=2:%@m@AR2, 11501, s86R1, 01500

e n>2
place_all(n) o 0 0 0
place_all(n — 1)
o 1 1 N
remove_all(n — 2)
o 1 o0 .0
place(n)
place_all(n — 2) 0 I I I R B

N — \
@ 1ThT 8]
« Sf(n)k~remove_all(n)Fremove()FEIBIBRA-REL, SemE
Tplace_all(n)dplace() FEBVEIR-REL, ERAEf(n) =g0)

1 ifn=1
f(n) = 2 ifn=2
fm=D+2f(n—-2)+1 ifn>2
2 1 1
« o[l{uERR, T(n) ==2"—— ——(— 1)"
o[ LLUEBH, T(n) 3 5 6( )
def remove_all(n): def place_all(n):
if n == 1: remove(1) if n == 1: place(1)
elif n == 2: elif n ==
remove(2), remove(1) place(2), place(1)
else: else:
remove_all(n - 2) place_all(n - 1)
remove(n) remove_all(n - 2)
place_all(n - 2) place(n)

remove_all(n - 1) place_all(n - 2)
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RNZE
ARNU—10, RERAIFLYE IR EMRE
NI Ty =2T(n— D+ 1, T0)=0
BT =2" -1
EBA
s T(0)=0=2"-1
« T)=2T(n—1)+1=22""'=DH+1=2"-1
At aFEUT() =2" -1
« T(0)=0, T()=1, T2)=3, TB)=7, T4) =15, T(5)=3l1
» BIa@AX
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iRl EERN

e k=1:T(m)=2T(n—1)+1

« k=2:T(n)=2QT(n—2)+1)+1=4T(n—2) +3

« k=3:T(n)=4QT(n-3)+1)+3=8T(n-3)+7

- B ERME, BTN = 2T — k) + (2 - 1)

« BRIT0) =0, Ail{2n—k=0, BMEk=nRKALR
o T(n)=2"T(n — k) + 2= 1) =2"T(0) + (2" — 1) = 2" — 1
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0 ifn=1
2T(n/2)+n ifn>1

B#W%,Hms{
FZBEAX

e k=1:Tn) <2T(n/2)+n

o k=2:Tn) <22T(n/4)+n/2) +n =4T(n/4) + 2n

o k=3:T(n) <4Q2T(n/8)+n/4) +2n = 8T(n/8) + 3n
B EAMER, BT < 2'T(/2% + kn

BEIT() =0, BrLA%n/2 =1, BM&k =lognAA LR
T(n) < 2*T(n/12%) + kn = nT(1) + nlogyn = nlog, n
FIFRIEAGEUBRT(0) < nlogyn (A2 EEK)

Pitld, T(n) = O(nlogn)
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« T(n) = aT(nlb) + f(n), Eha>1, b>1ZEE
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- EEMEATNTOE Bln/bh= 1= L=log,n
L
. T = D alfnlb)

i=0

2% (A1

L
. T(0) = aT(n/b) +f(n) = T(n) = ¥ aif(n/b’), L=log,n
i=0

© BFHHRE : T(n) =2T(/2) +n
s fm)=na=2b=2
L L L
. Ty =Y alfniby =Y 2in/2' =Y n= O(nlogn)

i=0 i=0 i=0

n
-
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s || sy || sy || s |

log, n

26

f)
a-f(n/b)
(ol [y [l j (v ;| @ fa?)
ﬁY""ﬂﬂ/ 3 —l /"",\T .
A T TR
\ fot)) Il fast)) Il fiud) Il ) I ) I jot) Il st I sy | &ofsh
= == o — = | e —| o= —|=——) ”e
22 [ 34K
L
. T = aT(n/b) + f(n) = T(n) = . a'f(nlb’), L =log,n
i=0
. T T(3n/4) + 1
PILER - T = TEUD N < 1wy, s Y o <
s f(m)=n,a=1b=4/3 . 1-r
L L L l
. T = Y afnlby = Y n(3/4y =y, (3/4) = O(n)
i=0 i=0 i=0
n
f(3n/4) 3/4 - n
loggyn
f(3%n/4%) 3%/4% . n

2 (313

L

T(n) = aT(n/b) + f(n) = T(n) = 2 a'f(n/b’), L =log,n
i=0

o KaratsubaZ2#{3f:% : T(n) = 3T(n/2) +n

L > 18, Z k< ik

r

e fm)=na=3b=2

L
. Ty =Y alfnib)) = Zn(3/2)’ = nz (3/2)' = 0((3/2)tn) = O(n'°%3)

i=0 i=0 i=0

3-(n/2)=3/2-n

f(n/2)
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log, n

28




TEE
$tFa>1.b6>2.d>0, BERT() = al(n/b) + Onh)aT LA T K E
o {51 NRd > log,a, ABAT(n) = O(n?)
o &ER2 : 9N8d = log,a, ABAT(n) = O(nlogn)
- {3 : gN8d < log,a, ABAT(n) = O(n"%?)
BAHHER  T) =2T(/2) +n=>a=2,b=2,d=1
s logya=1=d, $572, BrLLT(n) = O(nlogn)
BEATESR : T() =TGBn/d) +n=>a=1,b=4/3,d=1
« logya=0<d, 51, BRLAT(n) = O(n)
Karatsuba®2 {5k : T(n) =3T(n/2)+n=>a=3,b=2,d=1

« log,a=1log,3>d, $&R3, BRLAT(n) = O(n'"%?)

29

@A (n2aE)

I WANNR UNDERSTAND RECURSION,
p o/l

7

[.,
U

- HHERK SURE'BUT YOU HAVE T UNDERSTAND IT
AR

-

\
\

30

TEEF

BRi%a,, ay, -+, a,=BEEL, 2, nB9—7HES|, WRi<jA
a; > aj, Bairla, aj)%—_/l\;:lér%—

< tEADL, 3, 4,2, 55, B27ERG, 2)F04, 2)
afelit Bay, a5, -+, a, PEUEFEL
AEE 00

31

- = N 7', -~ *
735K % 2 Fr 2K
TR ARRANBANERARNREHEZFNA T T HARB
o BER: BAMKEBETFHANEFREK
B TERRBRERGHNERG HBEHE, HPacA beB
+ BEXEFFEBIF

\

FRBREFE=1+3+13=17

BA A 5 4 8 10 2 6 9 3 7

ITEFHBANE FE T EFEABRIIE R

1 5 4 8 10 2 6 9 3 7
(5,4) (6,3) (9,3) 9,7)

WEEF @ bHHE, HPac A, beB
1 5 4 8 10 2 6 9 3 7
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o W EER G D E, HbacA beB

o FE: T(n) =2T(n/2) + O3

ca=b=d=2, log,a<d, T(n) = O(n?)

« MNRFEHBA BUARK, B TEND B, BI-NEHRRBEAPKTD

HTETE

- T(n) = 2T(n/2) + O(nlogn)

- BO0RE :nlogn

« B1E : 2 (n/2-log(n/2)) = nlog(n/2)

o B2 1 4-(n/4-log(n/4)) = nlog(n/4)

« SilE : nlog(n/2)
logn logn

. BRUL, T(n) = 2 nlog(n/2) = n 2 (logn — i) = O(nlog?n)

i=0 i=0

sy | s | [ | g |
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Merge and count demo

Given two sorted lists 4 and B,
* Count number of inversions (a, b) with a € 4 and b € B.
* Merge 4 and B into sorted list C.

sorted list A sorted list B

3 7 10 14 18 2 11 16 20

23

Merge and count demo

Given two sorted lists 4 and B,
* Count number of inversions (a, b) with a € 4 and b € B.
* Merge 4 and B into sorted list C.

sorted list A sorted list B
3 7 10 14 18 2 11 16 20
4 4

compare minimum entry in each list: copy 2 and add x to inversion count

sorted list C

x=05
inversions = 0

23
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Merge and count demo

Given two sorted lists 4 and B,
* Count number of inversions (a, b) with a € 4 and b € B.
* Merge 4 and B into sorted list C.

sorted list A sorted list B
3 7 10 14 18 11 16 20 23
4 s 4

compare minimum entry in each list: copy 3 and decrement x

sorted list C

2

x=5
inversions = 5

Merge and count demo

Given two sorted lists 4 and B,
* Count number of inversions (a, b) with « €4 and b € B.
* Merge 4 and B into sorted list C.

sorted list A sorted list B
7 10 14 18 11 16 20 23
4 S ¥

compare minimum entry in each list: copy 7 and decrement x

sorted list C

2 3

X =4
inversions = 5

38

Merge and count demo

Given two sorted lists 4 and B,
* Count number of inversions (a, b) with a € 4 and b € B.
* Merge 4 and B into sorted list C.

sorted list A sorted list B

10 14 18 1 16 20 23
t R

compare minimum entry in each list: copy 10 and decrement x

sorted list C

2 3 7
4

x=3
inversions = 5

Merge and count demo

Given two sorted lists 4 and B,
* Count number of inversions (a, b) with a € 4 and b € B.
* Merge 4 and B into sorted list C.

sorted list A sorted list B

14 18 16 20 23
t s 4

compare minimum entry in each list: copy 11 and add x to increment count

sorted list C

2 3 7 10
+

X=2
inversions = 5
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Merge and count demo Merge and count demo
Given two sorted lists 4 and B, Given two sorted lists 4 and B,
* Count number of inversions (a, b) with a € 4 and b € B. * Count number of inversions (a, b) with a € 4 and b € B.
* Merge 4 and B into sorted list C. * Merge 4 and B into sorted list C.
sorted list A sorted list B sorted list A sorted list B
14 18 16 20 23 18 16
? 5 2 ? ? 5 2 ?
compare minimum entry in each list: copy 14 and decrement x compare minimum entry in each list: copy 16 and add x to increment count
sorted list C sorted list C
2 3 7 10 11 2 3 7 10 11 14
t 4
x=2 x=1
inversions = 7 inversions = 7
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Merge and count demo Merge and count demo
Given two sorted lists 4 and B, Given two sorted lists 4 and B,
* Count number of inversions (a, b) with a € 4 and b € B. * Count number of inversions (a, b) with a € 4 and b € B.
* Merge 4 and B into sorted list C. * Merge 4 and B into sorted list C.
sorted list A sorted list B sorted list A sorted list B
18 20 23 18
? 5 2 1 ? f 5 2 1
compare minimum entry in each list: copy 18 and decrement x list A exhausted: copy 20
sorted list C sorted list C
2 B 7 10 11 14 16 2 3 7 10 11 14 16 18
t 4
x=1 x=0
inversions = 8 inversions = 8
43




Merge and count demo

Given two sorted lists 4 and B,
* Count number of inversions (a, b) with a € 4 and b € B.
* Merge 4 and B into sorted list C.

sorted list A sorted list B

list A exhausted: copy 23

sorted list C

2 3 7 10 11 14 16 18

x=0
inversions = 8

23

20

Merge and count demo

Given two sorted lists 4 and B,
* Count number of inversions (a, b) with « €4 and b € B.
* Merge 4 and B into sorted list C.

sorted list A sorted list B

done: return 8 inversions

sorted list C
2 3 7 10 11 14 16 18 20 23
x=0

inversions = 8
46
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« BN LPRERE (RIRhILETT T HF)
* BITHEIT(n) = 2T(n/2) + O(n)

SORT-AND-COUNT(L)

cea=b=2,d=1

IF (list L has one element)

« d=log,a
RETURN (0, L).
- T(n) = O(nlogn) = O(nlogn)

Divide the list into two halves A and B.

(ra, A) <= SORT-AND-COUNT(A).

(rg, B) <= SORT-AND-COUNT(B).

(ra, L) <= MERGE-

AND-COUNT(A, B).

RETURN (ra + rp + ras, L).
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Dijkstra 3-way partitioning demo

* Let p be pivot item.

* Swap p to index lo.

* Scan i from left to right.
- (A[i] < p):exchange A[lf] with A[{]; increment both /r and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement gr
- (A[i] = p) :increment i

Dijkstra 3-way partitioning demo

* Let p be pivot item.

* Swap p to index lo.

* Scan i from left to right.
- (Ali] < p):exchange A[lf] with A[{]; increment both It and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement gz
- (A[i] = p):increment i

i 12 24 23 162 165 22 164 11 165 13

unknown
less  equal

25

26

lo It i gt hi
Vi ooy ¥
(Il 14 12 24 23 162 163 22 164 11 165 13 25 26
unknown
equal
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Dijkstra 3-way partitioning demo
* Let p be pivot item.
* Swap p to index lo.
* Scan i from left to right.
- (A[i] < p):exchange A[lf] with A[{]; increment both /r and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement g¢
- (A[i] = p) :increment i
It gt
v v v
164 24 23 162 163 22 162 1 165 13 25 26

less unknown
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Dijkstra 3-way partitioning demo

* Let p be pivot item.
* Swap p to index lo.
* Scan i from left to right.
- (A[i] < p): exchange A[lf] with A[i]; increment both I/t and i

- (A[i] > p) : exchange A[gt] with A[i]; decrement gz
- (A[i] = p):increment i

Dijkstra 3-way partitioning demo

* Let p be pivot item.

* Swap p to index lo.

* Scan i from left to right.
- (A[i] < p):exchange A[lf] with A[{]; increment both /r and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement gr
- (A[i] = p) :increment i

161 [ 23 162 165 22 16 11 165 13

less unknown

equal

It i gt
v v v
Il 26 23 162 165 22 164 11 165 13 25
less unknown
equal greater
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Dijkstra 3-way partitioning demo
* Let p be pivot item.
* Swap p to index lo.
* Scan i from left to right.
- (Ali] < p):exchange A[lf] with A[{]; increment both It and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement gz
- (A[i] = p):increment i
It i gt
v ¥ v
164 13 23 162 163 22 164 11 165
unknown greater

less

Dijkstra 3-way partitioning demo

* Let p be pivot item.
* Swap p to index lo.
* Scan i from left to right.
- (A[i] < p):exchange A[lf] with A[{]; increment both /r and i

- (A[i] > p) : exchange A[gt] with A[i]; decrement g¢
- (A[i] = p) :increment i

Il 23 162 163 22 164 11 165

less unknown




Dijkstra 3-way partitioning demo

* Let p be pivot item.

* Swap p to index lo.

* Scan i from left to right.
- (A[i] < p): exchange A[lf] with A[i]; increment both /r and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement gz
- (A[i] = p):increment i

I 165 162 165 22 164 11

less unknown greater
equal

Dijkstra 3-way partitioning demo

* Let p be pivot item.

* Swap p to index lo.

* Scan i from left to right.
- (A[i] < p):exchange A[lf] with A[{]; increment both /r and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement gr
- (A[i] = p) :increment i

It i gt
¥ t {
162 163 22 164 11
less equal unknown greater
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Dijkstra 3-way partitioning demo

* Let p be pivot item.

* Swap p to index lo.

* Scan i from left to right.
- (Ali] < p):exchange A[lf] with A[{]; increment both /r and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement gz
- (A[i] = p):increment i

It

¥ V V

less equal unknown greater

Dijkstra 3-way partitioning demo

* Let p be pivot item.

* Swap p to index lo.

* Scan i from left to right.
- (A[i] < p):exchange A[lf] with A[{]; increment both /r and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement g¢
- (A[i] = p) :increment i

It i gt
V { {
less equal unknown greater
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Dijkstra 3-way partitioning demo

* Let p be pivot item.

* Swap p to index lo.

* Scan i from left to right.
- (A[i] < p): exchange A[lf] with A[i]; increment both /r and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement gz
- (A[i] = p):increment i

It i gt

! Voo

less equal greater

unknown

Dijkstra 3-way partitioning demo

* Let p be pivot item.

* Swap p to index lo.

* Scan i from left to right.
- (A[i] < p):exchange A[lf] with A[{]; increment both /r and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement gr
- (A[i] = p) :increment i

It igt
¥ 2
164
less equal greater
unknown
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Dijkstra 3-way partitioning demo

* Let p be pivot item.

* Swap p to index lo.

* Scan i from left to right.
- (Ali] < p):exchange A[lf] with A[{]; increment both /r and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement gz
- (A[i] = p):increment i

It gt

V V +

less equal greater

Dijkstra 3-way partitioning demo

* Let p be pivot item.

* Swap p to index lo.

* Scan i from left to right.
- (A[i] < p):exchange A[lf] with A[{]; increment both /r and i
- (A[i] > p) : exchange A[gt] with A[i]; decrement g¢
- (A[i] = p) :increment i

lo It gt
v '
less equal greater

hi
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PEALRZEHE

* MAPREHLEE—TE7Tp
. RIEPHARITZEEKIY, REIFRAL M. R
BT FEALRR AT HE R

the array A 7 6 12 3 11 8 9 1 4 10 2 g—jgx
partition A 31 4 2 6 7 12 11 8 9 10
sort L 1 2 3 4 §G
sort R 6 7 8 9 10 11 12
the sorted array A 1 2 3 4 6 7 8 9 10 11 12
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PEALRZEHE

* MAPBEHLEE—TE7Tp
 WRIEPHARITZEKIY, REIFHAL M. R
« @At FEALFRETH R

RANDOMIZED-QUICKSORT(A)

IF (array A has zero or one element)
RETURN.
Pick pivot p € A uniformly at random.
(L, M, R) <= PARTITION-3-WAY(A, p). «<—— O)
RANDOMIZED-QUICKSORT(L). «—— T'(i)

: FIEIBEIMRER T E &

RANDOMIZED-QUICKSORT(R). «—— 7(n—i- 1
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~N— - M /7\
ST Bl AT
s MBEBnIMREIITE < ay < -+ < a, NERBITIREH R,
FNHARIEE SR 2= O(nlog n)
s BIETTNERINFEE—BZ#H

the original array of elements A

4 Gs Gp 43 4 Gz NEOm @ G4 G, & a3 45
first pivot
first pivot in (chosen uniformly at random)

left subarray \
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BT Bl Al
* MBRBNTEITR <ay < - <o ABTHREHR,
FUEABALERCREXZ O(n log n)
o RIBETHEEIRFHE— R
« 4 ZHattR—REANRE— TR A—THIERL

a3z and ae are compared

first pivot (when a3 is pivot)
(chosen uniformly at random)

first pivot in

left subarray \
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BT Bl Al
* MEBTTEITRG <a; < - <o, VHABTREHR,
FREABQLERCRELRZ O(n log n)
« RIBEBETHVEREINFHE— B
« az5attR—REANE—TRA—THIREL

az and as are not compared

first pivot (because a3 partitions them)

(chosen uniformly at random)

first pivot in

left subarray \
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Divide-and-conquer: quiz 2

Given an array of n = 8 distinct elements a1 <a:< -.- <an,, what is the
probability that a; and as are compared during randomized quicksort?

A. 0
1/n
2/n

D. 1
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Divide-and-conquer: quiz e

Given an array of n =2 distinct elements a1 <a:< -.- <a,, what is the
probability that a; and a, are compared during randomized quicksort?

A. 0
B. 1/n
C. 2/n
D. 1

~N— - /7 \
ST Bl #r
s MBEBnTMREIITE < ay < -+ < a,BERBTIREH R,
FNEARIEE SR A= O(nlog n)
. 42 Batti— TN AL — R R BAL

- 2
. a5attREMHE = j—lT’ Hepi<j

Pr[a; and as compared] = 2/7
compared iff either az or as is chosen
as pivot before any of { a3, as, as, as, az}
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SITB Bl Al

BB RREITTEG < ay < - < a, IR TR HER,
FRERROEEFR R ELZ O(n log n)

s gz HattR—REANI—TEA—THHRL
2
. 5attROMER = ———, Hepi<j
]—l+1

1
HASEEERCREX = = -
; JIZH j-it+l i1 =2

<2n(lnn+1) AFMEEH
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AA9ME - HER ECERI TR

HhEK - aIEBA— KB (LUIFRACRERHIRE ) TR ?
TTEER - R

- REEBE RRITLERRARITE

- PIRHEMRME (LRGN HIBBNE) BRERN
WS EERCRECR 2 HERIE TR A

FERNTEER G

- A1. Yes. Java, Python, C++, -

« A2. Yes. Mergesort, insertion sort, quicksort, heapsort, -

« A3. No. Bucket sort, radix sorts, -
sort(* key=None, reverse=False)
This method sorts the list in place, using only < comparisons between items.
Exceptions are not suppressed - if any comparison operations fail, the entire

sort operation will fail (and the list will likely be left in a partially modified
state).

74

Comparison tree (for 3 distinct keys a, b, and ¢)

a<b
height of pruned tree =
worst-case number
code between compares
(e.g., sequence of exchanges)
b<c =@
VES no yes no
abc a<c bac b<c
yes no yes no
ach J cab J bca j cba ]

each reachable leaf corresponds to one (and only one) ordering;
exactly one reachable leaf for each possible ordering

Sorting lower bound

Theorem. Any deterministic compare-based sorting algorithm must make Q(n log n)
compares in the worst-case.

Pf. [ information theoretic ]
* Assume array consists of n distinct values a; through a,.
* Worst-case number of compares = height i of pruned comparison tree.
* Binary tree of height i has < 2" leaves.
* n!different orderings = n! reachable leaves.

n! reachable leaves

<2" leaves
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Sorting lower bound

Theorem. Any deterministic compare-based sorting algorithm must make Q(n log n)
compares in the worst-case.

Pf. [ information theoretic ]
* Assume array consists of n distinct values a; through a,.
* Worst-case number of compares = height & of pruned comparison tree.
* Binary tree of height 4 has < 2" leaves.
* n! different orderings = n! reachable leaves.

2" > #reachable leaves = n !

= h > logn!
=logl+log2+ - +log(n/2) + --- +logn
> log(n/2) 4+ log(n/2 + 1)+ -+ +logn
> log(n/2) + log(n/2) + -+ + log(n/2)

=n/2 -log(n/2) o
=1/2-nlogn—n/2 @;gf

Note. Lower bound can be extended to include randomized algorithms.

@A (n2aE)

I WANNR UNDERSTAND RECURSION,
p o/l

7

[.,
U

SURE’BUT YOU HAVE TO.UNDERSTAND IT
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\
\
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|

{

2 4% (0] #1
« BENDERIE, HKEIFLNBIE
s k=1 (BNME) , k=n (BKE) , k= [+ 1/2] (PLE)
- THERNEXERKE : O0)REER
* BT HRB : Onlogn)REER
- BT
* O(n+ klogn)-REER - HIZEn D 7T BB TNHE+hRextract-mint& (F
* O(k+nloghk)=REERR - MK D 7TTEBIR TN+ Bn-Rinsertif(F
o RINBEMERNBITTE
o BMAZBEEERIE
* kK - BILLGEE O(n) R EERRAR-R 15 () A0S, 2
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PEATLIR R 2

* MARBEHEE—TE7Tp
o WREPHARITZWBRIN, FEIFHAL M. R
- BRI RS BN TR ARTIER

QUICK-SELECT(A, k)

Pick pivot p € A uniformly at random.

(L, M, R) <= PARTITION-3-WAY(A, p). <—— O1)

IF (k <= 1LI) RETURN QUICK-SELECT(L, k). <—— T(i)
ELSEIF (k >ILI+1MI) RETURN QUICK-SELECT(R, k—ILI—-1M]I)
ELSE RETURN p.

«— Tn-i-1)
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Quickselect demo

* Pick a random pivot element p € A.
* 3-way partition the array into L, M, and R.
* Recur in one subarray—the one containing the kt smallest element.

select the k = 8th smallest

65 28 59 33 21 56 22 95 50 12 90 53 28 77 39

k = 8t smallest

Quickselect demo

* Pick a random pivot element p € A.
* 3-way partition the array into L, M, and R.
* Recur in one subarray—the one containing the kth smallest element.

o, &

choose a pivot element at random and partition s

65 28 3 21 56 22 95 50 12 90 53 28 77 39

k = 8th smallest
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Quickselect demo

* Pick a random pivot element p € A.
* 3-way partition the array into L, M, and R.
* Recur in one subarray—the one containing the kt smallest element.

partitioned array

28 33 21 56 22 50 12 53 28 39 65 95 90 77

L R

k = 8t smallest

Quickselect demo

* Pick a random pivot element p € A.
* 3-way partition the array into L, M, and R.
* Recur in one subarray—the one containing the kt smallest element.

recursively select 8th smallest element in left subarray

28 33 21 56 22 50 12 53 28 39

k = 8t smallest
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Quickselect demo

* Pick a random pivot element p € A.
* 3-way partition the array into L, M, and R.
* Recur in one subarray—the one containing the kt smallest element.

Y
MV@’
T
2

choose a pivot element at random and partition

28 33 21 56 22 50 12 53 39

k = 8t smallest

o

Quickselect demo

* Pick a random pivot element p € A.
* 3-way partition the array into L, M, and R.
* Recur in one subarray—the one containing the kth smallest element.

partitioned array

21 22 12 33 56 50 53 39

L, M R

k = 8th smallest
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Quickselect demo

* Pick a random pivot element p € A.
* 3-way partition the array into L, M, and R.
* Recur in one subarray—the one containing the kt smallest element.

recursively select the 3rd smallest element in right subarray

33 56 50 53 39

k = 3rd smallest

Quickselect demo

* Pick a random pivot element p € A.
* 3-way partition the array into L, M, and R.
* Recur in one subarray—the one containing the kt smallest element.

choose a pivot element at random and partition ka

33 56 53 39

k = 3rd smallest
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Quickselect demo

* Pick a random pivot element p € A.
* 3-way partition the array into L, M, and R.
* Recur in one subarray—the one containing the kt smallest element.

partitioned array

33 39 53 56

L, R

k = 3rd smallest

Quickselect demo

* Pick a random pivot element p € A.
* 3-way partition the array into L, M, and R.
* Recur in one subarray—the one containing the kth smallest element.

stop: desired element is in middle subarray
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- -~ -~ CpN— — N
PR R &R BN 1T Bl
s T(nk) : En DN 7TER P EE RN TTRBVEAZE EERCRER
< i ETAUE
max{7(0),Tn— 1)} +cn ifi=lori=n
max{7T(1),Tn—2)}+cn ifi=2o0ori=n-2

max{7(---),T(---)} + cn
max{T(n/2), T(n/2)} +cn ifi=n/2

Tn,k) < 1l/n-(n-cn+2Tn/2)+ -+ +2T(n —2) + 2T(n — 1))
<cn+1UUn-QTn/12)+ - +2T(n—2)+2T(n - 1))

T(n, k) <

« M4,
e 5T(n) =maxT(n, k), FMNTH) < 4den
k

- Sn=0fn =18, ZIRARKIL
Tn)<cn+1/n-QRTN/2)+ - +2T(n—2)+2T(n — 1))
<cn+1/n-B8c(n/2)+ - +8c(n —2)+ 8c(n—1))
<cn+cln-(3n>=2n) < cn+3cn = 4en
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BRINET A kYR (Bl BN 1% '"‘S
« B HEED TENRKREB RN ETe, FREE
TETH—ENTETT/10-n

* ANEITE SRYEB Rl MR BIE UL P IR 2
- ERBAh:&ER2/10 - n 7T, SRRB A REXLTERN

N
3/
=

SR IvE5 ¢
T < { ©D) ifn=1
* YENTAN0 - n) + T2/10 - 1)+ O(n) otherwise

\ o/

AT EIFUREF a5

- BTLLIEBRT(n) = O(n)
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— X
F i
 Bn P ENKIn/SIA, BHST A, nlEEXBEIIMN—E, BET
Bn % 57T 7e B Rk

ONONORCORONOR DR RCRCRC)
@OCEPAPEOEO®O®
000000 OOO®E®
ONONORORONOR NN RCIRC)
@00 OHOOO

—_— >4
F R
o Bn PN ENKIN/SA, BASNTH, R[aEXABRISINEN—H, BEIT
Bn % 51t E AR
- TES—AENDPMIE (BN9MB—ABEIN)

(55 @ (24) (Aa)

medians

(29 10‘@‘37“2

4 27
- X-JOReK Y 5 s
(14 9) (5) (3) (54) (30 48 ) (47) (382) (51) (21)
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93
_— X
F o
« BN TENKISIA, BHRSNTA, STAERELIN—A, BEITH
n %5 T E AR
- HEE—ANPE ERIMP—ARIH)
. BAITE /5| DB G, BREAET !
r:we::;nzf‘zisa‘ ‘170‘ @ ‘377‘ 2 ) ‘575‘ @ ‘274 74‘ @ ‘376
272 | 474 J 572 171 573 12 4 | 277
@@ 6 26@@ ) (8)
‘w;w 9 5 3 574‘ ‘370‘ ‘478‘ ‘477 372‘ 571‘ ‘271‘
45 39 570 e 275 16 41 17 22 7
95

BT o ARV P (I 2N A& 3 B EMOM-Select

MOM-SELECT(A, k)

n<IAl
IF (n < 50)

RETURN kth smallest of element of A via mergesort.

Group A into |n/ 5] groups of 5 elements each (ignore leftovers).
B < median of each group of 5.

p < MOM-SELECT(B, |n/ 10]) < median of medians

(L, M, R) <= PARTITION-3-WAY(A, p).
IF (k <= 1L RETURN MOM-SELECT(L, k).
ELSEIF (k > |L|+1MI) RETURN MOM-SELECT(R, k—|L|—1MI)

ELSE RETURN p.
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MOM-SelectB:z 1T (g

s BPA—FPUHNTHETETP
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MOM-SelectBz 178 [a]

EVPR—FPUBNTETETP

ZVA(n/5]12] =

[n/10] D ep 2N T ZH T E7Tp

medians < p
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)
ans p

Y-

MOM-SelectB:z1Th (g

EPA—FPUBRNTHETEP
ZPAn/5]/2] = [n/10] PP RENTFHT ETp
Z2PA3n/0|TMTRNTHET Xm0

medians < p
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MOM-SelectBz T8 [a]

s B0A—FPUHARTHET X0
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MOM-SelectB:z 1T (g

- BYE— R IRATET Em
- EPALINIS)12] = |10 P B AT HT E7Tp

edian o
edians p
n
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MOM-SelectBz 178 [a]

- EhE—dhUBATFEF P
« ZOE|n5]12] = [n10| NP RBATFET Emp
< EVB30INTERTE T

median of
medians p e @
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MOM-Selectiz?Th [B]BY2%(3 =X
o MKn/5] DRz g @Atk B sy, BNEp
- ZYAE3 /10| M TENTETE
- EVBE3N/NI0)PMTERTETFEP
o« ME%n-3n/10]17TE& P AHNER
o STREEMOM-Selectin 7Tt E D EBFE BN TE TR BILEF R
e T(n) < T(|_n/5J)+T(n 3|_n/lOJ)+ 11/5-n
medians select (0 mp D Q up)

partitioning
(sn compares)
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MOM-SelectBz T8 [a]

.T(n)§{6n if n <50
T(|n/5]) + T(n = 3|n/10)) + 11/5-n  if n > 50
« 35N : T(n) < 44n
« HEEAYNKUEBR

« BEARER - Hn < S0REREPFHR, FRLAT() < 6n

- Hn > 508+,

T(n) < T(|n/5])+ T(n —3|n/10]) + 11/5 - n
<44(|n/5]) +44(n - 3|n/10])+ 11/5-n
< 44(n/5) + 44n — 44(n1d) + 11/5 - n

=44n \

Ln > 5084, 3|n/10] > n/4
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g2 R (0] 2L
(LE_HFE LN TR, HEEHREN A
BEEL 1 00n?)
—®ER - AT R, BRRBOMlogmBNE:E
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N

)

A

TEE KR A

g B BRERLERLARMNSEn27 R

- BER B AKEBENRNRE R

- 8 KEIRENER R, B—1 RELAZM,

+ BEIZARZENRE RN

seems like O(n2)

— P RELHNEN

L
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INCEEILER 7NN -=Fli=P4]

BRIRLA MBI RAE R ITRIEE B =S,

£6,, %6=min{s,,5,}

RINFREEREALNTHR

LB & & R 3B TE &

6 m1n(12,21)
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aN{el X 24 5RO Bl 2 X

- S REREHE by IS
< WRIj-il>7, Bads.s) 26

* BERFARE P — A1 2088 7108982
R, ATEE1FEL RS

c SyRERMTREREANR, HE(sH o
EEHERATHETS

- BETRAWSN NEAT

- BNNEAEPRERE—A [
o NEAFERREAEEAN2 <6 Si
- LARMINRIE AHIE SRS

* BRTs, RPEZRATTR
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=PRSS | NP B

CLOSEST-PAIR(p1, p2, ..., Pn)

Compute vertical line L such that half the points
are on each side of the line.

«— O

91 < CLOSEST-PAIR(points in left half). «— T(n/2))

02 < CLOSEST-PAIR(points in right half). « T(n/2]

8 < min{d:,d }.

A < list of all points closer than 9 to line L. 0w

Sort points in A by y-coordinate. «—— O(nlogn)

Scan points in A in y-order and compare distance
between each point and next 7 neighbors.
If any of these distances is less than 0, update d.

<« O(n)

RETURN 0.
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Divide-and-conquer: quiz

What is the solution to the following recurrence?

ifn=1

T(ln/2]) + T([n/2]) + ©(nlogn) ifn>1

o(1)
T(n) =

T(n) = O(n).
T(n) = O(nlog n).

T(n) = O(nlog2n).

O N ® p

T(n) = O(n2).
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Refined version of closest-pair algorithm

Q. How to improve to O(n log n) ?
A. Don't sort points in strip from scratch each time.
* Each recursive call returns two lists: all points sorted by x-coordinate,
and all points sorted by y-coordinate.
* Sort by merging two pre-sorted lists.

Theorem. [Shamos 1975] The divide-and-conquer algorithm for finding a closest
pair of points in the plane can be implemented in O(n log n) time.
O(1) ifn=1

Pf. T(n) =
T([n/2]) + T([n/2]) + ©(n) ifn>1

BILLIARDS
T

113

g RF B Ie B MR

CLOSEST-PAIR(P,, P))
INPUT: two copies P, and P, of n points, sorted by x- and y-coordinate, respectively O(zlogn)
OUTPUT: a pair p;, p; of points with the smallest Euclidean distance

L, < first half of P, sorted by x-coordinate ~ O(1)

R, < second half of P, sorted by x-coordinate O(1)

/ scan P and add each point to the end of either L, or R, according to its x-coordinate
L, « first half of P,, sorted by y-coordinate ow
R, < second half of P,, sorted by y-coordinate

lj,l, < CLOSEST-PARR(L,, L)) T(n/2])

1y, 1y < CLOSEST-PAIR(R,, R)) T7([n/2])

O < min {d(l}, 1), d(r;,r))}  O()

Compute vertical line L such that half the points are on each side of the line o(l)

A < sorted list of all points closer than 0 to line L // scan P, and remove some points  O(n)
Scan points in A in y-order and compare distance between each point and next 7 neighbors O(n)
If any of these distances is less than 0, update 6 and p;, p; o)

RETURN p;, p;
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RIS
s M% - BEMDnLFREEaR0D, THBa+b
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« NFEE O REEEFHERE
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EICRE

. Tk BEBILLSONRD, HHaxb

-

HEE - O REEHHRIE

1101 0 1 0 1
X011 11 10 1
1101 01 0 1
0 00 O0O0OO0OTO OO
1101 01 0 1
1101 01 0 1
1101 0 1 0 1
1101 0 1 0 1
1101 0 1 0 1
0 000 O0OTO OO
0110100O0O0O0O0OO0OO0OTO 0O

B [H/REFF&K Kolmogorov 1956] /L A2 RN
FIE [kHiZE Karatsuba 1960] _LiAE18 2R

17

BTN aNELCRE

+ HEMDnLLEBIEADy:

o RaRyiR Y : e BB Bn /26, bRxBVEPIn/20L, cRYBIEFin/2

iz, d2yafEpin/2fz
s BRETERA T 2UERNTETE
c BEMMENBURERERAGER

m=[n/2]

a=[x/2"] b=xmod?2" o
use bit shifting

c= Ly/sz d=y mod 2™ to compute 4 terms

xy=Q"a+b)(Q"c+d) = 2"ac + 2" (bc + ad) + bd
o o0 O

Ex. x=10001101 y=11100001
a b c d
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BT EHENRS
MULTIPLY(x, y, n)

IF (n=1)
RETURN x X y.
ELSE
m< [n/2].
a< |x/2™]; b< xmod?2"
c< |y/2"]; d< ymod2"

e < MULTIPLY(a, ¢, m).

‘ «— 0O

f < MULTIPLY(b, d, m).

<« 47T(n/2)
g < MULTIPLY (D, ¢, m).
h <= MULTIPLY (a, d, m).

RETURN 2" ¢ + 2™ (g + h) +f. <—— O)
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Divide-and-conquer: quiz

How many bit operations to multiply two r-bit integers using the
divide-and-conquer multiplication algorithm?

o(1) ifn=1
T(n) =

4T([n/2]) + ©(n) ifn>1

T(n) = O(n'?).
T(n) = O(n log n).

T(l’l) = @(nlog23) = O(nl,SSS).

o N ® »

T(n) = O(1?).
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Karatsuba& £ B01% 15

o GEMTnLLEREADY:
o S AN RRA TN 2R BNEL - e BBZ BN/ 20, bRXBVEPn/21L,
cRYRIEPFin/2fa, dRYRIEF /20T

o BE T KitEbe + ad

bc+ad = ac+bd — (a—b) (c—d)

bc +ad = —ac—bd

o BEHHTIRA T 2UEHHTETTE

x=10001101
m=[n/2]
a b
a=|x/2"] b=xmod2"
middle term y=11100001
c=|y/2™] d=ymod2" ——
c d

xy=Q"a+b)Q"c+d) = 2" ac+ 2" (bc +ad) + bd
22" gc + 2" (ac + bd — (a— b)(c —d)) + bd
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Karatsuba&:%

KARATSUBA-MULTIPLY(X, y, 1) { o(1) ifn=1
T(n) =
IF (n=1) 3T([n/2]) + ©(n) ifn>1
RETURN x X y. = T(n) = O(n°=3) = O(n'*%)
ELSE
m< [n/2].

a< |x/2"]|; b< xmod2". o)

c< |ly/2"]|; d< ymod2™.

e < KARATSUBA-MULTIPLY(a, ¢, m).
f < KARATSUBA-MULTIPLY (b, d, m). <« 37(n/2))
g < KARATSUBA-MULTIPLY(|a — b|, |c —d]|, m).

Flip sign of g if needed.

RETURN 2% ¢ + 2" (e +f—-g) +f <«—— OM)
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Dot product

Dot product. Given two length-n vectors a and b, compute ¢ = a-b.

Grade-school. ©(n) arithmetic operations. \
a-b = ia, b;
i=1
a =[.7O 20 .10]
b =[.3O 40 .30]
a- b =(70x.30) + (20 x 40) + (.10 x .30) = .32

Remark. “Grade-school” dot product algorithm is asymptotically optimal.
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Matrix multiplication Block matrix multiplication

Matrix multiplication. Given two n-by-n matrices A and B, compute C = AB.

Grade-school. ©(n3) arithmetic operations. " A A By,
cij = Zflrmbk] Cu i
= / / / /
Cy G 1n a, a, - q, bu blZ bln
e €y oGy a, a, - a, b, b, - b, 152 158 164 170 0 1 2 3 16 17 18 19
g s T llg g = g Xz g % 504 526 548 570 4 5 6 7| |20 21 22 23
= X
c, Cn c, a, a, - a, b, b, - b, 856 894 932 970 8§ 9 10 11 24 25 26 27
1208 1262 1316 1370 12 13 14 15 28 29 30 31
BZ]
59 132 41 70 20 .10 80 30 .50
31 36 25| = |30 .60 .10[ x | .10 40 .10
45 31 42 50 .10 40 10 30 40

0 11 [16 17] [2 3] [24 25 152 158
Co = AwxBus AaxBo = o o] e 7% |as 20| T |s0a s26

Q. Is “grade-school” matrix multiplication algorithm asymptotically optimal?

125

Block matrix multiplication: warmup Strassen’s trick
To multiply two n-by-n matrices A and B: Key idea. Can multiply two 2-by-2 matrices via 7 scalar multiplications
* Divide: partition A and B into Ysn-by-%n blocks. (plus 11 additions and 7 subtractions).

* Conquer: multiply 8 pairs of %2n-by-'n matrices, recursively.

* Combine: add appropriate products using 4 matrix additions. 7{:
8 matrix multiplications -« —
n-by-n matrices (of Yon-by-2n matrices) Cll CIZ _ AII A12 52 Bll BIZ P Anx (Blz 322)
/ \ J l G Gy Ay Ay B, By Py < (A1 +A2) X B
C =AxB P3 < (A1 + An) X Bui
G, = (AIIXB11)+ (A12XB21)
C“ C12 All A, B, B, ¢, = (AHXBIZ) + (A12XBzz) Cit = Ps+Ps—Pr+ Ps Py <= An X (B - Bu)
C21 sz = A21 A22 X BZI 322 G, = (Azl XBH) + (AZZXB2|) Cia = P+ P> Ps < (A1 + A») X (Bi1 + B»)
G, = (A21XB12) + (A22XB22)
\ / C = P3+ Py Ps <= (A12— A») X (B21 + B»)
Yan-by-%n matrices I Cy» = Pi+Ps—P3—P; P7 < (All _A2|) X (Bll + BlZ)
4 matrix additions
(of Yon-by-2n matrices)
Running time. Apply Case 1 of the master theorem. Pf. Co =P1+P2

7 scalar multiplications

T(n)= 8T(n/2) + o(n?) = T(n)=0(n") ~ A B B Gt i) x B
- =AnXBio+AnXBxn. v

N N
recursive calls add, form submatrices —




Strassen’s trick

n-by-n Yan-by-Y2n matrix
Key idea. Can multiply two 2=by=2 matrices via 7-scalar multiplications

(plus 11 additions and 7 subtractions).

Jon-by-Ysn matrices

A

|:Cll C]2:| - [All 12] x |:Bll B]2:|
CZI CZZ AZ] A22 BZI BZZ

Cit = Ps+Ps—P2+Ps
Co= Pi+P
Ca = P3+ Py
C» = Pi+Ps—P3—P;

Pi1 < Anx(Biz—Bn)
Py <= (A + Ai2) X B
P3 < (A21 + A) X B
Py < A X (B2 —Bn)
Ps < (A + Ax) X (Bi1 + B2)
Ps < (A12— Ax) X (B21 + B2)
P7<= (A - A21) X (B + Bi2)

Pf. Cpp =P+ P>
=An X (Bi2—Bn) + (A + An) X Bn

=AnXBin+AnXBn. v

7 matrix multiplications
(of Yan-by-"2n matrices)
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Strassen’s algorithm

assume 7 is a power of 2
STRASSEN(n, A, B)
IF (n=1) RETURN A X B.
Partition A and B into “n-by-%n blocks.
Py <= STRASSEN(n / 2, A11, (B12 — B22)).
P> <— STRASSEN(n/ 2, (A1 + Ar2), B22).
P53 < STRASSEN(n2/ 2, (A21 + A22), B11).
P4 <= STRASSEN(n / 2, A2, (B21 — B11)).
Ps <= STRASSEN(n / 2, (A11 + A»), (Bi1 + B2)).
Ps <= STRASSEN(n / 2, (A12 — An), (B21 + B2)).
P7 < STRASSEN(n / 2, (A11 — A21), (B11 + Bi2)).
Cit = Ps+Ps— P2+ Pes.

<« 7T(n/2)+0On?)

Cip = P+ Ps.
«— O?)
C21 = P3+ Pas.
Cx» = Pi+Ps—P3—P;.
CH Cl AH AIZ x Bll BIZ
RETURN C. G, Gy A, Ay B, By
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Analysis of Strassen’s algorithm

Theorem. Strassen’s algorithm requires O(n?#") arithmetic operations to multiply two
n-by-n matrices.

Pf.
* When n is a power of 2, apply Case 1 of the master theorem:

T(n)= TT(n/2)+ O@’) = T(n)=0@n"*")=0n*")
-

recursive calls add, subtract

* When n is not a power of 2, pad matrices with zeros to be n'-by-n’,
where n<n' <2n and n' is a power of 2.

12 3 0 10 11 12 0 84 90 96 O
4 5 6 0 13 14 15 0 | | 201 216 231 O
78 9 0|16 17 18 0|~ | 318 342 366 0
00 00 0 0 0 0 0 0 0 0

Divide-and-conquer Il: quiz 4

Suppose that you could multiply two 3-by-3 matrices with 21 scalar
multiplications. How fast could you multiply two n-by-n matrices?

A.  O(n'?)
B. O(n'%?)
C. O(n'o=2l)
D. O®?
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