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def a_sort(L):
return [26, 31, 41, 41, 58, 59]
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BEAMILLIONAIREANDNEVERPAYTAXES()

Get a million dollars.

If the tax man comes to your door and says, “You have never paid
taxes!”

Say “l forgot.”
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def duplicates1(L):
n = len(L)
for 1 in range(n):
for j in range(n):
if 1 !'= j and L[i] == LI[j]:
return True
return False

In [27]: L1K = random.sample(range(10000), 1000)

In [28]: %timeit duplicatesl(L1K)

79.8 ms = 968 ps per loop (mean * std. dev. of 7 runs, 10 loops each)
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def duplicates2(L):

n = len(L)
for i in range(1, n):
for j in range(i):

if L[i] == LI[j]:

return True
return False

def duplicates4(L):

s = set()
for e 1in L:
1f e 1n s:
return True
s.add(e)

return False

%§Eb7

3 7CE

False

A
=

Nt&, A

JION
)

def duplicates3(L):

= len(L)
L.sort()
for i in range(n-1):
if L[i] == L[i+1]:
return True
return False

def duplicates5(L):

return len(L)

= len(set(L))
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len(L) duplicates1 duplicates2  duplicates3  duplicates4  duplicates5
1,000 79.8 29.6 2.87 0.078 0.016
10,000 8,250 3,190 37.4 0.922 0.312
100,000 ? ? 480 12.8 5.97

o TEIBE:ZBTHE[REEREK
—BZReTHRBEINE S RARER - 8. REESH
o UNfe[XERR7 (Bt tat B ZRIE 1T B0 7
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def duplicates1(L):
n = len(L) #01
for i in range(n): #02
for j in range(n): #03
if 1 !'= j and L[i] == LI[j]: #04
return True #05
return False #0606

EIRERT, #EXBE=1+2n+1=2n*+2

def duplicates2(L):
n = len(L) #01
for 1 in range(1,n): #02
for j in range(i): #03
if L[i] == LI[j]: #04
return True #05
return False #06

=IMERT, #EXRE=1+ Zn: i+1= L2 + L + 1
HX B/ ’ ~IF= — 2 2

i=1



kk\ \—-/-—-B \
\
\
def duplicates3(L):
n = len(L) #01
L.sort() #02
for i in range(n - 1): #03
if L[i] == L[i + 1]: #04
return True #05
return False #06

RIFBERT, #BEFBE=1+nlogn+(m—-1)+1=nlogn+n+1

def duplicates4(L): def duplicates5(L):
s = set() #01 return len(L) !'= len(set(L))
for e i1n L: #02
if e 1n s: #03
return True #04
s.add(e) #05
return False #06

RIFMERT, #EFRIRE =7

EBRT, #BXEE=1+2n+1=2n+2
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len(L) duplicatesT duplicates2  duplicates3  duplicates4  duplicates5
1000 79.8 29.6 2.87 0.078 0.016
10000 8250 3190 37.4 0.922 0.312
100000 ? ? 480 12.8 5.97
e duplicates?: 2n* +2
| 1, 1
e duplicates2: —n“+—n+1
2 2
e duplicates3: nlogn+n+ 1
e duplicatesd: 2n + 2
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e O(g(n) = {f(n): F1EL
0 < f(n) <c-gn)}

e f(n) = O(g()EZTREES(n)ZREESO(g(M)BIRk R
e P02 f(n) =32n*+17n+ 1, ABZ f(n) = O(n?) cg(n)

e 5c=50, ng=1, TR AKNN >ny=1,
f(n) =32n*4+17n+1 < 50n* =c - n?

o PNfo[Nz&c = 50, ny= 10 ?

e gim)y=n*=>c-gn)=c-n

n

2 nl()
f(n) = 0(g(m))
o f(n) =320+ 1Tn+ 1 < 32n + 17n* + n> = 50n* (Hn > 15)

e B[S c =50, ny=1
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o LINNFEL - Let f(n) = ag+an + -+ + a;n with a; > 0. Then f(n) is
O(n9).

dg+an+ - + adnd

@ 11m p — Cld > O
n—> 00 n
o FTENEEX - log,n is O©(log, n) for every a > 1 and every b > 1.

log n 1

® log,n log,a
o T FEE 2IMAREL. log, n is On?) for every a > 1 and every d > 0.

log n
n—-oo N
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Table 2.1 The running times (rounded up) of different algorithms on inputs of
increasing size, for a processor performing a million high-level instructions per second.
In cases where the running time exceeds 10%° years, we simply record the algorithm as

taking a very long time.

n nlog, n n? n3 1.57 2L n!
n=10 < 1 sec < 1 sec < 1 sec < 1 sec < 1 sec < 1 sec 4 sec
n=30 <lsec <lsec <1sec < 1 sec < 1 sec 18 min 10 years
n=>50 < 1 sec < 1 sec < 1 sec < 1 sec 11 min 36 years very long
n =100 <lsec <lsec <1 sec 1sec 12,892 years 10! years  very long

n = 1,000 < 1 sec < 1 sec 1 sec 18 min very long very long very long
n = 10,000 < 1 sec < 1 sec 2 min 12 days very long very long very long
n = 100,000 < 1 sec 2 sec 3 hours 32 years very long very long very long

n = 1,000,000 1 sec 20 sec 12 days 31,710 years very long very long very long
i oz B (8] HARIER BEZ 2 AT IE TR (8]
1,000,000 O(n)
1% 100,000 O(nlogn)
10,000 on?)
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Constant time

Constant time. Running time is O(1).

N

bounded by a constant,

Examples. which does not depend on input size n

Conditional branch.

Arithmetic/logic operation.

Declare/initialize a variable.

Follow a link in a linked list.

Access element i in an array.
Compare/exchange two elements in an array.

29



Linear time

Linear time. Running time is O(n).

Merge two sorted lists. Combine two sorted linked lists A =a,, a,, ...,a, and
B=b,,b,,...,b, Into a sorted whole.

n

O(n) algorithm. Merge in mergesort.

/11177 |G A

Merged result <

/// |b; B

i < 1; j < 1.

WHILE (both lists are nonempty)
IF (a; = bj) append a; to output list and increment i.
ELSE append b; to output list and increment ;.

Append remaining elements from nonempty list to output list.

30



TARGET SuUM

TARGET-SUM. Given a sorted array of n distinct integers and an integer 7,
find two that sum to exactly 7 ?

input
(sorted)

-20 10 20 30 35 40 60 70 T=60

! f

{ J

31



TARGET SuUM

TARGET-SUM. Given a sorted array of n distinct integers and an integer 7,
find two that sum to exactly 7 ?

O(n?) algorithm. Try all pairs.

O(n) algorithm. Exploit sorted order.

input
(sorted)

20 30 35 40 T =60

Invariant. No element to the left of i or right of j in pair that sums to T.

32



Logarithmic time

Logarithmic time. Running time is O(log n).

Search in a sorted array. Given a sorted array A of n distinct integers and an integer
x, find index of x in array.

remaining elements

O(log n) algorithm. Binary search. /
* Invariant: If x is in the array, then x is in A[lo .. hi].
* After k iterations of WHILE loop, (hi—lo+1) < n/2k = k < 1+ logsn.

lo < 1, hi < n.

WHILE (lo < hi)
mid < |(lo + hi)/ 2].
IF (x < Almid]) hi < mid - 1.
ELSE IF (x > A[mid]) lo < mid + 1.
ELSE RETURN mid.

RETURN —1.

33



SEARCH IN A SORTED ROTATED ARRAY

SEARCH-IN-SORTED-ROTATED-ARRAY. Given a rotated sorted array of » distinct
iIntegers and an element x, determine if x is in the array.

sorted circular array

sorted rotated array

80 85 90 95 20 30 35 50 60 65 67 75

1 2 3 4 5 6 7 8 9 10 11 12

34



SEARCH IN A SORTED ROTATED ARRAY

SEARCH-IN-SORTED-ROTATED-ARRAY. Given a rotated sorted array of » distinct
iIntegers and an element x, determine if x is in the array.

O(log n) algorithm.
* Find index k of smallest element.
* Binary search for x in either A[1 .. k—1] or A[k .. n].

find index of smallest element

lo < 1;hi < n.

IF (A[lo] < Alhi]) RETURN O <— sorted

WHILE (lo + 2 < hi) <— atleast 3 elements
mid < |(lo + hi)/2]. oop invarian

IF (A[mid] < Al[hi]) hi < mid. Allo] > A[hi]

ELSE lo < mid.

RETURN hi
35
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Sorted rotated array demo

Goal. Given a rotated sorted array of n distinct integers, find index of smallest
element.

Invariant. A[lo] > A[hi].

Binary search. Compare middle entry A[mid] to last entry A[hi].
* Less, go left.
* Bigger, go right.



Sorted rotated array demo

Goal. Given a rotated sorted array of n distinct integers, find index of smallest
element.

Invariant. A[lo] > A[hi].

Binary search. Compare middle entry A[mid] to last entry A[hi].
* Less, go left.
* Bigger, go right.

9% 97 6 13 14 25 33 43

lo mid hi



Sorted rotated array demo

Goal. Given a rotated sorted array of n distinct integers, find index of smallest
element.

Invariant. A[lo] > A[hi].

Binary search. Compare middle entry A[mid] to last entry A[hi].
* Less, go left.
* Bigger, go right.

9% ' 97 6 13

1 2 3 4 3 6 7 8 9 10 11 12 13 14

lo mid hi

15



Sorted rotated array demo

Goal. Given a rotated sorted array of n distinct integers, find index of smallest
element.

Invariant. A[lo] > A[hi].

Binary search. Compare middle entry A[mid] to last entry A[hi].
* Less, go left.
* Bigger, go right.

97 6 13

lo mid hi

15



Sorted rotated array demo

Goal. Given a rotated sorted array of n distinct integers, find index of smallest
element.

Invariant. A[lo] > A[hi].

Binary search. Compare middle entry A[mid] to last entry A[hi].
* Less, go left.
* Bigger, go right.

97 6
1 2 3 4 5 6 7 8 9 10 11 12 13 14
lo hi

return index 10

15



Linearithmic time

Linearithmic time. Running time is O(n log n).

Sorting. Given an array of n elements, rearrange them in ascending order.

O(n log n) algorithm. Mergesort.

O 1 2 3 4 5 6 7 8 910 11 12 13 14 15
E X A M P L E
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LARGEST EMPTY INTERVAL

LARGEST-EMPTY-INTERVAL. Given n timestamps x,, ..., x, on which copies of a file
arrive at a server, what is largest interval when no copies of file arrive?

43



LARGEST EMPTY INTERVAL

LARGEST-EMPTY-INTERVAL. Given n timestamps x,, ..., x, on which copies of a file
arrive at a server, what is largest interval when no copies of file arrive?

O(n log n) algorithm.
* Sort the array a.
* Scan the sorted list in order, identifying the maximum gap between successive
timestamps.

44



Quadratic time

Quadratic time. Running time is O(n2).

Closest pair of points. Given a list of n points in the plane (x, y,), ..., (x,,y,), find the
pair that is closest to each other.

O(n?) algorithm. Enumerate all pairs of points (with i < ).

min <— .
FOR i=1TOn
FOR j=i+1TOn
d < (xi—x))> + (yi—yj)*.
IF (d < min)

min < d.

Remark. Q(n?) seems inevitable, but this is just an illusion. [see §5.4]
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Cubic time

Cubic time. Running time is O(n3).

3-SuM. Given an array of n distinct integers, find three that sum to 0.

O(n?) algorithm. Enumerate all triples (with i <j < k).

FOR i =1 TO n
FOR j =i+ 1 TO n
FOR k= j+1 TO n
IF (ai + aj + ar= 0)

RETURN (ai, aj, ax).

Remark. Q(n’) seems inevitable, but O(n?) is not hard. [see next slide]
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3-SuM. Given an array of n distinct integers, find three that sum to 0.

O(n?) algorithm. Try all triples.

O(n?) algorithm.
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3-SuM. Given an array of n distinct integers, find three that sum to 0.

O(n?) algorithm. Try all triples.

O(n?) algorithm.
* Sort the array a.
* For each integer a; : solve TARGET-SUM on the array containing all elements
except a; with the target sum 7' = —a..

Best-known algorithm. O®#?/ (log n / log log n)).
Conjecture(#). No O(n2¢) algorithm for any & > 0.
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Polynomial time

Polynomial time. Running time is O(n*) for some constant k > 0.

Independent set of size k. Given a graph, find £ nodes such that no two
are joined by an edge. AN

k is a constant

O(rn*) algorithm. Enumerate all subsets of k nodes.

FOREACH subset S of k nodes:
Check whether § 1s an independent set.
IF (S 1s an independent set)

RETURN .

independent set of size 3

* Check whether S is an independent set of size k takes O(k?) time.

* Number of k-element subsets = (n) _ =D -2 x - x (n-k+1) _n
* O(k* nk/ k) = O(nb). k k(h—1)(k—2) x - x 1 I

k

poly-time for kK = 17, but not practical
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Exponential time

Exponential time. Running time is 0(2™) for some constant k > 0.
Independent set. Given a graph, find independent set of max size.

O(n? 2" algorithm. Enumerate all subsets of n elements.

§* «— .
FOREACH subset S of n nodes:
Check whether § i1s an independent set.
IF (S is an independent set and | S| > | S* )
§* < 8§.

independent set of max size

RETURN S*.
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Exponential time

Exponential time. Running time is 0(2™) for some constant k > 0.
Euclidean TSP. Given n points in the plane, find a tour of minimum length.

O(n x n!) algorithm. Enumerate all permutations of length .

nt — .
FOREACH permutation 5t of n points:
Compute length of tour corresponding to Jt.

IF (length(sw) < length(7t*))

JT* < I, \

RETURN 71T¥ for simplicity, we’ll assume Euclidean
. distances are rounded to nearest integer

(to avoid issues with infinite precision)
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