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https://www.cs.princeton.edu/~wayne/kleinberg-tardos/

憌頿
ｈ 䓣䞓 ╙憌頿賒䓣䞓 ꆶ擓⿸觰╙鑲竈蚘眜㣈 裌鉨砆 潖眜㣈 !

ｈ 㣈軤䓣䞓Y裌鉨砆 寔 語賒ꀪ襉竈蚘ꆶ趨䗵㡦壇㣈 裌顮麑!

ｈ 䓣䞓 ꇄ㪌鉨 喪毎毈裌澀傭毈!

ｈ 䓣䞓 ꇄ宻 喪毎毈椑怹!

ｈ 鉨砆 ꇄ竈蚘鉨砆 宻 喪毎毈椑怹ꆶ羑▅㻂劜醶 喪毎毈!

ｈ 䓣䞓 ꇄ㪌鉨勗 曐溰繃宻詩䓩裌溣謠㳜懚!

ｈ 䓣䞓 ꇄ㪌鉨鯀竁溣謠㳜懚ꆲ鰾濿竅喪䝯繃鉬癓喪䝯繃裌溣謠㳜懚ꆳ!

ｈ 鉨砆 ꇄ竈蚘 甂鯀竁溣謠㳜懚鉨砆ꆶ繾澀癓甂竈蚘 澀裌竅喪
趨▃裌䝯繃語賒竁颰繃!

ｈ 趨㡦髈㔳 洺埓誘廰語裌ꆫ鰾竈預謑㽁ꆶ樹㡦㞪語趨謑㽁ꆫꆫ
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㼀憌
ｈ 㼀憌洺竅軥臮痆裌憌頿!

ｈ 埓澰颹嬍裌媣䓣䞓╙鑲襶椨眜㣈ꆶ㾑師襶椨眜㣈!

ｈ 〞釧寔繾憌頿賒竅喪暙圞喪溑鉆鯀裌媣䓣䞓!

ｈ 媣䓣䞓裌憣愩乁薑䓣䞓竅炞ꆶ╔洺㢩玕溑寠!

ｈ 砫擓!

ｈ 趨㡦髈㔳㻇統溑鉆鯀裌媣䓣䞓洺埓誘眜㣈裌ꆶ䕙䙔╙鑲
襶椨眜㣈!

ｈ 䗵㡦組㪬竅嬍鰢圥憌頿鉬竅喪╙鑲襶椨眜㣈裌媣䓣䞓
ꆲ唈滻摌軺!cbtf!dbtfꆳꆶ〞釧㼀憌寔眐㻊戨葍瓊係
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㼀憌ꆲ礪矕砆ꆳ
ｈ 眧㫥喨!

ｈ 憌怉椑怹!

ｈ 屬㻌葍!

ｈ 眜㣈㼀憌愩!

ｈ 㪌鉨㻴怹毈!

ｈ 䖄漎抩㼍椑怹!

ｈ 㻷柾䓣䞓!

ｈ 溣㺿繃宻!

ｈ 毎毈獸砆!

ｈ 謘䔪獸砆
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ｈ 埓誘寔竅喪蚥 喪勧襏顪暐裌喨銑竅喪䍺媣㹚輬鉬═竅喪䍺
媣ꆶ╙鑲諂鴯醶4喪囸蚘䍺媣ꆶ營癓甂╔鰢輬鷥竅喪勧襏ꆶ
勸圶勧襏趨鰢歭匞寠勧襏裌慶䙘

n

眧㫥喨

眧㫥喨裌㼀憌㣈砆
ｈ 憍 泍ꆶ溣圶裌勧襏沜砆輬鷥ꆶ曐鑲絀寔繾慶裌 喪
勧襏㹚輬鉬醶4喪囸蚘䍺媣慶ꆶ羑▅寔繾輬鷥鶟襮灎䍺媣ꆶ
溣▅櫛寔醶4喪囸蚘䍺媣慶裌 喪勧襏㹚輬鉬襮灎䍺媣

n > 1 n − 1

n − 1

7

def hanoi(n, src, dst, tmp): 
    if n > 0: 
        hanoi(n - 1, src, tmp, dst) 
        move(n, src, dst) 
        hanoi(n - 1, tmp, dst, src)

㺾㜱泍䓩
ｈ 憍 泍ꆶ溣圶裌勧襏沜砆輬鷥ꆶ曐鑲絀寔繾慶裌 喪
勧襏㹚輬鉬醶4喪囸蚘䍺媣慶ꆶ羑▅寔繾輬鷥鶟襮灎䍺媣ꆶ
溣▅櫛寔醶4喪囸蚘䍺媣慶裌 喪勧襏㹚輬鉬襮灎䍺媣!

ｈ 綫 洺㹚輬 喪勧襏曐䗵裌輬鷥甂毈!

ｈ 㾑師ꆶ ꆶ !

ｈ ╙鑲㪬洅ꆶ

n > 1 n − 1

n − 1

T(n) n

T(n) = 2T(n − 1) + 1 T(0) = 0

T(n) = 2n − 1
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㼀憌ꆲ礪矕砆ꆳ
ｈ 眧㫥喨!

ｈ 憌怉椑怹!

ｈ 屬㻌葍!

ｈ 眜㣈㼀憌愩!

ｈ 㪌鉨㻴怹毈!

ｈ 䖄漎抩㼍椑怹!

ｈ 㻷柾䓣䞓!

ｈ 溣㺿繃宻!

ｈ 毎毈獸砆!

ｈ 謘䔪獸砆
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憌怉椑怹
ｈ 寔㺁縉毈顪礪㣈暐圶寠圶鶠襺釮裌潤喪媣毈顪!

ｈ 宻癓喪媣毈顪㻉㜱憌怉椑怹ꆲ㼀憌眜㣈ꆳ!

ｈ 寔汄裌溰怹裌媣毈顪╲怉賒竅喪溰怹毈顪
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A L G O R I T H M S输⼊数组

分解 A L G O R I T H M S

A G H I L M O R S T合并

A G L O R I T H M S递归求解左⼦数组

A G L O R H I M S T递归求解右⼦数组

╲怉潤喪溰怹毈顪
ｈ 寔潤喪溰怹毈顪 乁 ╲怉賒竅喪溰怹毈顪 !!

ｈ 鶔廱█╝朙楡毈顪 乁 !

ｈ 癛㹱 乁 !

ｈ 埓澰 ꆶ寔 歭鶟 裌滺屒  ) 趨圶討須誘 澀鍀漁裌紺閄*!

ｈ 埓澰 ꆶ寔 歭鶟 裌滺屒  ) 寠討須誘 澀鍀漁裌紺閄*!

ｈ ╲怉鉨砆裌㺾㜱泍䓩洺 ꆶ溑曄豜裌ꆶ洺 !

A B C

A B

ai bj

ai ≤ bj ai C ai B

ai > bj bj C bj A

O(n) Θ(n)
sorted list A

2 3 7 10 11

merge to form sorted list C

2 11 bj 20 233 7 10 ai 18

sorted list B

憌怉椑怹鉨砆
ｈ 㺁縉ꇄ繰溰 喪紺閄裌毈顪 !

ｈ 㺁禰ꇄ毈顪 澀裌紺閄鮭怹椑釕

n L

L
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MERGE-SORT(L)                          
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
_

IF (list L has one element)

     RETURN L. 

Divide the list into two halves A and B.

A  ← MERGE-SORT(A).

B  ← MERGE-SORT(B).

L  ← MERGE(A, B).

RETURN L.
________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
_

T(⌈n /2⌉)

Θ(n)

T(⌊n /2⌋)



憌怉椑怹裌Qzuipo嬑葎
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def merge_sort(L, low, high): 
    if low == high: 
        return 
    else: 
        mid = (high + low) // 2 
        merge_sort(L, low, mid) 
        merge_sort(L, mid + 1, high) 
        merge(L, low, high, mid)

def merge(L, low, high, mid): 
    size = high - low + 1 
    C = [0] * size 
    i, j = low, mid + 1 
    for k in range(size): 
        if j > high: 
            C[k] = L[i] 
            i += 1 
        elif i > mid: 
            C[k] = L[j] 
            j += 1 
        elif L[i] <= L[j]: 
            C[k] = L[i] 
            i += 1 
        else: 
            C[k] = L[j] 
            j += 1 
    for k in range(size): 
        L[low + k] = C[k]

㺾㜱泍䓩
ｈ 竈蚘癛㹱櫍語潖㝆䂾椑怹鉨砆裌㺾㜱泍䓩!

ｈ 綫 洺宻䑳恞賒 裌毈顪㻉㜱憌怉椑怹曐䗵裌癛㹱甂毈!

ｈ !

ｈ ╙鑲㪬洅ꆶ !

ｈ 竅鷧潖㫟ꆶ╙鑲襶椨拏蜋―毎醨╡ꆶ趨憼仚懟毈裌秹㺿蛚!

ｈ !

ｈ 鰾ꆶ

T(n) n

T(n) ≤ { 0 jg。n = 1
T(⌈n/2⌉) + T(⌊n/2⌋) + n jg。n > 1

T(n) = O(n log n)

T(n) ≤ { 0 jg。n = 1
T(n/2) + T(n/2) + n jg。n > 1

T(n) ≤ { 0 jg。n = 1
2T(n/2) + n jg。n > 1

14

⽐较次数在 和 之间⌊n /2⌋ n − 1

㼀憌ꆲ礪矕砆ꆳ
ｈ 眧㫥喨!

ｈ 憌怉椑怹!

ｈ 屬㻌葍!

ｈ 眜㣈㼀憌愩!

ｈ 㪌鉨㻴怹毈!

ｈ 䖄漎抩㼍椑怹!

ｈ 㻷柾䓣䞓!

ｈ 溣㺿繃宻!

ｈ 毎毈獸砆!

ｈ 謘䔪獸砆

15 16

屬㻌葍
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ｈ 枴㭌玕叿ꇄ寔竅閃 喪2㹚棆暐竅閃 喪1!

ｈ S2ꇄ塆颋╙鑲骻㹚醶竅喪傭ꆲ鰾溣╝㺧裌傭ꆳ!

ｈ S3ꇄ埓澰㫐閃掻埊鑲 喪1颰屒ꆶ㾑師╙鑲骻㹚醶 喪傭!

ｈ 憍 泍ꆶ㹚棆㺵轃埓瓊!

!

!!!!!! !

!!!!!! !

!!!!!! !

!!!!!!

n n

k k + 2

n = 4

1111 R2(0) 1101 R1 1100
R2(2) 0100 R1 0101
R2(0) 0111 R1 0110
R2(1) 0010 R1 0011
R2(0) 0001 R1 0000

屬㻌葍 屬㻌葍裌㼀憌㣈砆
ｈ ꇄ襶椨竈蚘S2ꆶ !

ｈ ꇄ絀竈蚘S3ꆶ ꆶ羑▅S2ꆶ !

ｈ !

n = 1 1 R1 0

n = 2 11 R2 01 01 R1 00

n > 2
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1 1 1 . . . 1

0 1 1 . . . 1

sfnpwf`bmm) *n

sfnpwf`bmm) *n − 1

1 1 0 . . . 0

sfnpwf`bmm) *n − 2

0 1 0 . . . 0

sfnpwf) *n

qmbdf`bmm) *n − 2

屬㻌葍裌㼀憌㣈砆
ｈ ꇄ襶椨竈蚘S2ꆶ !

ｈ ꇄ絀竈蚘S3ꆶ ꆶ羑▅S2ꆶ !

ｈ !

n = 1 1 R1 0

n = 2 11 R2 01 01 R1 00

n > 2
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0 0 0 . . . 0

1 1 0 . . . 0

qmbdf`bmm) *n

qmbdf`bmm) *n − 2

0 1 1 . . . 1

qmbdf`bmm) *n − 1

0 1 0 . . . 0

sfnpwf`bmm) *n − 2

qmbdf) *n

㺾㜱泍䓩
ｈ 綫 㝍跶sfnpwf`bmm) *澀sfnpwf)*懟毈裌㫮蚘甂毈ꆶ綫 㝍
跶qmbdf`bmm) *澀qmbdf)*懟毈裌㫮蚘甂毈ꆶ浡羑溰 !

ｈ
!

ｈ ╙鑲㪬洅ꆶ !

f(n) n g(n)
n f(n) = g(n)

f(n) =
1 jg。n = 1
2 jg。n = 2

f(n − 1) + 2f(n − 2) + 1 jg。n > 2

T(n) =
2
3

2n −
1
2

−
1
6

(−1)n

def remove_all(n): 
    if n == 1: remove(1) 
    elif n == 2: 
        remove(2), remove(1) 
    else: 
        remove_all(n - 2) 
        remove(n) 
        place_all(n - 2) 
        remove_all(n - 1)

def place_all(n): 
    if n == 1: place(1) 
    elif n == 2: 
        place(2), place(1) 
    else: 
        place_all(n - 1) 
        remove_all(n - 2) 
        place(n) 
        place_all(n - 2)



㼀憌ꆲ礪矕砆ꆳ
ｈ 眧㫥喨!

ｈ 憌怉椑怹!

ｈ 屬㻌葍!

ｈ 眜㣈㼀憌愩!

ｈ 㪌鉨㻴怹毈!

ｈ 䖄漎抩㼍椑怹!

ｈ 㻷柾䓣䞓!

ｈ 溣㺿繃宻!

ｈ 毎毈獸砆!

ｈ 謘䔪獸砆
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憲縉砆
ｈ 絀荅磒竅喪㣈ꆶ羑▅蚘毈嫃憌顐砆㪬洅㣈裌畵豜挰!

ｈ 眧㫥喨ꇄ ꆶ !

ｈ 荅磒 !

ｈ 㪬洅!

ｈ !

ｈ !

ｈ 賒嗚師荅磒 !

ｈ ꆶ ꆶ ꆶ ꆶ ꆶ !

ｈ 屸愐㼀憌愩

T(n) = 2T(n − 1) + 1 T(0) = 0

T(n) = 2n − 1

T(0) = 0 = 20 − 1

T(n) = 2T(n − 1) + 1 = 2(2n−1 − 1) + 1 = 2n − 1

T(n) = 2n − 1

T(0) = 0 T(1) = 1 T(2) = 3 T(3) = 7 T(4) = 15 T(5) = 31
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屸愐㼀憌愩
ｈ ꇄ !

ｈ ꇄ !

ｈ ꇄ !

ｈ 㼈㺵慶㻞㢧孹ꆶ荅磒 !

ｈ 弌謑 ꆶ曐鑲綫 ꆶ鰾寔 憲縉慶愩!

ｈ

k = 1 T(n) = 2T(n − 1) + 1

k = 2 T(n) = 2(2T(n − 2) + 1) + 1 = 4T(n − 2) + 3

k = 3 T(n) = 4(2T(n − 3) + 1) + 3 = 8T(n − 3) + 7

T(n) = 2kT(n − k) + (2k − 1)

T(0) = 0 n − k = 0 k = n

T(n) = 2kT(n − k) + (2k − 1) = 2nT(0) + (2n − 1) = 2n − 1
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憲縉砆
ｈ 憌怉椑怹ꆶ !

ｈ 絀屸愐㼀憌愩!

ｈ ꇄ !

ｈ ꇄ !

ｈ ꇄ !

ｈ 㼈㺵慶㻞㢧孹ꆶ荅磒 !

ｈ 弌謑 ꆶ曐鑲綫 ꆶ鰾寔 憲縉慶愩!

ｈ !

ｈ 鉦蚘毈嫃憌顐砆㪬洅 ꆲ㺵轃覈蜋ꆳ!

ｈ 曐鑲ꆶ

T(n) ≤ { 0 jg。n = 1
2T(n /2) + n jg。n > 1

k = 1 T(n) ≤ 2T(n /2) + n

k = 2 T(n) ≤ 2(2T(n /4) + n /2) + n = 4T(n /4) + 2n

k = 3 T(n) ≤ 4(2T(n /8) + n /4) + 2n = 8T(n /8) + 3n

T(n) ≤ 2kT(n /2k) + kn

T(1) = 0 n /2k = 1 k = log2 n

T(n) ≤ 2kT(n /2k) + kn = nT(1) + n log2 n = n log2 n

T(n) ≤ n log2 n

T(n) = O(n log n)
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㼀憌灜
ｈ ꆶ繾澀 ꆶ 洺従䂾!

ｈ 寔㺁縉㢩玕賒 裌䓣䞓礪㣈暐 喪㺁縉㢩玕賒 裌媣䓣䞓!

ｈ ｉ!

ｈ 襶鶟㢩玕賒2裌媣䓣䞓ꆶ鰾 !

ｈ !

T(n) = aT(n /b) + f(n) a ≥ 1 b > 1

n a n /b

n /bL = 1 ⇒ L = logb n

T(n) =
L

∑
i=0

aif(n /bi)
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㼀憌灜
ｈ ꆶ !

ｈ 憌怉椑怹ꇄ !

ｈ !

ｈ !

T(n) = aT(n /b) + f(n) ⇒ T(n) =
L

∑
i=0

aif(n /bi) L = logb n

T(n) = 2T(n /2) + n

f(n) = n, a = 2,b = 2

T(n) =
L

∑
i=0

aif(n /bi) =
L

∑
i=0

2in /2i =
L

∑
i=0

n = O(n log n)
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f(n)

f(n /2) f(n /2)

f(n /4)f(n /4) f(n /4) f(n /4)

n

2 ⋅ (n /2) = n

4 ⋅ (n /4) = n
log2 n

⋯f(n) f(n) f(n) f(n) f(n) f(n) f(n) f(n)

㼀憌灜
ｈ ꆶ !

ｈ 䖄漎㻷柾ꇄ !

ｈ !

ｈ !

T(n) = aT(n /b) + f(n) ⇒ T(n) =
L

∑
i=0

aif(n /bi) L = logb n

T(n) = T(3n /4) + n

f(n) = n, a = 1,b = 4/3

T(n) =
L

∑
i=0

aif(n /bi) =
L

∑
i=0

n(3/4)i = n
L

∑
i=0

(3/4)i = O(n)

当 时，⼏何级数的和r < 1 ∑
k

rk ≤
1

1 − r

f(n)

f(3n /4)

f(32n /42)

n

3/4 ⋅ n

32/42 ⋅ n
log3/4 n

⋯f(n)

㼀憌灜
ｈ ꆶ !

ｈ Lbsbutvcb毎毈獸砆ꇄ !

ｈ !

ｈ !

T(n) = aT(n /b) + f(n) ⇒ T(n) =
L

∑
i=0

aif(n /bi) L = logb n

T(n) = 3T(n /2) + n

f(n) = n, a = 3,b = 2

T(n) =
L

∑
i=0

aif(n /bi) =
L

∑
i=0

n(3/2)i = n
L

∑
i=0

(3/2)i = O((3/2)Ln) = O(nlog2 3)

28

当 时， （最后⼀项的常数倍）r > 1 ∑
k

rk ≤ rk r
r − 1

f(n)

f(n /2) f(n /2)

f (n /4)

n

3 ⋅ (n /2) = 3/2 ⋅ n

32 ⋅ (n /4) = (3/2)2 ⋅ n

log2 n

⋯f(n) f(n) f(n)
28

f(n /2)

f (n /4) f (n /4) f (n /4) f (n /4) f (n /4) f (n /4) f (n /4) f (n /4)



捨嬍蓜
ｈ 宻討 ꆶ㼀憌愩 ╙鑲埓瓊眜㣈!

ｈ 摌軺2ꇄ埓澰 ꆶ㾑師 !

ｈ 摌軺3ꇄ埓澰 ꆶ㾑師 !

ｈ 摌軺4ꇄ埓澰 ꆶ㾑師 !

ｈ 憌怉椑怹ꇄ !

ｈ ꆶ摌軺3ꆶ曐鑲 !

ｈ 䖄漎㻷柾ꇄ !

ｈ ꆶ摌軺2ꆶ曐鑲 !

ｈ Lbsbutvcb毎毈獸砆ꇄ !

ｈ ꆶ摌軺4ꆶ曐鑲

a ≥ 1, b ≥ 2, d ≥ 0 T(n) = aT(n /b) + O(nd)

d > logb a T(n) = O(nd)

d = logb a T(n) = O(nd log n)

d < logb a T(n) = O(nlogb a)

T(n) = 2T(n /2) + n ⇒ a = 2, b = 2, d = 1

logb a = 1 = d T(n) = O(n log n)

T(n) = T(3n /4) + n ⇒ a = 1, b = 4/3, d = 1

logb a = 0 < d T(n) = O(n)

T(n) = 3T(n /2) + n ⇒ a = 3, b = 2, d = 1

logb a = log2 3 > d T(n) = O(nlog2 3)
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㼀憌ꆲ礪矕砆ꆳ
ｈ 眧㫥喨!

ｈ 憌怉椑怹!

ｈ 屬㻌葍!

ｈ 眜㣈㼀憌愩!

ｈ 㪌鉨㻴怹毈!

ｈ 䖄漎抩㼍椑怹!

ｈ 㻷柾䓣䞓!

ｈ 溣㺿繃宻!

ｈ 毎毈獸砆!

ｈ 謘䔪獸砆

30

㪌鉨㻴怹毈
ｈ 壠㪩 洺毎毈 裌竅喪椑釕ꆶ埓澰 勸

ꆶ㾑師輘) *洺竅喪㻴怹!

ｈ 癛埓 澀ꆶ溰3喪㻴怹 乁 !

ｈ 埓誘㪌鉨 澀裌㻴怹毈!

ｈ 遚設砆ꇄ

a1, a2, ⋯, an 1, 2,⋯, n i < j
ai > aj ai, aj

1, 3, 4, 2, 5 (3, 2) (4, 2)

a1, a2, ⋯, an

Θ(n2)
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㼀憌眜㣈㻴怹毈
ｈ 礪㣈ꇄ寔㺁縉毈顪礪㣈暐圶寠圶鶠襺釮裌潤喪媣毈顪 乁 !

ｈ 㣈軤;!!㼀憌匫眜㣈癓喪媣毈顪裌㻴怹毈!

ｈ ╲怉;!!㪌鉨筄㲠臮嬍潐鋅裌㻴怹 裌毈䂾ꆶ繾澀 !

ｈ 㻂劜㻇統㻴怹毈裌乁!

A B

(a, b) a ∈ A, b ∈ B

32

1 5 4 8 10 2 6 9 3 7输⼊

1 5 4 8 10

计算⼦数组 的逆序数A

（5,4）

2 6 9 3 7

计算⼦数组 的逆序数B

（6,3) (9,3) (9,7)

2 6 9 3 71 5 4 8 10

计算逆序( )的数量，其中a, b a ∈ A, b ∈ B

(4,2) (4,3) (5,2) (5,3) (8,2) (8,3) (8,6) (8,7) (10,2) (10,3) (10,6) (10,7) (10,9)

所有的逆序数=1+3+13=17



╲怉鉨砆
ｈ 埓誘㪌鉨㻴怹 裌毈䂾ꆶ繾澀 !

ｈ 遚設ꇄ !

ｈ !

ｈ 埓澰媣毈顪 卥溰怹ꆶ㾑師宻討癓喪 ꆶ㼈㺵濤礪瀡朻潖豜嬍 澀圶討
裌紺閄喪毈!

ｈ !

ｈ 醶1屗ꇄ !

ｈ 醶2屗ꇄ !

ｈ 醶3屗ꇄ !

ｈ 醶 屗ꇄ !

ｈ 曐鑲ꆶ

(a, b) a ∈ A, b ∈ B

T(n) = 2T(n /2) + O(n2)

a = b = d = 2, logb a < d, T(n) = O(n2)

A, B b ∈ B A b

T(n) = 2T(n /2) + O(n log n)

n log n

2 ⋅ (n /2 ⋅ log(n /2)) = n log(n /2)

4 ⋅ (n /4 ⋅ log(n /4)) = n log(n /4)

i n log(n /2i)

T(n) =
log n

∑
i=0

n log(n /2i) = n
log n

∑
i=0

(log n − i) = O(n log2 n)

33

f(n)

f(n /2) f(n /2)

f(n /4)f(n /4) f(n /4) f(n /4)

f(n) f(n) f(n) f(n) f(n) f(n) f(n) f(n)

歠㻉裌╲怉鉨砆
ｈ 埓誘㪌鉨㻴怹 裌毈䂾ꆶ繾澀 ꆶ壠㪩 卥溰怹!

ｈ 鶔廱█╝朙楡毈顪 乁 !

ｈ 癛㹱 乁 !

ｈ 埓澰 ꆶ㾑師 趨諺區須誘 澀鍀漁裌紺閄澐暐㻴怹!

ｈ 埓澰 ꆶ㾑師 區須誘 澀鍀漁裌紺閄澐暐㻴怹!

ｈ 寔㹱寠裌紺閄歭縉溰怹毈顪 澀!

ｈ 㺾㜱泍䓩ꇄ !

(a, b) a ∈ A, b ∈ B A, B

A B

ai bj

ai < bj ai B

ai > bj bj A

C

O(n)
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5 2

2 3 7 10 11

2 11 bj 20 233 7 10 ai 18

Merge and count demo

Given two sorted lists A and B,
・Count number of inversions (a, b) with a ∈ A and b ∈ B.
・Merge A and B into sorted list C.

35

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

Merge and count demo

Given two sorted lists A and B,
・Count number of inversions (a, b) with a ∈ A and b ∈ B.
・Merge A and B into sorted list C.

36

compare minimum entry in each list:  copy 2 and add x to inversion count

x = 5 
inversions = 0 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

sorted list C



Merge and count demo

Given two sorted lists A and B,
・Count number of inversions (a, b) with a ∈ A and b ∈ B.
・Merge A and B into sorted list C.

37

compare minimum entry in each list:  copy 3 and decrement x

x = 5 
inversions = 5 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2

sorted list C

5

Merge and count demo

Given two sorted lists A and B,
・Count number of inversions (a, b) with a ∈ A and b ∈ B.
・Merge A and B into sorted list C.

38

compare minimum entry in each list:  copy 7 and decrement x

x = 4
inversions = 5 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3

sorted list C

5

Merge and count demo

Given two sorted lists A and B,
・Count number of inversions (a, b) with a ∈ A and b ∈ B.
・Merge A and B into sorted list C.

39

compare minimum entry in each list:  copy 10 and decrement x

x = 3
inversions = 5 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7

sorted list C

5

Merge and count demo

Given two sorted lists A and B,
・Count number of inversions (a, b) with a ∈ A and b ∈ B.
・Merge A and B into sorted list C.

40

compare minimum entry in each list:  copy 11 and add x to increment count

x = 2
inversions = 5 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10

sorted list C

5



Merge and count demo

Given two sorted lists A and B,
・Count number of inversions (a, b) with a ∈ A and b ∈ B.
・Merge A and B into sorted list C.

41

compare minimum entry in each list:  copy 14 and decrement x

x = 2
inversions = 7

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11

sorted list C

5 2

Merge and count demo

Given two sorted lists A and B,
・Count number of inversions (a, b) with a ∈ A and b ∈ B.
・Merge A and B into sorted list C.

42

compare minimum entry in each list:  copy 16 and add x to increment count

x = 1
inversions = 7 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14

sorted list C

5 2

Merge and count demo

Given two sorted lists A and B,
・Count number of inversions (a, b) with a ∈ A and b ∈ B.
・Merge A and B into sorted list C.
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compare minimum entry in each list:  copy 18 and decrement x

x = 1
inversions = 8 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16

sorted list C

5 2 1

Merge and count demo

Given two sorted lists A and B,
・Count number of inversions (a, b) with a ∈ A and b ∈ B.
・Merge A and B into sorted list C.

44

x = 0
inversions = 8 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16 18

sorted list C

5 2 1

list A exhausted:  copy 20 



Merge and count demo

Given two sorted lists A and B,
・Count number of inversions (a, b) with a ∈ A and b ∈ B.
・Merge A and B into sorted list C.

45

list A exhausted:  copy 23 

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16 18 20

sorted list C

5 2 1 0

x = 0
inversions = 8 

Merge and count demo

Given two sorted lists A and B,
・Count number of inversions (a, b) with a ∈ A and b ∈ B.
・Merge A and B into sorted list C.

46

done:  return 8 inversions

2 11 16 20 233 7 10 14 18

sorted list A sorted list B

2 3 7 10 11 14 16 18 20 23

sorted list C

5 2 1 0 0

x = 0
inversions = 8 

礪矕砆㪌鉨㻴怹
ｈ 㺁縉ꇄ毈顪 !

ｈ 㺁縉ꇄ 澀裌㻴怹毈ꆲ▃泍樹宻 㻉㜱壇椑怹ꆳ!

ｈ 㺾㜱泍䓩 !

ｈ !

ｈ !

ｈ !

L

L L

T(n) = 2T(n /2) + O(n)

a = b = 2, d = 1

d = logb a

T(n) = O(nd log n) = O(n log n)
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SORT-AND-COUNT(L)                          
____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
_____________________________________________________________________________________________________________

IF (list L has one element)

     RETURN (0, L).

 
Divide the list into two halves A and B.

(rA,  A) ← SORT-AND-COUNT(A).

(rB,  B) ← SORT-AND-COUNT(B).

(rAB,  L) ← MERGE-AND-COUNT(A, B).

 
RETURN  (rA + rB + rAB,  L).
____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
_____________________________________________________________________________________________________________

㼀憌ꆲ礪矕砆ꆳ
ｈ 眧㫥喨!

ｈ 憌怉椑怹!

ｈ 屬㻌葍!

ｈ 眜㣈㼀憌愩!

ｈ 㪌鉨㻴怹毈!

ｈ 䖄漎抩㼍椑怹!

ｈ 㻷柾䓣䞓!

ｈ 溣㺿繃宻!

ｈ 毎毈獸砆!

ｈ 謘䔪獸砆

48



請㳜釒礪
ｈ 颹嬍毈顪 乁竅喪捨紺 ꆶ寔 釒礪暐埓瓊4喪媣毈顪;!

ｈ 媣毈顪 傭討 裌廱㺧ꆶ蚥寠討 裌紺閄顪暐!

ｈ 媣毈顪 傭討 裌澀䓩ꆶ蚥釮討 裌紺閄顪暐!

ｈ 媣毈顪 傭討 裌╝㺧ꆶ蚥圶討 裌紺閄顪暐!

ｈ 桋暛ꇄ㺾㜱泍䓩P)o*ꆶ遡䓩䗵眜P)2*!

A p A

L A p

M A p

R A p

49

7 6 12 3 11 8 9 1 4 10 2

3 1 4 2 6 7 12 11 8 9 10

RL M

p = 6数组A

Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i

50

161 14 12 24 23 162 163 22 164 11 165 13 25 26

lt gti

unknown
equal

lo hi

Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i
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14 161 12 24 23 162 163 22 164 11 165 13 25 26

lt gti

unknown
less equal

Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i

52

14 12 161 24 23 162 163 22 164 11 165 13 25 26

lt gti

unknownless
equal



Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i
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14 12 161 26 23 162 163 22 164 11 165 13 25 24

lt gti

greater
unknownless

equal

Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i
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14 12 161 25 23 162 163 22 164 11 165 13 26 24

lt gti

greaterunknownless
equal

Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i
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14 12 161 13 23 162 163 22 164 11 165 25 26 24

lt gti

less greaterunknown
equal

Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i

56

14 12 13 161 23 162 163 22 164 11 165 25 26 24

lt gti

less greaterunknown
equal



Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i
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14 12 13 161 165 162 163 22 164 11 23 25 26 24

lt gti

less greaterunknown
equal

Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i
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14 12 13 161 165 162 163 22 164 11 23 25 26 24

lt gti

less equal greaterunknown

Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i
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14 12 13 161 165 162 163 22 164 11 23 25 26 24

lt gti

less equal greaterunknown

Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i
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14 12 13 161 165 162 163 22 164 11 23 25 26 24

lt gti

less equal greaterunknown



Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i
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14 12 13 161 165 162 163 11 164 22 23 25 26 24

lt gti

less equal greater
unknown

Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i
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14 12 13 11 165 162 163 161 164 22 23 25 26 24

lt gti

less equal greater
unknown

Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i
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14 12 13 11 165 162 163 161 164 22 23 25 26 24

lt gt i

equalless greater

Dijkstra 3-way partitioning demo

・Let p be pivot item.
・Swap p to index lo.
・Scan i from left to right.
- (A[i]  <  p) : exchange A[lt] with A[i]; increment both lt and i
- (A[i]  >  p) : exchange A[gt] with A[i]; decrement gt
- (A[i]  =  p) : increment i

64

lo

14 12 13 11 165 162 163 161 164 22 23 25 26 24

hilt gt

equalless greater



䖄漎抩㼍椑怹
ｈ 銑 澀䖄漎㻷柾竅喪捨紺 !

ｈ 炠棛 宻 㻉㜱請㳜釒礪ꆶ懳鉬媣毈顪

ｈ 㼀憌匫宻媣毈顪 乁 㻉㜱椑怹!

A p

p A L, M, R

L R

7 6 12 3 11 8 9 1 4 10 2

65

7 6 12 3 11 8 9 1 4 10 2the array A

3 1 4 2 6 7 12 11 8 9 10partition A

1 2 3 4 6 7 12 11 8 9 10sort L

1 2 3 4 6 7 8 9 10 11 12sort R

1 2 3 4 6 7 8 9 10 11 12the sorted array A

䖄漎抩㼍椑怹
ｈ 銑 澀䖄漎㻷柾竅喪捨紺 !

ｈ 炠棛 宻 㻉㜱請㳜釒礪ꆶ懳鉬媣毈顪

ｈ 㼀憌匫宻媣毈顪 乁 㻉㜱椑怹!

A p

p A L, M, R

L R

66

RANDOMIZED-QUICKSORT(A)                          
_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

IF (array A has zero or one element)

     RETURN.

Pick pivot p ∈ A uniformly at random.

(L, M, R) ← PARTITION-3-WAY(A, p).

RANDOMIZED-QUICKSORT(L).

RANDOMIZED-QUICKSORT(R).
_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

T (i)

T (n − i − 1)

Θ(n)

⼦问题的规模取决于变量i

㺾㜱泍䓩礪澞
ｈ 宻繰溰 喪趨▃紺閄 裌毈顪㻉㜱抩㼍椑怹ꆶ
䝾滝裌癛㹱甂毈洺 !

ｈ 炠棛捨紺裌㻷柾䝳怹澐㼎竅熲濤ⅱ灜

n a1 < a2 < ⋯ < an
O(n log n)

a7 a6 a12 a3 a11 a8 a9 a1 a4 a10 a2 a13 a5

67

the original array of elements A

first pivot in
left subarray

first pivot
(chosen uniformly at random)

a9

a11a3

a8 a10 a13

a12

a6

a7a5

a4

a1

a2

㺾㜱泍䓩礪澞
ｈ 宻繰溰 喪趨▃紺閄 裌毈顪㻉㜱抩㼍椑怹ꆶ
䝾滝裌癛㹱甂毈洺 !

ｈ 炠棛捨紺裌㻷柾䝳怹澐㼎竅熲濤ⅱ灜!

ｈ 諺區 癛㹱竅甂憍勸蕪憍竅喪洺═竅喪裌踤絀

n a1 < a2 < ⋯ < an
O(n log n)

ai aj

68

a3 and a6 are compared 
(when a3 is pivot)first pivot

(chosen uniformly at random)

a9

a11a3

a8 a10 a13

a12

a6

a7a5

a4

a1

a2

first pivot in
left subarray



㺾㜱泍䓩礪澞
ｈ 宻繰溰 喪趨▃紺閄 裌毈顪㻉㜱抩㼍椑怹ꆶ
䝾滝裌癛㹱甂毈洺 !

ｈ 炠棛捨紺裌㻷柾䝳怹澐㼎竅熲濤ⅱ灜!

ｈ 諺區 癛㹱竅甂憍勸蕪憍竅喪洺═竅喪裌踤絀

n a1 < a2 < ⋯ < an
O(n log n)

ai aj
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a2 and a8 are not compared
(because a3 partitions them)

a9

a11a3

a8 a10 a13

a12

a6

a7a5

a4

a1

a2

first pivot in
left subarray

first pivot
(chosen uniformly at random)

Given an array of n ≥ 8 distinct elements a1 < a2 < … < an, what is the 
probability that a7 and a8 are compared during randomized quicksort?  

A. 0

B. 1 / n 

C. 2 / n

D. 1

70

Divide-and-conquer:  quiz

a9

a11a3

a8 a10 a13

a12

a6

a7a5

a4

a1

a2

if two elements are adjacent,
one must be an ancestor of the other

Given an array of n ≥ 2 distinct elements a1 < a2 < … < an, what is the 
probability that a1 and an are compared during randomized quicksort?  

A. 0

B. 1 / n 

C. 2 / n

D. 1

71

Divide-and-conquer:  quiz

a9

a11a3

a8 a10 a13

a12

a6

a7a5

a4

a1

a2

a1 and an are compared
iff first pivot is either a1 or an

㺾㜱泍䓩礪澞
ｈ 宻繰溰 喪趨▃紺閄 裌毈顪㻉㜱抩㼍椑怹ꆶ
䝾滝裌癛㹱甂毈洺 !

ｈ 諺區 癛㹱竅甂憍勸蕪憍竅喪洺═竅喪裌踤絀!

ｈ 區 癛㹱裌犈萕 ꆶ繾澀

n a1 < a2 < ⋯ < an
O(n log n)

ai aj

ai aj =
2

j − i + 1
i < j
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a8

a2

Pr[a2 and a8 compared] = 2/7
compared iff either a2 or a8 is chosen 

as pivot before any of { a3, a4, a5, a6, a7}
a9

a11a3

a8 a10 a13

a12

a6

a7a5

a4

a1

a2



㺾㜱泍䓩礪澞
ｈ 宻繰溰 喪趨▃紺閄 裌毈顪㻉㜱抩㼍椑怹ꆶ
䝾滝裌癛㹱甂毈洺 !

ｈ 諺區 癛㹱竅甂憍勸蕪憍竅喪洺═竅喪裌踤絀!

ｈ 區 癛㹱裌犈萕 ꆶ繾澀 !

ｈ 滝滘癛㹱甂毈 !

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !

!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! !

n a1 < a2 < ⋯ < an
O(n log n)

ai aj

ai aj =
2

j − i + 1
i < j

=
n

∑
i=1

n

∑
j=i+1

2
j − i + 1

=
n

∑
i=1

n−i+1

∑
j=2

1
j

≤ 2n
n

∑
j=1

1
j

≤ 2n(ln n + 1)
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调和级数
 

Comparable[] a = ...;

...

Arrays.sort(a);
can access elements only
via calls to compareTo()

䞓圙㫈ꇄ椑怹鉨砆裌瓊蛚
ｈ 桋暛ꇄ埓誘㪬洅竅鏅鉨砆ꆲ癛埓曐溰╙鰢裌椑怹鉨砆ꆳ裌瓊蛚ꇉ!

ｈ 㪌鉨玕叿ꇄ癛㹱灜!

ｈ ╔鰢㼈㺵ｃ暐宻癛㹱ｄ潖㪪䓣紺閄!

ｈ 曐溰繾嚇櫍語ꆲ癛埓磃轃椪鉈第毈棛輬鷥釮ꆳ㿫洺綆㰥裌!

ｈ 㼈㺵癛㹱甂毈潖㝆䂾鉨砆裌㺾㜱泍䓩!

ｈ 慶䙘裌㪌鉨玕叿葎嬑▎@!

ｈ B2/!!Zft/!!Kbwb-!Qzuipo-!D,,-!ｉ!

ｈ B3/!!Zft/!!Nfshftpsu-!jotfsujpo!tpsu-!rvjdltpsu-!ifbqtpsu-!ｉ!

ｈ B4/!!Op/!!!Cvdlfu!tpsu-!sbejy!tpsut-!ｉ!
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Comparison tree (for 3 distinct keys a, b, and c)

75

b < c

yes no

a < c

yes no

a < c

yes no

a c b c a b

b a ca b c b < c

yes no

b c a c b a

height of pruned tree = 
worst-case number 

a < b

yes no

code between compares 
(e.g., sequence of exchanges)

each reachable leaf corresponds to one (and only one) ordering;
exactly one reachable leaf for each possible ordering

Sorting lower bound

Theorem.  Any deterministic compare-based sorting algorithm must make Ω(n log n) 
compares in the worst-case.
 
Pf.  [ information theoretic ]
・Assume array consists of n distinct values a1 through an.
・Worst-case number of compares = height h of pruned comparison tree.
・Binary tree of height h has ≤ 2h leaves.
・n ! different orderings  ⇒  n ! reachable leaves.

76

h

≤ 2h leavesn! reachable leaves



Sorting lower bound

Theorem.  Any deterministic compare-based sorting algorithm must make Ω(n log n) 
compares in the worst-case.
 
Pf.  [ information theoretic ]
・Assume array consists of n distinct values a1 through an.
・Worst-case number of compares = height h of pruned comparison tree.
・Binary tree of height h has ≤ 2h leaves.
・n ! different orderings  ⇒  n ! reachable leaves. 

 
 
 
 
 
 

 
Note.  Lower bound can be extended to include randomized algorithms.
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2h   ≥  # reachable leaves  =  n !

⇒ h ≥ log n!
= log 1 + log 2 + ⋯ + log(n /2) + ⋯ + log n
≥ log(n /2) + log(n /2 + 1) + ⋯ + log n
≥ log(n /2) + log(n /2) + ⋯ + log(n /2)
= n /2 ⋅ log(n /2)
= 1/2 ⋅ n log n − n /2

㼀憌ꆲ礪矕砆ꆳ
ｈ 眧㫥喨!

ｈ 憌怉椑怹!

ｈ 屬㻌葍!

ｈ 眜㣈㼀憌愩!

ｈ 㪌鉨㻴怹毈!

ｈ 䖄漎抩㼍椑怹!

ｈ 㻷柾䓣䞓!

ｈ 溣㺿繃宻!

ｈ 毎毈獸砆!

ｈ 謘䔪獸砆

78

㻷柾䓣䞓
ｈ 颹嬍 喪題愒裌毈ꆶ朻鉬醶 寠裌毈!

ｈ ꆲ溣寠鄴ꆳꆶ ꆲ溣圶鄴ꆳꆶ ꆲ澀傭毈ꆳ!

ｈ 㪌鉨溣寠鄴暙髊溣圶鄴ꇄ 甂癛㹱!

ｈ 唈討椑怹ꇄ 甂癛㹱!

ｈ 唈討唙!

ｈ 甂癛㹱ꇄ澐愄 喪紺閄裌寠䝯唙, 甂fyusbdu.njo櫍語!

ｈ 甂癛㹱ꇄ澐愄l喪紺閄裌圶䝯唙,溣圞 甂jotfsu櫍語!

ｈ 圶䝯唙媭歭溣寠裌 喪紺閄!

ｈ 醶濤軥汒砆溑㻰╲磃毈棛!
ｈ 桋暛ꇄ╙鑲㼈㺵 甂癛㹱㣈軤㻷柾䓣䞓▎ꇉ

n k

k = 1 k = n k = ⌊(n + 1)/2⌋

O(n)

O(n log n)

O(n + k log n) n k

O(k + n log k) n

k

O(n)
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䖄漎抩㼍㻷柾
ｈ 銑 澀䖄漎㻷柾竅喪捨紺 !

ｈ 炠棛 宻 㻉㜱請㳜釒礪ꆶ懳鉬媣毈顪

ｈ 㼀憌匫宻篳〥醶 寠紺閄裌毈顪㻉㜱㻷柾

A p

p A L, M, R

k
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QUICK-SELECT(A, k)                          
_____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Pick pivot p ∈ A uniformly at random.

(L, M, R) ← PARTITION-3-WAY(A, p).

IF          (k  <=  | L |)    RETURN QUICK-SELECT(L, k).

ELSE IF  (k  > | L | + | M |)  RETURN QUICK-SELECT(R, k – | L | – | M |)

ELSE                            RETURN p.
_____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

T (i)

T (n − i − 1)

Θ(n)



Quickselect demo

・Pick a random pivot element p ∈ A.
・3-way partition the array into L, M, and R.
・Recur in one subarray—the one containing the kth smallest element.
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65 28 59 33 21 56 22 95 50 12 90 53 28 77 39

select the k = 8th smallest 

k = 8th smallest 

Quickselect demo

・Pick a random pivot element p ∈ A.
・3-way partition the array into L, M, and R.
・Recur in one subarray—the one containing the kth smallest element.
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65 28 59 33 21 56 22 95 50 12 90 53 28 77 39

choose a pivot element at random and partition

k = 8th smallest 

Quickselect demo

・Pick a random pivot element p ∈ A.
・3-way partition the array into L, M, and R.
・Recur in one subarray—the one containing the kth smallest element.

28 33 21 56 22 50 12 53 28 39 59 65 95 90 77
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partitioned array

k = 8th smallest 

L R

Quickselect demo

・Pick a random pivot element p ∈ A.
・3-way partition the array into L, M, and R.
・Recur in one subarray—the one containing the kth smallest element.

28 33 21 56 22 50 12 53 28 39 59 65 95 90 77
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recursively select 8th smallest element in left subarray

k = 8th smallest 



Quickselect demo

・Pick a random pivot element p ∈ A.
・3-way partition the array into L, M, and R.
・Recur in one subarray—the one containing the kth smallest element.

28 33 21 56 22 50 12 53 28 39 59 65 95 90 77
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choose a pivot element at random and partition

k = 8th smallest 

Quickselect demo

・Pick a random pivot element p ∈ A.
・3-way partition the array into L, M, and R.
・Recur in one subarray—the one containing the kth smallest element.

21 22 12 28 28 33 56 50 53 39 59 65 95 90 77
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partitioned array

k = 8th smallest 

L RM

Quickselect demo

・Pick a random pivot element p ∈ A.
・3-way partition the array into L, M, and R.
・Recur in one subarray—the one containing the kth smallest element.

21 22 12 28 28 33 56 50 53 39 59 65 95 90 77
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recursively select the 3rd smallest element in right subarray

k = 3rd smallest 

Quickselect demo

・Pick a random pivot element p ∈ A.
・3-way partition the array into L, M, and R.
・Recur in one subarray—the one containing the kth smallest element.

21 22 12 28 28 33 56 50 53 39 59 65 95 90 77
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k = 3rd smallest 

choose a pivot element at random and partition



Quickselect demo

・Pick a random pivot element p ∈ A.
・3-way partition the array into L, M, and R.
・Recur in one subarray—the one containing the kth smallest element.

21 22 12 28 28 33 39 50 53 56 59 65 95 90 77
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k = 3rd smallest 

partitioned array

L R

Quickselect demo

・Pick a random pivot element p ∈ A.
・3-way partition the array into L, M, and R.
・Recur in one subarray—the one containing the kth smallest element.

21 22 12 28 28 33 39 50 53 56 59 65 95 90 77

90

stop: desired element is in middle subarray

䖄漎抩㼍㻷柾裌㺾㜱泍䓩
ｈ ꇄ匞 喪紺閄澀㻷柾醶 寠紺閄裌滝滘癛㹱甂毈!

ｈ ꇄ捨紺裌傭駃!

!

ｈ 銑慶愩╙謑ꆶ !

ｈ 綫 ꆶ荅磒 !

ｈ 憍 乁 泍ꆶ浡羑暐鄅!

T(n, k) n k

i

T(n, k) ≤

max{T(0), T(n − 1)} + cn jg。i = 1。ps。i = n
max{T(1), T(n − 2)} + cn jg。i = 2。ps。i = n − 2
max{T(⋯), T(⋯)} + cn ⋯
max{T(n /2), T(n /2)} + cn jg。i = n /2

T(n, k) ≤ 1/n ⋅ (n ⋅ cn + 2T(n /2) + ⋯ + 2T(n − 2) + 2T(n − 1))
≤ cn + 1/n ⋅ (2T(n /2) + ⋯ + 2T(n − 2) + 2T(n − 1))

T(n) = max
k

T(n, k) T(n) ≤ 4cn

n = 0 n = 1
T(n) ≤ cn + 1/n ⋅ (2T(n /2) + ⋯ + 2T(n − 2) + 2T(n − 1))

≤ cn + 1/n ⋅ (8c(n /2) + ⋯ + 8c(n − 2) + 8c(n − 1))
≤ cn + c/n ⋅ (3n2 − 2n) ≤ cn + 3cn = 4cn
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溣卻摌軺賒顣挰泍䓩裌㻷柾鉨砆
ｈ 襮灎ꇄ朻鉬寔o喪紺閄礪暐潤㿖礪裌捨紺qꆶ竈懳癓㿖礪裌
紺閄喪毈竅嬍寠討釮討 !

ｈ 埓誘匞顣挰泍䓩韞朻鉬㺿銀澀傭毈ꇉ!

ｈ 魤洅匫㻷― 喪紺閄ꆶ羑▅㼀憌匫眜㣈㻇統紺閄裌
澀傭毈!

ｈ !

ｈ ╙鑲㪬洅

7/10 ⋅ n

2/10 ⋅ n

T(n) = {Θ(1) jg。n = 1
T(7/10 ⋅ n) + T(2/10 ⋅ n) + Θ(n) puifsxjtf。

T(n) = Θ(n)
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两个不同规模的⼦问题



捨紺㻷柾
ｈ 寔 喪紺閄礪暐 顪ꆶ癓顪6喪紺顪ꆶ╙鰢㻆溰䞘圙裌竅顪ꆶ蚥鍀瓊
裌 喪紺閄顪暐!

ｈ

n ⌊n /5⌋
n % 5
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1029 3738 2 1855 24 3534 36

4422 1152 53 1312 43 420 27

2328 266 40 119 46 4931 8

914 35 54 4830 47 5132 21

3945 1550 25 4116 17 722

n = 54

捨紺㻷柾
ｈ 寔 喪紺閄礪暐 顪ꆶ癓顪6喪紺顪ꆶ╙鰢㻆溰䞘圙裌竅顪ꆶ蚥鍀瓊
裌 喪紺閄顪暐!

ｈ 㪌鉨癓竅顪裌澀傭毈ꆲ䞘圙㾑竅顪䕙圙ꆳ!

ｈ

n ⌊n /5⌋
n % 5

1029 3738 2 1855 24 3534 36

4422 1152 53 1312 43 420 27

2328 266 40 119 46 4931 8

914 35 54 4830 47 5132 21

3945 1550 25 4116 17 722

38 18 35

43

2328 40 19 31

15

94

medians

n = 54

捨紺㻷柾
ｈ 寔 喪紺閄礪暐 顪ꆶ癓顪6喪紺顪ꆶ╙鰢㻆溰䞘圙裌竅顪ꆶ蚥鍀瓊裌

喪紺閄顪暐!

ｈ 㪌鉨癓竅顪裌澀傭毈ꆲ䞘圙㾑竅顪䕙圙ꆳ!

ｈ 㼀憌匫㪌鉨 喪澀傭毈裌澀傭毈ꆶ寔繾語賒捨紺!

ｈ

n ⌊n /5⌋
n % 5

⌊n /5⌋

1029 3738 2 1855 24 3534 36

4422 1152 53 1312 43 420 27

2328 266 40 119 46 4931 8

914 35 54 4830 47 5132 21

3945 1550 25 4116 17 722

medians
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median of
medians 38 18 35

43

2328 40 19 31

15

28n = 54

唈討澀傭毈裌澀傭毈裌㻷柾鉨砆NPN.Tfmfdu
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MOM-SELECT(A, k)                          
_____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

n ← | A |.

IF (n <  50)

RETURN  kth smallest of element of A via mergesort.

 
Group A into ⎣n / 5⎦ groups of 5 elements each (ignore leftovers).

B ← median of each group of 5.

p ← MOM-SELECT(B, ⎣n / 10⎦)

 
(L, M, R) ← PARTITION-3-WAY(A, p).

IF           (k  <=  | L |)          RETURN MOM-SELECT(L, k).

ELSE IF  (k  > | L | + | M |)  RETURN MOM-SELECT(R, k – | L | – | M |)

ELSE                                  RETURN p.
_____________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

median of medians



38 35

43

40 31

NPN.Tfmfdu裌㺾㜱泍䓩
ｈ 鶟寪溰竅鮞澀傭毈寠討釮討捨紺 !

ｈ

p
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1029 37 2 1855 24 34 36

4422 1152 53 1312 420 27

2328 266 119 46 49 8

914 35 54 4830 47 5132 21

3945 1550 25 4116 17 722

median of
medians p 38 18 35

43

2328 40 19 31

15

28

medians

n = 54

NPN.Tfmfdu裌㺾㜱泍䓩
ｈ 鶟寪溰竅鮞澀傭毈寠討釮討捨紺 !

ｈ 鶟寪溰 喪澀傭毈寠討釮討捨紺 !

ｈ

p

⌊⌊n /5⌋/2⌋ = ⌊n /10⌋ p
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1029 3738 2 1855 24 3534 36

4422 1152 53 1312 43 420 27

2328 266 40 119 46 4931 8

914 35 54 4830 47 5132 21

3945 1550 25 4116 17 722

18

2328 19

15

28

median of
medians p

medians ≤ p

n = 54

NPN.Tfmfdu裌㺾㜱泍䓩
ｈ 鶟寪溰竅鮞澀傭毈寠討釮討捨紺 !

ｈ 鶟寪溰 喪澀傭毈寠討釮討捨紺 !

ｈ 鶟寪溰 喪紺閄寠討釮討捨紺 !

ｈ

p

⌊⌊n /5⌋/2⌋ = ⌊n /10⌋ p

3⌊n /10⌋ p
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1029 3738 2 1855 24 3534 36

4422 1152 53 1312 43 420 27

2328 266 40 119 46 4931 8

914 35 54 4830 47 5132 21

3945 1550 25 4116 17 722

18

2328 19

15

28

14

16

3

10

11 13

9

1

1222

median of
medians p

medians ≤ p

n = 54

NPN.Tfmfdu裌㺾㜱泍䓩
ｈ 鶟寪溰竅鮞澀傭毈圶討釮討捨紺 !

ｈ

p

18

23 19

15

18

23 19

15

100

1029 3738 2 55 24 3534 36

4422 1152 53 1312 43 420 27

28 266 40 1 46 4931 8

914 35 54 4830 47 5132 21

3945 50 25 4116 17 722

38 35

43

28 40 3128

median of
medians p

medians

n = 54



NPN.Tfmfdu裌㺾㜱泍䓩
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1029 3738 2 1855 24 3534 36

4422 1152 53 1312 43 420 27

2328 266 40 119 46 4931 8

914 35 54 4830 47 5132 21

3945 1550 25 4116 17 722

38 35

43

28 40 3128

median of
medians p

medians ≥ p

n = 54

ｈ 鶟寪溰竅鮞澀傭毈圶討釮討捨紺 !

ｈ 鶟寪溰 喪澀傭毈圶討釮討捨紺 !

ｈ

p

⌊⌊n /5⌋/2⌋ = ⌊n /10⌋ p

NPN.Tfmfdu裌㺾㜱泍䓩
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1029 3738 2 1855 24 3534 36

4422 1152 53 1312 43 420 27

2328 266 40 119 46 4931 8

914 35 54 4830 47 5132 21

3945 1550 25 4116 17 722

38 35

43

28 40 3128

5147

52

29 34

46 49

53

54

45 50

32

median of
medians p

medians ≥ p

18

23 19

15

n = 54

ｈ 鶟寪溰竅鮞澀傭毈圶討釮討捨紺 !

ｈ 鶟寪溰 喪澀傭毈圶討釮討捨紺 !

ｈ 鶟寪溰 喪紺閄圶討釮討捨紺 !

ｈ

p

⌊⌊n /5⌋/2⌋ = ⌊n /10⌋ p

3⌊n /10⌋ p

NPN.Tfmfdu㺾㜱泍䓩裌㼀憌愩
ｈ 銑 喪澀傭毈澀㼀憌匫㻷柾澀傭毈ꆶ鰾捨紺 !

ｈ 鶟寪溰 喪紺閄寠討釮討捨紺 !

ｈ 鶟寪溰 喪紺閄圶討釮討捨紺 !

ｈ 銑溣圞 喪紺閄澀㼀憌匫㻷柾!

ｈ 綫 洺鉨砆NPN.Tfmfdu銑 喪紺閄澀㻷柾醶 寠紺閄曐䗵裌癛㹱甂毈!

ｈ !
!
!
!
!

⌊n /5⌋ p

3⌊n /10⌋ p

3⌊n /10⌋ p

n − 3⌊n /10⌋

T(n) n k

T(n) ≤ T(⌊n /5⌋) + T(n − 3⌊n /10⌋) + 11/5 ⋅ n
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median of
medians

recursive
select

computing median of 5  
(≤ 6 compares per group)

partitioning  
(≤ n compares)

NPN.Tfmfdu裌㺾㜱泍䓩

ｈ !

ｈ 荅磒ꇄ !

ｈ 毈嫃憌顐砆㪬洅!

ｈ 唈滻摌軺ꇄ憍 泍竈蚘憌怉椑怹ꆶ曐鑲 !

ｈ 憍 泍ꆶ!

!!!!

T(n) ≤ { 6n 。jg。n < 50
T(⌊n/5⌋) + T(n − 3⌊n/10⌋) + 11/5 ⋅ n 。jg。n ≥ 50

T(n) ≤ 44n

n < 50 T(n) ≤ 6n

n ≥ 50

T(n) ≤ T(⌊n/5⌋) + T(n − 3⌊n/10⌋) + 11/5 ⋅ n
≤ 44(⌊n/5⌋) + 44(n − 3⌊n/10⌋) + 11/5 ⋅ n
≤ 44(n/5) + 44n − 44(n/4) + 11/5 ⋅ n
= 44n

104

当 时，n ≥ 50 3⌊n /10⌋ ≥ n /4



㼀憌ꆲ礪矕砆ꆳ
ｈ 眧㫥喨!

ｈ 憌怉椑怹!

ｈ 屬㻌葍!

ｈ 眜㣈㼀憌愩!

ｈ 㪌鉨㻴怹毈!

ｈ 䖄漎抩㼍椑怹!

ｈ 㻷柾䓣䞓!

ｈ 溣㺿繃宻!

ｈ 毎毈獸砆!

ｈ 謘䔪獸砆
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溣㺿繃宻䓣䞓
ｈ 颹嬍濤飥忼䙘慶裌 喪繃ꆶ朻鉬㳊軉溣㺿裌竅宻繃!

ｈ 遚設砆ꇄ !

ｈ 竅飥摌軺ꇄ毈㹢慶裌 喪繃ꆶ浡羑溰 裌鉨砆

n

Θ(n2)

n O(n log n)
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礪矕砆眜㣈溣㺿繃宻
ｈ 礪㣈ꇄ澐㼎叚顣 竈懳 裌潤證╮溰 喪繃!!

ｈ 㣈軤ꇄ㼀憌匫眜㣈癓證裌溣㺿繃宻!

ｈ ╲怉;!!朻鉬溣㺿裌臮痆繃宻ꆶ鰾竅喪繃匞 裌廱證ꆶ═竅喪繃匞 裌╝證!

ｈ 㻂劜請髊詩䓩裌溣㺿繃宻!

L L n /2

L L
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seems like Θ(n2) 

12

21
8

L

埓誘朻鉬臮痆裌溣㺿繃宻
ｈ 壠㪩 廱證裌溣㺿繃宻裌㳊軉洺 ꆶ ╝證裌溣㺿繃宻裌㳊軉
洺 ꆶ綫 !

ｈ 蕪蕪䗵㡦髈㔳㳊軉 寠討 裌繃

L δ1 L
δ2 δ = min{δ1, δ2}

L δ

108δ

δ = min(12, 21)12

21

L



埓誘朻鉬臮痆裌溣㺿繃宻
ｈ 寔嬺賒 裌彨艡讎哅韞裌繃炠棛 卼灎銑寠鉬圶椑怹!

ｈ 宻討癓喪繃ꆶ╔䗵㪌鉨嫮區8喪繃詩䓩裌㳊軉!

ｈ 甂㪌鉨尮╙鑲朻鉬臮痆裌溣㺿繃宻

2δ y

7n

109δ

δ = min(12, 21)

21

12

L

s1

s2

s3

s4
s5

s6

s7
s8

s9

埓誘朻鉬臮痆裌溣㺿繃宻
ｈ 綫 洺彨艡讎哅澀 卼灎醶寠裌繃!

ｈ 埓澰 ꆶ㾑師 !

ｈ 髈㔳彨艡讎哅澀竅喪䑳賒 嬺賒 裌謘憣
ꆶ繾瓊恅㺧掻埊颪㺵繃 !

ｈ 綫 洺須擓傭討謘憣 慶汒裌繃ꆶ繾鉬 裌
㳊軉浡羑圶討釮討 !

ｈ 寔謘憣 礪暐9喪寠畵汒憣!

ｈ 癓喪寠畵汒憣澀溣圞╔溰竅喪繃!

ｈ 寠畵汒憣裌宻㢷顣䑳賒 !

ｈ 潤證裌溣㺿繃宻裌㳊軉洺 !

ｈ 䕙壇 ꆶ 澀溣圞╔溰8喪繃

si y i

| j − i | > 7 d(si, sj) ≥ δ

2δ δ
R si

sj R si

δ

R

δ/ 2 < δ

L δ

si R
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2δ

L

½δ

½δ
δ

sj

R

si

CLOSEST-PAIR(p1, p2, …, pn)                          
___________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
______________________________________________

Compute vertical line L such that half the points 
are on each side of the line.

δ1 ← CLOSEST-PAIR(points in left half).

δ2 ← CLOSEST-PAIR(points in right half).

δ   ← min { δ1 , δ2 }.

A  ← list of all points closer than δ to line L.

Sort points in A by y-coordinate.

Scan points in A in y-order and compare distance 
between each point and next 7 neighbors. 
If any of these distances is less than δ, update δ.

RETURN  δ.
___________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
______________________________________________

溣㺿繃宻裌礪矕鉨砆
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O(n)

T(⎣n / 2⎦)

O(n)

O(n log n)

O(n)

T(⎡n / 2⎤)

What is the solution to the following recurrence? 
 
 
 
 

A. T(n)  =  Θ(n).

B. T(n)  =  Θ(n log n).

C. T(n)  =  Θ(n log2 n).

D. T(n)  =  Θ(n2). 

112

Divide-and-conquer:  quiz

T (n) =

�
�

�
�(1) B7 n = 1

T (�n/2�) + T (�n/2�) + �(n log n) B7 n > 1
<latexit sha1_base64="dpqSXns9eMyDq5iq+L5bY9kUO1I="></latexit><latexit sha1_base64="dpqSXns9eMyDq5iq+L5bY9kUO1I="></latexit><latexit sha1_base64="dpqSXns9eMyDq5iq+L5bY9kUO1I="></latexit><latexit sha1_base64="dpqSXns9eMyDq5iq+L5bY9kUO1I="></latexit>



Refined version of closest-pair algorithm

Q.  How to improve to O(n log n) ?
A.  Don’t sort points in strip from scratch each time.
・Each recursive call returns two lists:  all points sorted by x-coordinate, 

and all points sorted by y-coordinate.
・Sort by merging two pre-sorted lists.
 
 
Theorem.  [Shamos 1975]  The divide-and-conquer algorithm for finding a closest 
pair of points in the plane can be implemented in O(n log n) time.
 
Pf.
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T (n) =

�
�

�
�(1) B7 n = 1

T (�n/2�) + T (�n/2�) + �(n) B7 n > 1
<latexit sha1_base64="3pQz3or04sCHqNIWE5a09TyF+wA="></latexit><latexit sha1_base64="3pQz3or04sCHqNIWE5a09TyF+wA="></latexit><latexit sha1_base64="3pQz3or04sCHqNIWE5a09TyF+wA="></latexit><latexit sha1_base64="3pQz3or04sCHqNIWE5a09TyF+wA="></latexit>

溣㺿繃宻裌礪矕鉨砆.厭麩膙
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CLOSEST-PAIR( ) 
INPUT: two copies  and  of  points, sorted by - and -coordinate, respectively
OUTPUT: a pair  of points with the smallest Euclidean distance                       
_________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

first half of , sorted by -coordinate
second half of , sorted by -coordinate

// scan  and add each point to the end of either  or  according to its -coordinate
first half of , sorted by -coordinate
second half of , sorted by -coordinate

CLOSEST-PAIR( )
CLOSEST-PAIR( )

δ   ← min { d( ),  d( )}
Compute vertical line L such that half the points are on each side of the line
A  ← sorted list of all points closer than δ to line L // scan  and remove some points
Scan points in A in y-order and compare distance between each point and next 7 neighbors 
If any of these distances is less than δ, update δ and 
RETURN  
_________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Px, Py

Px Py n x y
pi, pj

Lx ← Px x
Rx ← Px x

Py Ly Ry x
Ly ← Px y
Ry ← Px y
l1, l2 ← Lx, Ly

r1, r2 ← Rx, Ry

l1, l2 r1, r2

Py

pi, pj

pi, pj

O(1)

T(⎣n / 2⎦)

O(n)

O(n log n)

O(n)

T(⎡n / 2⎤)

O(1)

O(n)

O(1)

O(1)

O(1)

㼀憌ꆲ礪矕砆ꆳ
ｈ 眧㫥喨!

ｈ 憌怉椑怹!

ｈ 屬㻌葍!

ｈ 眜㣈㼀憌愩!

ｈ 㪌鉨㻴怹毈!

ｈ 䖄漎抩㼍椑怹!

ｈ 㻷柾䓣䞓!

ｈ 溣㺿繃宻!

ｈ 毎毈獸砆!

ｈ 謘䔪獸砆
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毎毈裌鳶賅砆
ｈ 鳶砆ꇄ颹嬍潤喪 癛臮裌毈 乁 ꆶ㪌鉨 !

ｈ 賅砆ꇄ颹嬍潤喪 癛臮裌毈 乁 ꆶ㪌鉨 !

ｈ 寠嫃鉨砆ꇄ 甂癛臮櫍語!

ｈ 髛趨洺䖄漎㪪䓣漎SBN玕叿澀裌唈滻櫍語毈襮

n a b a + b

n a b a − b

Θ(n)
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1 1 1 1 1 1 0 1

1 1 0 1 0 1 0 1

+ 0 1 1 1 1 1 0 1

1 0 1 0 1 0 0 1 0

注意：⼩学加减算法是最优的



毎毈獸砆
ｈ 獸砆ꇄ颹嬍潤喪 癛臮裌毈 乁 ꆶ㪌鉨 !

ｈ 寠嫃鉨砆ꇄ 甂癛臮櫍語

n a b a × b

Θ(n2)
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1 1 0 1 0 1 0 1
× 0 1 1 1 1 1 0 1

1 1 0 1 0 1 0 1
0 0 0 0 0 0 0 0

1 1 0 1 0 1 0 1
1 1 0 1 0 1 0 1

1 1 0 1 0 1 0 1
1 1 0 1 0 1 0 1

1 1 0 1 0 1 0 1
0 0 0 0 0 0 0 0

0 1 1 0 1 0 0 0 0 0 0 0 0 0 0 1

猜想【柯尔莫哥洛夫 Kolmogorov 1956】⼩学乘法算法是最优的

定理【卡拉楚巴 Karatsuba 1960】上述猜想是错误的

ｈ 颹嬍潤喪 癛臮裌毈 乁 ;!

ｈ 寔 乁 柂礪ꇄ㪛 洺 裌䧞䔫 傭ꆶ 洺 裌癰䔫 傭ꆶ 洺 裌䧞䔫
傭ꆶ 洺 裌癰䔫 傭!

ｈ 㼀憌匫㻉㜱5甂潤喪 傭毎毈裌獸砆㪌鉨!

ｈ 㼈㺵鳶砆乁輬傭櫍語I懳溣颋颰澰!

n x y

x y a x n /2 b x n /2 c y n /2
d y n /2

n /2

唈討礪矕裌毎毈獸砆
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1

x y  =  (2m a + b) (2m c + d)  =  22m ac  + 2m (bc + ad)  +  bd
2 3 4

Ex.  x  = 1 0 0 0 1 1 0 1     y  = 1 1 1 0 0 0 0 1

a b c d

c = ⎣ y / 2m ⎦    d = y mod 2m

m = ⎡ n / 2 ⎤

use bit shifting
to compute 4 terms

a = ⎣ x / 2m ⎦    b = x mod 2m

唈討礪矕裌毎毈獸砆
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MULTIPLY(x, y, n) 
_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

IF  (n = 1)

RETURN  x 𐄂 y.

ELSE

m ← ⎡ n / 2 ⎤.

a ← ⎣ x / 2m ⎦;   b ← x mod 2m.

c ← ⎣ y / 2m ⎦;   d ← y mod 2m.

e ← MULTIPLY(a, c, m).

f  ← MULTIPLY(b, d, m).

g ← MULTIPLY(b, c, m).

h ← MULTIPLY(a, d, m).

RETURN 22m e + 2m (g + h) + f.
_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Θ(n)

4 T(⎡n / 2⎤)

Θ(n)

How many bit operations to multiply two n-bit integers using the 
divide-and-conquer multiplication algorithm?  
 
 
 
 

A. T(n) = Θ(n1/2).

B. T(n) = Θ(n log n).

C. T(n) = Θ(nlog23) = O(n1.585).

D. T(n) = Θ(n2).
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Divide-and-conquer:  quiz 

T (n) =

�
�

�
�(1) B7 n = 1

4T (�n/2�) + �(n) B7 n > 1
<latexit sha1_base64="C59SKrult62qTBWLhiGWTGCUjp8="></latexit><latexit sha1_base64="C59SKrult62qTBWLhiGWTGCUjp8="></latexit><latexit sha1_base64="C59SKrult62qTBWLhiGWTGCUjp8="></latexit><latexit sha1_base64="C59SKrult62qTBWLhiGWTGCUjp8="></latexit>

Case 1 of master theorem



Lbsbutvcb鉨砆裌朾廲
ｈ颹嬍潤喪 癛臮裌毈 乁 ;!

ｈ 寔 乁 柂礪暐5喪 癛臮裌毈ꇄ㪛 洺 裌䧞䔫 傭ꆶ 洺 裌癰䔫 傭ꆶ
洺 裌䧞䔫 傭ꆶ 洺 裌癰䔫 傭!

ｈ 㼈㺵瓊愩潖㪌鉨 !
!

ｈ 㼀憌匫㻉㜱4甂潤喪 傭毎毈裌獸砆㪌鉨!

n x y

x y n /2 a x n /2 b x n /2
c y n /2 d y n /2

bc + ad

n /2

121

bc + ad  =  ac + bd  –  (a – b) (c – d)

a = ⎣ x / 2m ⎦    b = x mod 2m

c = ⎣ y / 2m ⎦    d = y mod 2m

m = ⎡ n / 2 ⎤

1 231 3

x y  =  (2m a + b) (2m c + d)  =  22m ac + 2m (bc + ad )  +  bd

x  = 1 0 0 0 1 1 0 1

a b

y  = 1 1 1 0 0 0 0 1

c d

middle term

 =  22m ac + 2m (ac + bd  –  (a – b)(c – d)) + bd

bc + ad = (a + c)(b + d) − ac − bd

Lbsbutvcb鉨砆
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KARATSUBA-MULTIPLY(x, y, n) 
_______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

IF  (n = 1)

RETURN  x 𐄂 y.

ELSE

m ← ⎡ n / 2 ⎤.

a ← ⎣ x / 2m ⎦;   b ← x mod 2m.

c ← ⎣ y / 2m ⎦;   d ← y mod 2m.

e ← KARATSUBA-MULTIPLY(a, c, m).

f  ← KARATSUBA-MULTIPLY(b, d, m).

g ← KARATSUBA-MULTIPLY(⎢a – b ⎢, ⎢c – d ⎢, m).

Flip sign of g if needed.

RETURN  22m e + 2m (e + f – g) + f.
_________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

Θ(n)

3 T(⎡n / 2⎤)

Θ(n)

T (n) =

�
�

�
�(1) B7 n = 1

3T (�n/2�) + �(n) B7 n > 1
<latexit sha1_base64="cfD19qNLAoyZEyBBTBBK3PkUcFM="></latexit><latexit sha1_base64="cfD19qNLAoyZEyBBTBBK3PkUcFM="></latexit><latexit sha1_base64="cfD19qNLAoyZEyBBTBBK3PkUcFM="></latexit><latexit sha1_base64="cfD19qNLAoyZEyBBTBBK3PkUcFM="></latexit>

T (n) = 3T (n/2) + �(n) =� T (n) = �(nlog2 3) = O(n1.585)
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㼀憌ꆲ礪矕砆ꆳ
ｈ 眧㫥喨!

ｈ 憌怉椑怹!

ｈ 屬㻌葍!

ｈ 眜㣈㼀憌愩!

ｈ 㪌鉨㻴怹毈!

ｈ 䖄漎抩㼍椑怹!

ｈ 㻷柾䓣䞓!

ｈ 溣㺿繃宻!

ｈ 毎毈獸砆!

ｈ 謘䔪獸砆
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Dot product

Dot product.  Given two length-n vectors a and b, compute c = a ⋅ b.
Grade-school.   Θ(n) arithmetic operations.
 
 
 
 
 
 
 
 
 
 
 
 
Remark.  “Grade-school” dot product algorithm is asymptotically optimal.

124

€ 

a  = .70 .20 .10[ ]
b  = .30 .40 .30[ ]
a  ⋅  b  =  (.70 × .30)  +  (.20 × .40)  +  (.10 × .30)  =  .32

a · b =
n�

i=1

ai bi



Matrix multiplication

Matrix multiplication.  Given two n-by-n matrices A and B, compute C = AB.
Grade-school.   Θ(n3) arithmetic operations. 
 
 
 
 
 
 
 
 
 
 
 

 
Q.  Is “grade-school” matrix multiplication algorithm asymptotically optimal?

125

    

€ 

c11 c12 ! c1n

c21 c22 ! c2n

" " # "
cn1 cn2 ! cnn

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

=

a11 a12 ! a1n

a21 a22 ! a2n

" " # "
an1 an2 ! ann

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

×

b11 b12 ! b1n

b21 b22 ! b2n

" " # "
bn1 bn2 ! bnn

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

€ 

.59 .32 .41

.31 .36 .25

.45 .31 .42

" 

# 

$ 
$ 
$ 

% 

& 

' 
' 
' 

=

.70 .20 .10

.30 .60 .10

.50 .10 .40

" 

# 

$ 
$ 
$ 

% 

& 

' 
' 
' 

  ×     
.80 .30 .50
.10 .40 .10
.10 .30 .40

" 

# 

$ 
$ 
$ 

% 

& 

' 
' 
' 

cij =
n�

k=1

aik bkj

Block matrix multiplication
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€ 

C
11

 =   A11 ×B11  +  A12 ×B21  =   
0 1
4 5
# 

$ 
% 

& 

' 
(  ×  

16 17
20 21
# 

$ 
% 

& 

' 
(   +   

2 3
6 7
# 

$ 
% 

& 

' 
(  ×  

24 25
28 29
# 

$ 
% 

& 

' 
(   =   

152 158
504 526
# 

$ 
% 

& 

' 
( 

€ 

152 158 164 170
504 526 548 570
856 894 932 970

1208 1262 1316 1370

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

 =  

0 1 2 3
4 5 6 7
8 9 10 11

12 13 14 15

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

 ×  

16 17 18 19
20 21 22 23
24 25 26 27
28 29 30 31

" 

# 

$ 
$ 
$ 
$ 

% 

& 

' 
' 
' 
' 

C11
A11 A12 B11

B21

Block matrix multiplication:  warmup

To multiply two n-by-n matrices A and B:
・Divide:      partition A and B into ½n-by-½n blocks.
・Conquer:    multiply 8 pairs of ½n-by-½n matrices, recursively.
・Combine:  add appropriate products using 4 matrix additions.
 
 
 
 
 
 
 
 
 
 
Running time.  Apply Case 1 of the master theorem.
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€ 

C11 = A11 × B11( )  +  A12 × B21( )
C12 = A11 × B12( )  +  A12 × B22( )
C21 = A21 × B11( )  +  A22 × B21( )
C22 = A21 × B12( )  +  A22 × B22( )

  

€ 

T (n) = 8T n /2( )
recursive calls
! " # $ # 

 +  Θ(n2 )
add, form submatrices
! " # # $ # # ⇒ T (n) =Θ(n3)

  

€ 

C11 C12

C21 C22

" 

# 
$ 

% 

& 
'  =  

A11 A12

A21 A22

" 

# 
$ 

% 

& 
'  ×  

B11 B12

B21 B22

" 

# 
$ 

% 

& 
' 

½n-by-½n matrices

C = A � B

n-by-n matrices
8 matrix multiplications
(of ½n-by-½n matrices)

4 matrix additions
(of ½n-by-½n matrices)

Strassen’s trick

Key idea.  Can multiply two 2-by-2 matrices via 7 scalar multiplications 
(plus 11 additions and 7 subtractions).
 
 
 
 
 
 
 
 
 
 
 
 
Pf.   C12  = P1 + P2

                = A11 𐄂 (B12 – B22) + (A11 + A12) 𐄂 B22

                = A11 𐄂 B12 + A12 𐄂 B22.  ✔
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€ 

C11 C12

C21 C22

" 

# 
$ 

% 

& 
'  =  

A11 A12

A21 A22

" 

# 
$ 

% 

& 
'  ×  

B11 B12

B21 B22

" 

# 
$ 

% 

& 
' 

P1 ←  A11 𐄂 (B12 – B22)

P2 ←  (A11 + A12) 𐄂 B22

P3 ←  (A21 + A22) 𐄂 B11

P4 ←  A22 𐄂 (B21 – B11)

P5 ←  (A11 + A22) 𐄂 (B11 + B22)

P6 ←  (A12 – A22) 𐄂 (B21 + B22)

P7 ←  (A11 – A21) 𐄂 (B11 + B12)

C11  =   P5 + P4 – P2 + P6

C12  =   P1 + P2

C21  =   P3 + P4

C22  =   P1 + P5 – P3 – P7

7 scalar multiplications

scalars



Strassen’s trick

Key idea.  Can multiply two 2-by-2 matrices via 7 scalar multiplications 
(plus 11 additions and 7 subtractions).
 
 
 
 
 
 
 
 
 
 
 
 
Pf.   C12  = P1 + P2

                = A11 𐄂 (B12 – B22) + (A11 + A12) 𐄂 B22

                = A11 𐄂 B12 + A12 𐄂 B22.  ✔
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P1 ←  A11 𐄂 (B12 – B22)

P2 ←  (A11 + A12) 𐄂 B22

P3 ←  (A21 + A22) 𐄂 B11

P4 ←  A22 𐄂 (B21 – B11)

P5 ←  (A11 + A22) 𐄂 (B11 + B22)

P6 ←  (A12 – A22) 𐄂 (B21 + B22)

P7 ←  (A11 – A21) 𐄂 (B11 + B12)

C11  =   P5 + P4 – P2 + P6

C12  =   P1 + P2

C21  =   P3 + P4

C22  =   P1 + P5 – P3 – P7

7 matrix multiplications
(of ½n-by-½n matrices)

½n-by-½n matrices

n-by-n ½n-by-½n matrix

Strassen’s algorithm
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STRASSEN(n, A, B)                          
______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________________

IF  (n = 1) RETURN  A 𐄂 B.

Partition A and B into ½n-by-½n blocks.
P1 ← STRASSEN(n / 2, A11, (B12 – B22)).

P2 ← STRASSEN(n / 2, (A11 + A12), B22).

P3 ← STRASSEN(n / 2, (A21 + A22), B11).

P4 ← STRASSEN(n / 2,  A22, (B21 – B11)).

P5 ← STRASSEN(n / 2, (A11 + A22), (B11 + B22)).

P6 ← STRASSEN(n / 2, (A12 – A22), (B21 + B22)).

P7 ← STRASSEN(n / 2, (A11 – A21), (B11 + B12)).

C11  =   P5 + P4 – P2 + P6.
C12  =   P1 + P2.
C21  =   P3 + P4.
C22  =   P1 + P5 – P3 – P7.
RETURN  C.   
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7 T(n / 2) + Θ(n2)

Θ(n2)

assume n is a power of 2

Analysis of Strassen’s algorithm

Theorem.  Strassen’s algorithm requires O(n2.81) arithmetic operations to multiply two 
n-by-n matrices. 

Pf. 
・When n is a power of 2, apply Case 1 of the master theorem: 

 
 
 

・When n is not a power of 2, pad matrices with zeros to be nʹ-by-nʹ, 
where n ≤ nʹ < 2n and nʹ is a power of 2.
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T (n) = 7T n /2( )
recursive calls
! " # $ # 

+ Θ(n2 )
add, subtract
! " # $ # ⇒ T (n) =Θ(n log2 7 ) =O(n2.81)
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1 2 3 0
4 5 6 0
7 8 9 0
0 0 0 0

�

��� �

�

���

10 11 12 0
13 14 15 0
16 17 18 0
0 0 0 0

�

��� =

�

���

84 90 96 0
201 216 231 0
318 342 366 0
0 0 0 0

�

���

Suppose that you could multiply two 3-by-3 matrices with 21 scalar 
multiplications. How fast could you multiply two n-by-n matrices?  

A. Θ(n log321)

B. Θ(n log221)

C. Θ(n log921)

D. Θ(n2)
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Divide-and-conquer II:  quiz 4
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Θ (n log3 21) = O(n 2.77 )


