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致谢：本课件部分源于Kevin Wayne分享的课件
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鉨砆
ｈ鉨砆洺竅喪溰䕅第豜嬍第溰歽裌㺵轃ꆶ㫐㺵轃寔竅統㺁縉
㹚棆暐竅統㺁禰!

ｈ 㺵轃ꇄ竅喪繰溰㼩㹿䝳怹裌臮嬍畺䦨裌怹釕!

ｈ 溰䕅ꇄ扞䝴匞╲蓜裌泍䓩韞颰潎!

ｈ 豜嬍ꇄ蚘秨涼洍昍裌滾㫘鐩豜嬍獅!

ｈ 溰歽ꇄ㻇統畺䦨扞䝴鰢圥嬑䔺朒㜱



折纸算法

杬顗鉨砆



排序算法

椑怹鉨砆
⟨a1, a2, ⋯, an⟩

⟨a′ 1, a′ 2, ⋯, a′ n⟩

繾澀 洺 裌竅喪椑釕ꆶ筄㲠a′ 1, a′ 2, ⋯, a′ n a1, a2, ⋯, an a′ 1 ≤ a′ 2 ≤ ⋯ ≤ a′ n

31 41 59 26 41 58

26 31 41 41 58 59

排序算法

输⼊

输出

输⼊实例

算法的正确性 
对于每个输⼊实例，算法都以正确的输出结束

# ⼀个神奇的排序算法 
def a_sort(L): 
    return [26, 31, 41, 41, 58, 59] 



ⅵ䙘殟漷

BEAMILLIONAIREANDNEVERPAYTAXES( ) 

Get a million dollars. 

If the tax man comes to your door and says, “You have never paid 
taxes!” 

Say “I forgot.”



賒嗚師嫃竪鉨砆
ｈ鉨砆宻㪌鉨漎軩嫃裌曐溰礪歔㿫懠䂼㡦!

ｈ 㪌鉨漎馝颽澀裌㳜蚥鯁㪙䗵㡦竈蚘溣謠㳜懚鉨砆!

ｈ 毈棛恀澀裌瀡㫍這㱂討槚閇鉨砆!

ｈ 㪌鉨漎勗憣嫃䗵㡦㪌鉨氌誘襺繚裌鉨砆!

ｈ ｉ!

ｈ 鉨砆溰鴯討匞朾滾䙘㫀澀―懳暐鳩!

ｈ ｉ!

ｈ 鉨砆懠溰㲐ꆫ



㫩轃襺繚㫟洅
ｈ禰彶ꇄ6礪!

ｈ 癓饘㫩2甂ꆶ朌2礪ꆶ朌嫹賒畳!

ｈ 忼泍語繞ꇄ31礪!

ｈ 癓寪橢2甂ꆶ朌3礪ꆶ癓杅㞒2甂ꆶ朌3礪ꆶ朌嫹賒畳!

ｈ 䖄唕暙㫩▅磒㫀ꇄ26礪!

ｈ 滝滺髈㫀ꇄ71礪



鉨砆㺾㜱泍䓩
ｈ颹嬍竅喪釕㝍ꆶ鈧氾㫐釕㝍澀溰沜䂼圅裌紺閄ꆶ溰䂼圅紺
閄ꆶ㻂劜Usvfꆶ〞釧㻂劜Gbmtf

def duplicates1(L): 
    n = len(L) 
    for i in range(n): 
        for j in range(n): 
            if i != j and L[i] == L[j]: 
                return True 
    return False



鉨砆㺾㜱泍䓩
ｈ颹嬍竅喪釕㝍ꆶ鈧氾㫐釕㝍澀溰沜䂼圅裌紺閄ꆶ溰䂼圅紺
閄ꆶ㻂劜Usvfꆶ〞釧㻂劜Gbmtf

def duplicates2(L): 
    n = len(L) 
    for i in range(1, n): 
        for j in range(i): 
            if L[i] == L[j]: 
                return True 
    return False

def duplicates3(L): 
    n = len(L) 
    L.sort() 
    for i in range(n-1): 
        if L[i] == L[i+1]: 
            return True 
    return False

def duplicates4(L): 
    s = set() 
    for e in L: 
        if e in s: 
            return True 
        s.add(e) 
    return False

def duplicates5(L): 
    return len(L) != len(set(L))



鉨砆㺾㜱泍䓩
时间单位：毫秒

ｈ 趨▃鉨砆裌㺾㜱泍䓩╙鰢弅愒懠圶!

ｈ 濿竅鉨砆裌㺾㜱泍䓩乁㫣圞劥閄襺繚ꇄ漎冴第餠轃㫘㣥釮!

ｈ 埓誘曄豜汒矚匫楡㻞鉨砆裌㺾㜱泍䓩﹣ꇉ

len(L) duplicates1 duplicates2 duplicates3 duplicates4 duplicates5

1,000 79.8 29.6 2.87 0.078 0.016

10,000 8,250 3,190 37.4 0.922 0.312

100,000 ? ? 480 12.8 5.97



㪌鉨玕叿ꇄ䖄漎㪪䓣漎
ｈ䖄漎㪪䓣漎ꆲsboepn.bddftt!nbdijofꆶ!SBN*!

ｈ 唈滻櫍語ꇄ鉨滾0㼩㹿㺾鉨第㫦欞韞媭第毈顪閇愰第ｉ!

ｈ 壠㪩唈滻櫍語黗㰥裌泍䓩賒従䂾!

ｈ 癓喪韞媭鯀紺╙鑲媭歭竅喪x癛臮裌毎毈!

ｈ 鉨砆裌㺾㜱泍䓩ꇄ唈滻櫍語裌毈䂾!

ｈ 鉨砆裌遡䓩䗵眜ꇄ竈蚘韞媭鯀紺裌毈䂾!

ｈ 砫擓!

ｈ 濿統鉨砆╙鰢䗵㡦溑鐩顮裌玕叿ꆲ癛埓3喪圶毎毈襺獸ꆳ



def duplicates1(L): 
    n = len(L) #01 
    for i in range(n): #02 
        for j in range(n): #03 
            if i != j and L[i] == L[j]: #04 
                return True #05 
    return False #06

def duplicates2(L): 
    n = len(L) #01 
    for i in range(1,n): #02 
        for j in range(i): #03 
            if L[i] == L[j]: #04 
                return True #05 
    return False #06

最坏情况下，#基本操作 = 1 + 2n2 + 1 = 2n2 + 2

最坏情况下，#基本操作=1 +
n

∑
i=1

i + 1 =
1
2

n2 +
1
2

n + 1

鉨砆㺾㜱泍䓩



def duplicates3(L): 
    n = len(L) #01 
    L.sort() #02 
    for i in range(n - 1): #03 
        if L[i] == L[i + 1]: #04 
            return True #05 
    return False #06

def duplicates4(L): 
    s = set() #01 
    for e in L: #02 
        if e in s: #03 
            return True #04 
        s.add(e) #05 
    return False #06

最坏情况下，#基本操作 = 1 + n log n + (n − 1) + 1 = n log n + n + 1

鉨砆㺾㜱泍䓩

最坏情况下，#基本操作 = 1 + 2n + 1 = 2n + 2

def duplicates5(L): 
    return len(L) != len(set(L))

最坏情况下，#基本操作 = ?



鉨砆㺾㜱泍䓩
时间单位：毫秒

ｈ evqmjdbuft2;! !

ｈ evqmjdbuft3;! !

ｈ evqmjdbuft4;! !

ｈ evqmjdbuft5;!

2n2 + 2
1
2

n2 +
1
2

n + 1

n log n + n + 1

2n + 2

len(L) duplicates1 duplicates2 duplicates3 duplicates4 duplicates5

1000 79.8 29.6 2.87 0.078 0.016

10000 8250 3190 37.4 0.922 0.312

100000 ? ? 480 12.8 5.97



秹㺿㪛╡
ｈ竈蚘唈滻櫍語裌毈䂾髛趨洺嬑䔺㺾㜱泍䓩潖㝆䂾鉨砆㺾㜱泍䓩!

ｈ 竈蚘溣卻摌軺礪澞!

ｈ 颹禰壇㺾㜱泍䓩裌慶蛚!

ｈ 蕪蕪髈㔳䓣䞓㢩玕ꆶ髛趨繚砫繰鈾㺁縉ꆶ繰溰㼈蚘挰!

ｈ 匞礪澞唈滻櫍語毈䂾泍ꆶ秹㺿㪛╡拏蜋!

ｈ 従毈劥媣ꇄ習羑乁漎冴第餠轃㫘㣥釮劥閄襺繚!

ｈ 癰䔫䝲ꇄ㺁縉㢩玕懠圶泍沜繚閒㡦!

ｈ 宻䑳恞賒 裌毈顪ꆶevqmjdbuft3溣圞朒㜱 甂唈滻櫍語!

ｈ 拏蜋癰䔫䝲ꇄ !

ｈ 拏蜋従毈劥媣ꇄ

n
1
2

n2 +
1
2

n + 1

1
2

n2 +
1
2

n + 1 ⇒
1
2

n2

1
2

n2 ⇒ n2



㪛╡O
ｈ !>!| ;!媭匞畵従䂾 乁 ꆶ竈懳宻曐溰 ꆶ溰

~!

ｈ 㝍跶懟毈 洺懟毈䖻╲ 裌暐﹙!

ｈ 埓澰! ꆶ㾑師! !

ｈ 綫 ꆶ ꆶ宻討曐溰裌 ꆶ
!

ｈ 埓誘謑㽁 ꆶ ﹣ꇉ!

ｈ !

ｈ ꆲ憍 泍ꆳ!

ｈ 曐鑲綫 ꆶ

O(g(n)) f(n) c n0 n ≥ n0
0 ≤ f(n) ≤ c ⋅ g(n)

f(n) = O(g(n)) f(n) O(g(n))

f(n) = 32n2 + 17n + 1 f(n) = O(n2)

c = 50 n0 = 1 n ≥ n0 = 1
f(n) = 32n2 + 17n + 1 ≤ 50n2 = c ⋅ n2

c = 50 n0 = 1

g(n) = n2 ⇒ c ⋅ g(n) = c ⋅ n2

f(n) = 32n2 + 17n + 1 ≤ 32n2 + 17n2 + n2 = 50n2 n ≥ 1

c = 50 n0 = 1



㪛╡O
ｈ !>!| ;!媭匞畵従䂾 乁 ꆶ竈懳宻曐溰 ꆶ溰

~!

ｈ 㝍跶懟毈 洺懟毈䖻╲ 裌暐﹙!

ｈ 埓澰! ꆶ㾑師! !

ｈ 趨洺 ꆶ樹趨洺 !

ｈ 瓊䙘㼈㺵ⅵ㪬砆潖㪬洅 趨洺 !

ｈ 壠㪩媭匞 乁 ꆶ竈懳宻曐溰 ꆶ溰 !

ｈ 潤㺧▃䕙鑲 ꆶ溰 ꆶ鰾 !

ｈ 憍 泍ꆶ慶䙘裌趨釮愩趨暐鄅ꆶ曐鑲 趨洺

O(g(n)) f(n) c n0 n ≥ n0
0 ≤ f(n) ≤ c ⋅ g(n)

f(n) = O(g(n)) f(n) O(g(n))

f(n) = 32n2 + 17n + 1 f(n) = O(n2)

f(n) O(n) O(log n)

f(n) O(n)

c n0 n ≥ n0 32n2 + 17n + 1 ≤ c ⋅ n

n 32n + 17 +
1
n

≤ c 32n ≤ c − 17 −
1
n

≤ c

32n > c f(n) O(n)



㪛╡裌挰㰔O
ｈ 鶔ⅵ/! !

ｈ 従䂾/!埓澰 怉勸 ꆶ㾑師 !

ｈ 獸輗/!埓澰 怉勸 ꆶ㾑師 !

ｈ 媭匞畵従䂾 乁 ꆶ竈懳宻討曐溰 ꆶ溰 !

ｈ 媭匞畵従䂾 乁 ꆶ竈懳宻討曐溰 ꆶ溰 !

ｈ 曐鑲ꆶ宻討曐溰裌 ꆶ溰
!

ｈ 乁/!埓澰 怉勸 ꆶ㾑師 !

ｈ 陽㼀/!埓澰 怉勸 ꆶ㾑師

f = O( f )

f = O(g) c > 0 c ⋅ f = O(g)

f1 = O(g1) f2 = O(g2) f1 f2 = O(g1g2)

c1 n1 n ≥ n1 0 ≤ f1(n) ≤ c1 ⋅ g1(n)

c2 n2 n ≥ n2 0 ≤ f2(n) ≤ c2 ⋅ g2(n)

n ≥ max{n1, n2}
0 ≤ f1(n) ⋅ f2(n) ≤ c1 ⋅ c2 ⋅ g1(n) ⋅ g2(n)

f1 = O(g1) f2 = O(g2) f1 + f2 = O(max{g1, g2})

f = O(g) g = O(h) f = O(h)



㪛╡Ω
ｈ !>!| ;!媭匞畵従䂾 乁 ꆶ竈懳宻曐溰 ꆶ溰 ~!

ｈ 㝍跶懟毈 洺懟毈䖻╲ 裌暐﹙!

ｈ 埓澰! ꆶ㾑師! !

ｈ 綫 ꆶ ꆶ宻討曐溰裌 ꆶ
!

ｈ 埓誘謑㽁 ꆶ ﹣ꇉ!

ｈ !

ｈ !

ｈ 憍 泍ꆶ鰾 泍ꆶ╙鑲寔 㻉竅畺餸寠賒 !

ｈ 曐鑲綫 ꆶ

Ω(g(n)) f(n) c n0 n ≥ n0 0 ≤ c ⋅ g(n) ≤ f(n)

f(n) = Ω(g(n)) f(n) Ω(g(n))

f(n) = 2n3 − 7n + 1 f(n) = Ω(n3)

c = 1 n0 = 3 n ≥ n0 = 3
f(n) = 2n3 − 7n + 1 = n3 + (n3 − 7n) + 1 ≥ n3 + 1 ≥ n3

c = 1 n0 = 3

g(n) = n3 ⇒ c ⋅ g(n) = c ⋅ n3

f(n) = 2n3 − 7n + 1 = n3 + (n3 − 7n) + 1

n3 − 7n > 0 n > 3 f(n) n3

c = 1 n0 = 3



㪛╡Ω
ｈ !>!| ;!媭匞畵従䂾 乁 ꆶ竈懳宻曐溰 ꆶ溰 ~!

ｈ 㝍跶懟毈 洺懟毈䖻╲ 裌暐﹙!

ｈ 埓澰! ꆶ㾑師 !

ｈ 壠㪩媭匞畵従䂾 乁 ꆶ竈懳宻曐溰 ꆶ溰 !

ｈ 覕鰢〞椫禰諽覄ꆶ鰾 !

ｈ 浡羑ꆶ ꆲ憍 泍ꆳ!

ｈ 劥賒襮灎洺 ꆶ曐鑲 !

ｈ 憍 泍ꆶ !

ｈ 飶╲慶㻞髈㔳ꆶ綫 ꆶ╙鑲懳鉬 ꆶ諽覄ꆫ!

Ω(g(n)) f(n) c n0 n ≥ n0 0 ≤ c ⋅ g(n) ≤ f(n)

f(n) = Ω(g(n)) f(n) Ω(g(n))

f(n) = 2n3 − 7n + 1 f(n) ≠ Ω(n4)

c n0 n ≥ n0 2n3 − 7n + 1 ≥ c ⋅ n4

2n3 − 7n + 1 < c ⋅ n4

2n3 − 7n + 1 ≤ 2n3 + 1 ≤ 2n3 + n3 = 3n3 n ≥ 1

n4 2n3 − 7n + 1 ≤ 3n3 ≤ c ⋅
3
c

n3 ⤏ c ⋅ n4

3
c

< n c ⋅
3
c

n3 < c ⋅ n4

n > max{1,
3
c

} 2n3 − 7n + 1 < c ⋅ n4



㪛╡Θ
ｈ !>!| ;!媭匞畵従䂾 - 乁 ꆶ竈懳宻曐溰 ꆶ溰

~!

ｈ 㝍跶懟毈 洺懟毈䖻╲ 裌暐﹙!

ｈ !

ｈ !

ｈ ꆶ !

ｈ 嬍蓜ꇄ宻須擓潤喪懟毈 乁 ꆶ 憍勸蕪憍
怉勸 !

ｈ 埓澰 ꆶ 輘賒 裌秹㺿閒豜蛚!

ｈ 埓澰 ꆶ 輘賒 裌秹㺿慶蛚!

ｈ 埓澰 ꆶ 輘賒 裌秹㺿瓊蛚

Θ(g(n)) f(n) c1 c2 n0 n ≥ n0
0 ≤ c1 ⋅ g(n) ≤ f(n) ≤ c2 ⋅ g(n)

f(n) = Θ(g(n)) f(n) Θ(g(n))

f(n) = 32n2 + 17n + 1

f(n) = Θ(n2)

f(n) ≠ Θ(n) f(n) ≠ Θ(n3)

f(n) g(n) f(n) = Θ(g(n))
f(n) = O(g(n)) f(n) = Ω(g(n))

f(n) = Θ(g(n)) g(n) f(n)

f(n) = O(g(n)) g(n) f(n)

f(n) = Ω(g(n)) g(n) f(n)



挗髈䞓
😇!壠㪩 ꆶ瓊䙘伓統㫟砆洺畵豜裌ꇉ!

B/ !

C/ !

D/ !

E/

T(n) =
1
2

n2 + 3n

T(n) = O(n)

T(n) = Ω(n)

T(n) = Θ(n2)

T(n) = O(n3)



秹㺿㪛╡區澊䕅
ｈ埓澰! !ꆶ繾澀 洺竅喪畵従䂾ꆶ!㾑師! !

ｈ 炠棛澊䕅嬍獅ꆶ宻須擓! -!媭匞! !竈懳宻討曐溰 ꆶ溰 !!

ｈ 綫! ꆶ潤㺧▃獸鑲! !ꆶ溰! !

ｈ 綫 ꆶ ꆶ炠棛 嬍獅ꆶ溰 !

ｈ 埓澰 ꆶ㾑師 ꆶ !

ｈ 畷泍ꆶ樹輘 ꆶ繾澀 㪛╡㝍跶竅喪䙔秹㺿閒豜裌慶蛚!

ｈ 癛埓ꆶ ꆶ營 !

ｈ 埓澰 ꆶ㾑師 ꆶ !

ｈ 畷泍ꆶ樹輘 ꆶ繾澀 㪛╡㝍跶竅喪䙔秹㺿閒豜裌瓊蛚!

ｈ 癛埓ꆶ ꆶ營

lim
n→∞

f(n)
g(n)

= c c f(n) = Θ(g(n))

ϵ > 0 n0 n ≥ n0 c − ϵ ≤
f(n)
g(n)

≤ c + ϵ

ϵ =
1
2

c > 0 g(n)
1
2

c ⋅ g(n) ≤ f(n) ≤
3
2

c ⋅ g(n)

c1 = 1/2 ⋅ c c2 = 3/2 ⋅ c Θ f(n) = Θ(g(n))

lim
n→∞

f(n)
g(n)

= 0 f(n) = O(g(n)) f(n) ≠ Ω(g(n))

f(n) = o(g(n)) o

2n = o(n2) 2n2 ≠ o(n2)

lim
n→∞

f(n)
g(n)

= ∞ f(n) = Ω(g(n)) f(n) ≠ O(g(n))

f(n) = ω(g(n)) ω

n2/2 = ω(n) n2/2 ≠ ω(n2)



従㢦懟毈裌秹㺿㪛╡
ｈ圞䝲愩懟毈ꇄ!Mfu! !xjui! /!Uifo! !jt!

/!

ｈ !

ｈ 宻毈懟毈ꇄ!! !jt! !gps!fwfsz! !boe!fwfsz! /!

ｈ !

ｈ 宻毈懟毈區圞䝲愩懟毈/! !jt! !gps!fwfsz! !boe!fwfsz! /!

ｈ !

ｈ 栯毈懟毈區圞䝲愩懟毈/! !jt! !gps!fwfsz! !boe!fwfsz! /!

ｈ

f(n) = a0 + a1n + ⋯ + adnd ad > 0 f(n)
Θ(nd)

lim
n→∞

a0 + a1n + ⋯ + adnd

nd
= ad > 0

loga n Θ(logb n) a > 1 b > 1
logan
logb n

=
1

logb a

loga n O(nd) a > 1 d > 0

lim
n→∞

loga n
nd

= 0

nd O(rn) r > 1 d > 0

lim
n→∞

nd

rn
= 0



繰溰趨▃秹㺿蛚裌鉨砆裌㺾㜱泍䓩

响应时间 输⼊规模 能接受的渐近运⾏时间

1秒

1,000,000

100,000

10,000

O(n)

O(n log n)

O(n2)



釮愩澀裌秹㺿㪛╡
ｈ釮愩裌╝㺧╔溰秹㺿㪛╡ꆶ癛埓 !

ｈ 釮╡嬑䔺慶洺䖻╲裌暐﹙繚钀ꆶ鰾 !

ｈ 釮愩裌╝㺧篳〥秹㺿㪛╡ꆶ癛埓 !

ｈ 憲㝍竅喪鮁▄懟毈 ꆶ繾澀 !

ｈ 蚘討䖅㒱沜繚閒㡦裌顮麑!

ｈ 釮愩裌廱㺧篳〥秹㺿㪛╡ꆶ癛埓 !

ｈ 沜㪥挀炞㻷柾釮╡廱㺧裌鮁▄懟毈 ꆶ捔溰竅軥
穡砆潖㻷柾釮╡╝㺧裌鮁▄懟毈 ꆶ竈懳釮愩
暐鄅ꆶ鰾

n = O(n2)

n ∈ O(n2)

2n2 + 3n + 1 = 2n2 + Θ(n)

Θ(n) f(n) f(n) ∈ Θ(n)

2n2 + Θ(n) = Θ(n2)

f(n) ∈ Θ(n)
g(n) ∈ Θ(n2)

2n2 + f(n) = g(n)



2.  ALGORITHM ANALYSIS

‣ computational tractability
‣ asymptotic order of growth
‣ implementing Gale–Shapley
‣ survey of common running times

SECTION 2.4



Constant time

Constant time.  Running time is O(1).
 
Examples.
・Conditional branch.
・Arithmetic/logic operation.
・Declare/initialize a variable.
・Follow a link in a linked list.
・Access element i in an array.
・Compare/exchange two elements in an array.
・…

29

bounded by a constant,
which does not depend on input size n



Linear time

Linear time.  Running time is O(n). 

Merge two sorted lists.  Combine two sorted linked lists A = a1, a2, …, an and 

B = b1, b2, …, bn  into a sorted whole.
 
O(n) algorithm.  Merge in mergesort.

30

i  ← 1;  j  ← 1.

WHILE  (both lists are nonempty)

IF  (ai  ≤  bj)  append ai to output list and increment i.

ELSE         append bj to output list and increment j.

Append remaining elements from nonempty list to output list.
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TARGET SUM

TARGET-SUM.  Given a sorted array of n distinct integers and an integer T, 
find two that sum to exactly T ?

−20 10 20 30 35 40 60 70 T = 60

i j

input
(sorted)
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TARGET SUM

TARGET-SUM.  Given a sorted array of n distinct integers and an integer T, 
find two that sum to exactly T ?
 
O(n2) algorithm.  Try all pairs.
 
O(n) algorithm.  Exploit sorted order.
 
 
 
 
 
 
 
Invariant.  No element to the left of i or right of j in pair that sums to T.

−20 10 20 30 35 40 60 70input
(sorted) T = 60

i j



Logarithmic time

Logarithmic time.  Running time is O(log n).
 
Search in a sorted array.  Given a sorted array A of n distinct integers and an integer 
x, find index of x in array.
 
O(log n) algorithm.  Binary search.
・Invariant: If x is in the array, then x is in A[lo .. hi].
・After k iterations of WHILE loop, (hi − lo + 1)  ≤  n / 2k   ⇒  k  ≤  1 + log2 n.

33

lo  ← 1; hi  ← n.

WHILE  (lo  ≤  hi)

mid  ← ⎣(lo + hi) / 2⎦.

IF (x  <  A[mid])  hi  ← mid − 1.

ELSE IF (x  >  A[mid])  lo  ← mid + 1.

ELSE  RETURN mid.

RETURN −1.

remaining elements
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SEARCH IN A SORTED ROTATED ARRAY

SEARCH-IN-SORTED-ROTATED-ARRAY.  Given a rotated sorted array of n distinct 
integers and an element x, determine if x is in the array. 
 
 
 
 

sorted circular array

80 85 90 95 20 30 35 50 60 65 67 75

1 2 3 4 5 6 7 8 9 10 11 12

sorted rotated array

20 30

35
50

60

656775

80
85

90

95
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SEARCH IN A SORTED ROTATED ARRAY

SEARCH-IN-SORTED-ROTATED-ARRAY.  Given a rotated sorted array of n distinct 
integers and an element x, determine if x is in the array.
 
O(log n) algorithm.
・Find index k of smallest element.
・Binary search for x in either A[1 .. k−1] or A[k .. n].

lo  ← 1; hi  ← n.

IF  (A[lo]  ≤  A[hi])  RETURN  0

WHILE  (lo + 2  ≤  hi)

mid  ← ⎣(lo + hi) / 2⎦.

IF  (A[mid]  < A[hi])  hi  ← mid.

ELSE IF  (A[mid]  > A[hi])   lo  ← mid.

RETURN  hi

loop invariant
A[lo] > A[hi]

at least 3 elements

find index of smallest element

sorted
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Sorted rotated array demo

Goal.  Given a rotated sorted array of n distinct integers, find index of smallest 
element.

Invariant.  A[lo] > A[hi].
 
Binary search.  Compare middle entry A[mid] to last entry A[hi].

・Less, go left.

・Bigger, go right.

lo

51 53 64 72 84 93 95 96 97 6 13 14 25 33 43

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

himid



Sorted rotated array demo

Goal.  Given a rotated sorted array of n distinct integers, find index of smallest 
element.

Invariant.  A[lo] > A[hi].
 
Binary search.  Compare middle entry A[mid] to last entry A[hi].

・Less, go left.

・Bigger, go right.

lo

51 53 64 72 84 93 95 96 97 6 13 14 25 33 43

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

mid hi



Sorted rotated array demo

Goal.  Given a rotated sorted array of n distinct integers, find index of smallest 
element.

Invariant.  A[lo] > A[hi].
 
Binary search.  Compare middle entry A[mid] to last entry A[hi].

・Less, go left.

・Bigger, go right.

lo

51 53 64 72 84 93 95 96 97 6 13 14 25 33 43

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

mid hi



Sorted rotated array demo

Goal.  Given a rotated sorted array of n distinct integers, find index of smallest 
element.

Invariant.  A[lo] > A[hi].
 
Binary search.  Compare middle entry A[mid] to last entry A[hi].

・Less, go left.

・Bigger, go right.

lo

51 53 64 72 84 93 95 96 97 6 13 14 25 33 43

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

mid hi



Sorted rotated array demo

Goal.  Given a rotated sorted array of n distinct integers, find index of smallest 
element.

Invariant.  A[lo] > A[hi].
 
Binary search.  Compare middle entry A[mid] to last entry A[hi].

・Less, go left.

・Bigger, go right.

lo

51 53 64 72 84 93 95 96 97 6 13 14 25 33 43

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

hireturn index 10



Linearithmic time

Linearithmic time.  Running time is O(n log n).
 
Sorting.  Given an array of n elements, rearrange them in ascending order.
 
O(n log n) algorithm.  Mergesort.

42Trace of merge results for top-down mergesort

                                                    a[]
                                    0  1  2  3  4  5  6  7  8  9 10 11 12 13 14 15  
                                    M  E  R  G  E  S  O  R  T  E  X  A  M  P  L  E
        merge(a, aux,  0,  0,  1)   E  M  R  G  E  S  O  R  T  E  X  A  M  P  L  E  
        merge(a, aux,  2,  2,  3)   E  M  G  R  E  S  O  R  T  E  X  A  M  P  L  E  
      merge(a, aux,  0,  1,  3)     E  G  M  R  E  S  O  R  T  E  X  A  M  P  L  E  
        merge(a, aux,  4,  4,  5)   E  G  M  R  E  S  O  R  T  E  X  A  M  P  L  E  
        merge(a, aux,  6,  6,  7)   E  G  M  R  E  S  O  R  T  E  X  A  M  P  L  E  
      merge(a, aux,  4,  5,  7)     E  G  M  R  E  O  R  S  T  E  X  A  M  P  L  E  
    merge(a, aux,  0,  3,  7)       E  E  G  M  O  R  R  S  T  E  X  A  M  P  L  E  
        merge(a, aux,  8,  8,  9)   E  E  G  M  O  R  R  S  E  T  X  A  M  P  L  E  
        merge(a, aux, 10, 10, 11)   E  E  G  M  O  R  R  S  E  T  A  X  M  P  L  E  
      merge(a, aux,  8,  9, 11)     E  E  G  M  O  R  R  S  A  E  T  X  M  P  L  E  
        merge(a, aux, 12, 12, 13)   E  E  G  M  O  R  R  S  A  E  T  X  M  P  L  E  
        merge(a, aux, 14, 14, 15)   E  E  G  M  O  R  R  S  A  E  T  X  M  P  E  L  
      merge(a, aux, 12, 13, 15)     E  E  G  M  O  R  R  S  A  E  T  X  E  L  M  P 
    merge(a, aux,  8, 11, 15)       E  E  G  M  O  R  R  S  A  E  E  L  M  P  T  X  
  merge(a, aux,  0,  7, 15)         A  E  E  E  E  G  L  M  M  O  P  R  R  S  T  X 

lo hi
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LARGEST EMPTY INTERVAL

LARGEST-EMPTY-INTERVAL.  Given n timestamps x1, …, xn on which copies of a file 
arrive at a server, what is largest interval when no copies of file arrive?
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LARGEST EMPTY INTERVAL

LARGEST-EMPTY-INTERVAL.  Given n timestamps x1, …, xn on which copies of a file 
arrive at a server, what is largest interval when no copies of file arrive?
 
O(n log n) algorithm. 
・Sort the array a.
・Scan the sorted list in order, identifying the maximum gap between successive 

timestamps.



Quadratic time

Quadratic time.  Running time is O(n2).
 
Closest pair of points.  Given a list of n points in the plane (x1, y1), …, (xn, yn), find the 
pair that is closest to each other.
 
O(n2) algorithm.  Enumerate all pairs of points (with i < j).
 
 
 
 
 
 
 
 
 
Remark.  Ω(n2) seems inevitable, but this is just an illusion.  [see §5.4]

45

min  ← ∞. 

FOR  i = 1 TO n

FOR  j = i + 1 TO n

d  ← (xi − xj)2 + (yi − yj)2. 

IF  (d  <  min)

min  ← d.



Cubic time

Cubic time.  Running time is O(n3).
 
3-SUM.  Given an array of n distinct integers, find three that sum to 0.
 
O(n3) algorithm.  Enumerate all triples (with i < j < k).
 
 
 
 
 
 
 
 
 
 
Remark.  Ω(n3) seems inevitable, but O(n2) is not hard.  [see next slide]
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FOR  i  = 1  TO  n

FOR  j  =  i + 1  TO  n

FOR  k =  j + 1  TO  n

IF  (ai + aj + ak =  0)

RETURN  (ai, aj, ak).
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3-SUM

3-SUM.  Given an array of n distinct integers, find three that sum to 0.
 
O(n3) algorithm.  Try all triples.
 
O(n2) algorithm.
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3-SUM

3-SUM.  Given an array of n distinct integers, find three that sum to 0.
 
O(n3) algorithm.  Try all triples.
 
O(n2) algorithm.
・Sort the array a.
・For each integer ai : solve TARGET-SUM on the array containing all elements 

except ai with the target sum T = −ai.
 
 
 
Best-known algorithm.  O(n2 / (log n / log log n)). 
Conjecture(推测).  No O(n2−ε) algorithm for any ε > 0.



Polynomial time

Polynomial time.  Running time is O(nk) for some constant k > 0.
 
Independent set of size k.  Given a graph, find k nodes such that no two  
are joined by an edge.
 
O(nk) algorithm.  Enumerate all subsets of k nodes. 
 
 
 
 
 
 

・Check whether S is an independent set of size k takes O(k2) time.
・Number of k-element subsets = 
・O(k2 nk / k!) = O(nk).

49poly-time for k = 17, but not practical

k is a constant

�
n

k

�
=

n(n � 1)(n � 2) � · · · � (n � k + 1)

k(k � 1)(k � 2) � · · · � 1
� nk

k!

FOREACH  subset S of k nodes:

Check whether S is an independent set.

IF  (S is an independent set)

RETURN  S.
independent set of size 3



Exponential time

Exponential time.  Running time is O(2nk ) for some constant k > 0.
 
Independent set.  Given a graph, find independent set of max size.
 
O(n2 2n) algorithm.  Enumerate all subsets of n elements.

50

S*  ← ∅.

FOREACH  subset S of n nodes:

Check whether S is an independent set.

IF  (S is an independent set and ⎢S⎟ > ⎢S*⎟)

S*  ← S.

RETURN  S*.
independent set of max size



Exponential time

Exponential time.  Running time is O(2nk ) for some constant k > 0.
 
Euclidean TSP.  Given n points in the plane, find a tour of minimum length.
 
O(n 𐄂 n!) algorithm.  Enumerate all permutations of length n.
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π*  ← ∅.

FOREACH  permutation π of n points:

Compute length of tour corresponding to π.

IF  (length(π) < length(π*))

π*  ← π.

RETURN  π*. for simplicity, we’ll assume Euclidean
distances are rounded to nearest integer

(to avoid issues with infinite precision)


