THE STRUCTURE OF PERIODIC POINT FREE DISTAL
HOMEOMORPHISMS ON THE ANNULUS

ENHUI SHI, HUI XU*, AND ZIQI YU

ABSTRACT. LetA be an annulus in the plane R? and g : A — A be a boundary components
preserving homeomorphism which is distal and has no periodic points. Then there is a
continuous decomposition of A into g-invariant circles such that all the restrictions of g on
them share a common irrational rotation number and all these circles are linearly ordered
by the inclusion relation on the sets of bounded components of their complements in R
Finally, we show that g is conjugate to an irrational rotation assuming the existence of a

transversal.

1. INTRODUCTION

Recurrence is one of the most fundamental notions in the theory of dynamical system.
There are various definitions to describe the recurrence behaviors of a point in a system,
such as periodic point, almost periodic point, distal point, recurrent point, regularly recur-
rent point, and so on. There has been a considerable progress in studying the structures of

the dynamical systems all points of which possess some kind of recurrence.

Montgomery [29] proved that every pointwise periodic homeomorphism on a con-
nected manifold is periodic. For an infinite compact minimal metric system each point
of which is regularly recurrent, Block and Keesling [5] proved that it is topologically
conjugate to an adding machine. Shi, Xu, and Yu [36] showed that every pointwise recur-
rent expansive homeomorphism is topologically conjugate to a subshift of some symbol
system, which extends a classical result of Mafié [26] for minimal expansive homeo-
morphisms. The structure of pointwise recurrent maps having the pseudo orbit tracing

property is completely determined by Mai and Ye [25].
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There are also many interesting results around the structures of recurrent maps on low-
dimensional spaces. Mai [24] showed that a pointwise recurrent graph map is either topo-
logically conjugate to an irrational rotation on the circle or of finite order. Naghmouchi
[32] and Blokh [6] characterized the structures of pointwise recurrent maps on uniquely
arcwise connected curves. Kolev and Péroueme [20] showed recurrent homeomorphisms
on compact surfaces with negative Euler characteristic are of finite order. Foland [14]
proved that any equicontinuous homeomorphism on a closed 2-cell is topologically con-
jugate either to a reflection of a disk in a diameter or to a rotation of a disk about its center.
Ritter [35] further determined the structure of equicontinuous homeomorphisms on the
2-sphere and annulus. Oversteegen and Tymchatyn [33] proved that recurrent homeomor-

phisms on the plane are periodic.

The notion of distality was introduced by Hilbert for better understanding equicontinu
ity [12]. The study of minimal distal systems culminates in the beautiful structure theo-
rem of Furstenberg [16], which describes completely the relations between distality and
equicontinuity for minimal systems. Considering minimal distal actions on compact man

ifolds, Rees [34] proved a sharpening of Furstenberg’s structure theorem.

The aim of the paper is to study the structure of distal homeomorphisms on annulus
without periodic points. One may consult [3, 7, 15, 17] for many interesting related inves-

tigations.

We obtain the following theorem.

Theorem 1.1. Let A be an annulus in the plane R? and g : A — A be a boundary compo-
nents preserving homeomorphism which is distal and has no periodic points. Then there
is a continuous decomposition of A into g-invariant circles such that all the restrictions
of g on them share a common irrational rotation number and all these circles are linearly
ordered by the inclusion relation on the sets of bounded components of their complements

in R2,

In [3], the authors show that some conjugacies of an irrational pseudo-rotation on the
annulus can approximate to an irrational rotation. Clearly, the homeomorphism in our
setting is much stronger than pseudo-rotation. So we hope the homeomorphism in Theo-
rem 1.1 can be conjugate to an irrational rotation. Unfortunately, we cannot show this at

present. However, we will show this is equivalent to the existence of a transversal. Here,
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a transversal is an arc in the annulus that intersects each minimal circle exactly once. It
is clear that if g is conjugate to an irrational rotation then there is a transversal. The fol-
lowing theorem shows that the other direction holds as well. However, we do not known

whether such a transversal do exist.

Theorem 1.2. Let A be an annulus in the plane R? and g : A — A be a boundary compo-
nents preserving homeomorphism which is distal and has no periodic points. If there is a

transversal, then g is conjugate to an irrational rotation.

The paper is organized as follows. In Section 2, we will introduce some concepts and
facts in the theories of dynamical system and topology. Specially, we will give the defini-
tions of solenoid and adding machine from the viewpoint of topological groups and recall
some results around distal homeomorphisms. In Section 3, we will show that there exists
no adding machine contained in the boundary of an f-invariant open disk under some
appropriate assumptions. Based on this result, we show in Section 4 the existence of an
f-invariant circle in the boundary just mentioned. In Section 5, we show further that there
are sufficiently many f-invariant circles in the annulus. Relying on all these results, we
show in Section 6 the existence of the expected decompositions. In Section 7, we show

that g can be linearized assuming the existence of a transversal.

2. PRELIMINARIES

In this section, we will recall some notions, notations, and elementary facts in the the-

ories of dynamical system and topology.

2.1. Recurrence, minimal sets, and factors. By a dynamical system we mean a pair
(X, f), where X is a metric space and f : X — X is a homeomorphism. For x € X, the orbit
of x is the set O(x, f) = {fi(x) : i € Z}. If there is some n > 0 such that f"(x) = x, then x
is called a periodic point of f and the minimal such n is called the period of x. A periodic
point x of period 1 is called a fixed point, that is f(x) = x. A subset A of Z is syndetic
if there is I > 0 with AN{p,p+1,...,p+1} # 0 for any p € Z. We call x an almost
periodic point if for any open neighborhood U of x, the set N(x,U) = {i: fi(x) € U} is
syndetic. If there is a sequence of positive integers n; < ny < --- such that f"(x) — x,
then we call x a recurrent point; and if for any open neighborhood U of x, there always

exists n > 0 such that f*(U)NU # 0, then we call x a nonwandering point. Clearly, an
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alomost periodic point is recurrent and a recurrent point is nonwandering. If each point of

X is nonwandering, then we call f nonwandering.

A subset S of X is f-invariant if f(S) = S; we use f|s to denote the restriction of f to
S. If S is an f-invariant nonempty closed subset of X and contains no proper f-invariant
closed subset, then we call S a minimal set of f.If X is a minimal set, we call the system
(X, f) is minimal. 1t is clear from the definition that S is minimal if and only if for each
x €8, 0(x, f)is dense in S. By an argument of Zorn’s lemma, we have that if X is compact,
then there always exists a minimal set of f. We have known that each point of a compact

minimal set is almost periodic (see e.g. [1, Chap.1-Theorem 1]).

For any two dynamical systems (X, f) and (Y, g), if there is a continuous surjection ¢ :
X — Y such that ¢ o f = go @, then we say that (Y, g) is a factor of (X, f) and (X, f) is an
extension of (Y, g); we call ¢ a factor map or a semiconjugation between (X, f) and (Y, g);
if ¢ is a homeomorphism, then we call (X, f) and (Y,g) are ropologically conjugate.
Clearly, if M is a minimal set of f, then ¢(M) is a minimal set of g. It is well known
that if S! is the unit circle and f : S' — S! is an orientation preserving homeomorphism
without periodic points, then (S!, f) is semiconjugate to a rigid minimal rotation on S!
(see e.g. [37, Theorem 6.18]).

A topological space U is called an open disk if it is homeomorphic to the unit open disk
in the plane R?. By the Riemann mapping theorem, we know that an open subset U of C

is an open disk if and only if it is simply connected.
The following theorem is implied by Brouwer’ lemma (see e.g. [13, 23]).

Theorem 2.1. If U is an open disk and f : U — U is an orientation-preserving nonwan-

dering homeomorphism, then f has a fixed point in U.

2.2. Continuous and semi-continuous decompositions. Let (X,.7) be a topological
space. A partition of X is a collection & of nonempty, mutually disjoint subsets of X such
that UZ = X. Define @ : X — & by letting 7(x) be the unique D € Z such that x € D for
each x € X. We endow Z with the largest topology so that 7 is continuous, thatis % C ¥
is open iff U%Z € 7. The topological space Z so defined is called the decomposition of
X. We also call & the quotient space of X by identifying each element of ¥ into a point

and call & the quotient map. The partition & is called upper semi-continuous provided
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that whenever D € 9, U € .7, and D C U, there exists V € .7 with D C V such that if
Ac Zand ANV #0,thenA CU.

Now suppose X is a compact metric space with metric d. Let 2X be the collection of all
nonempty closed subsets of X and let C(X) = {A € 2% : A is connected}. The Hausdorff
metric Hy on 2% is defined by H;(A,B) = inf{e: A C B4(B,€) and B C B;(A, ¢)} for each
A,B € 2X. Then 2% and C(X) are both compact metric spaces with respect to H,, called
the hyperspaces of X (see e.g. [31, Theorems 4.13 and 4.17]). Let & be a partition of X
such that each element of ¥ is closed. The partition & is called continuous if the quotient

map 7 : X — 2, thought of as a map from X into 2%, is continuous.

If & is a partition of X, then it induces an equivalence relation R C X x X by defining
(x,y) € Rif {x,y} C A for some A € 2. The relation R is called a closed relation if it is a
closed subset of X x X.

The following proposition can be seen in [18, Proposition 2.2].

Proposition 2.2. Let X be a compact metric space. Let 9 be a partition of X and R be

the equivalence relation induced by 9. If R is closed, then & is upper semi-continuous.

Proposition 2.2 together with the compactness of hyperspaces implies the following

proposition.

Proposition 2.3. Let f : R? — R? be a homeomorphism and M C R?* be a compact mini-
mal set of f. Let # be the set of all components of M and let #' = {{x} : x € R>\ M}.

Then .# U .4 is an upper semi-continuous decomposition of R?.

A continuum is a connected compact metric space. If X is a continuum contained in
the plane R? such that R?\ X is connected, then we call that X does not separate the
plane. The following theorem is due to R. L. Moore (see e.g. [22, p.533, Theorem 8] for

a slightly more general form).

Theorem 2.4. The space of a upper semi-continuous decomposition of R? into continua,

which do not separate R?, is homeomorphic to R>.

2.3. Solenoids and adding machines. Let X be a compact metric space with metric d
and f : X — X be a homeomorphism. We say (X, f) is equicontinuous if for each € > 0,
there is a § > 0 such that d(f(x), fi(y)) < € for any i € Z, whenever d(x,y) < §. Let
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K be a compact abelian metric group and a € K. The rotation p, : K — K is defined by
pa(x) = ax for any x € K. Clearly, if {a" : n € Z} is dense in K, then (K, p,) is minimal

and equicontinuous.

The following theorem shows that minimal rotations on compact abelian metric groups

are the only equicontinuous minimal systems (see [37, Theorem 5.18]).

Theorem 2.5 (Halmos-von Neumann). Let X be a compact metric space and f : X — X
be a minimal and equicontinuous homeomorphism. Then (X, f) is topologically conjugate

to a minimal rotation on a compact abelian metric group.

For each positive integer i, let K; be a compact metric group and let f; : K;1 1 — K; be a

surjective continuous group homomorphism. The inverse limit of {K;, f;} is

hm{Kh.fl { xl € HK xi=fi xH—l)}

which is a compact metric group under the multiplication ““-” defined by (x;) - (y;) =
(xiy;). If each K; is the unit circle {z € C: |z| =1} and lién{Ki, fi} is not the circle, then
we call hﬁl{Ki, fi} a solenoid, if each K; is a finite cyclic group and {iﬂl{Ki, fi} is not
finite, then we call lién{Ki7 fi} an adding machine. As topological spaces, a solenoid is a
homogeneous indecomposable circle-like continuum and an adding machine is a Cantor

set. We also call a minimal rotation on an adding machine an adding machine.

Since every compact metric group is an inverse limit of compact Lie groups (see e.g.
[30, Chap. 4.6-4.7]), and the only connected Lie groups of dimension 1 is the circle group
and the only Lie groups of dimension O are finite groups, the following proposition is

clear.

Proposition 2.6. If K is a connected compact metric group of dimension 1, then it is
either a circle or a solenoid; if K is a compact metric group of dimension 0 and has a

dense cyclic subgroup, then it is either a finite cyclic group or an adding machine.

A curve is an 1-dimensional continuum. The following corollaries are immediate from

Theorem 2.5 and Proposition 2.6.

Corollary 2.7. Let X be a curve and f : X — X be a minimal equicontinuous homeomor-
phism. Then (X, f) is topologically conjugate to a minimal rotation either on the circle or

on a solenoid.
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Corollary 2.8. Let X be a compact metric space of dimension 0 and f: X — X be a
minimal equicontinuous homeomorphism. Then (X, f) is either a periodic orbit or topo-

logically conjugate to an adding machine.

The following proposition is shown by Bing [4], which is also implied by the main
result in [19].

Proposition 2.9. Solenoids are not planar continua.

We call x in a system (X, f) regularly recurrent if for any open neighborhood U of x,

there is a positive integer n such that f¥(x) € U foreach k =0,1,....

The following proposition is implied by the definition (see [5] for a characterization of

adding machine using regular recurrence).

Proposition 2.10. If (X, f) is an adding machine, then each point x of X is regularly

recurrent.

2.4. Structures of distal homeomorphisms. Let X be a compact metric space with met-
ric d and let f: X — X be a homeomorphism. We call that (X, f) is distal if for any
x #y € X, inficz{d(f(x), f/(y))} > 0. We suggest the readers to consult [1] for the
proofs of the following well known facts: (1) If (X, f) is distal, then X is a disjoint union
of minimal sets; (2) If (X, f) is minimal and distal and (Y, g) is a factor of (X, f), then
(Y,g) is also minimal and distal; (3) Let (X, f) be a minimal distal system. Then it has a

maximal equicontinuous factor.

Lemma 2.11. [34, §6] Let (X, f) be a minimal distal system and 7w : (X, f) — (Y,g) be a

factor map. Then the covering dimension of the fibers T~ (y),y € Y, is constant and
dim(X) = dim(Y) +dim 7z~ ! (y).

Lemma 2.12. [8, p.192, Theorem 3-17.13] Let (X, f) be a minimal distal system and
m:(X,f)— (Y,g) be a factor map. If (Y,g) is equicontinuous and there is some y € Y

with dim =1 (y) = 0, then (X, f) is also equicontinuous.

Clearly, Lemma 2.12 implies a distal minimal system of zero dimension is equicontin-
uous. In fact, this is also true for non-minimal distal systems of zero dimension (see [2,

Corollary 1.9]).
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Proposition 2.13. Let X be a compact connected metric space and f : X — X be a mini-

mal distal homeomorphism. If dim(X) = 1, then (X, f) is equicontinuous.

Proof. Suppose that (X, f) is not equicontinuous. Then the maximal equicontinuous fac-
tor of (X, f) is nontrivial. Let w : (X, f) — (Y, g) be the factor map to its maximal equicon-
tinuous factor. In particular, Y is connected. By Lemma 2.11, we have dim(Y) = 1 and for
eachy € Y, dimz~!(y) = 0. Then it follows from Lemma 2.12 that (X, f) is equicontin-

uous. This contradiction shows that (X, f) is equicontinuous. O

3. NONEXISTENCE OF AN ADDING MACHINE IN THE BOUNDARY OF AN OPEN DISK

We call a topological space X is an arc (resp. open arc) if it is homeomorphic to the
closed interval [0, 1] (resp. the open interval (0, 1)). We call X a circle if it is homeomor-

phic to the unit circle in the plane, that is X is a simple closed curve.

Let f : R? — IR? be an orientation preserving homeomorphism and U C R? be a bounded
f-invariant open disk. A cross-cut of U is an open arc ¥ in U with Y being an arc joint-
ing two points of dU. A cross-section of U is any connected component of U \ y for
some cross cut y of U. A chain for U is a sequence of sections ¢ = (D;)7, such that
Dy DDy D -+ and dyD;NdyD; = 0 for all i # j. Two chains (D;)%, and (D})%, are
called equivalent if for any i > 0 there is j > i such that D; C D} and D’j C D;. A chain
(D;)7, is called a prime chain if diam(dyD;) — 0. An equivalence class of prime chains
is called a prime end of U. We use bg(U) to denote the set of all prime ends of U. Let
U=UUbg(U).

Now we topologize U as follows. For a cross-section D of U and for a prime chain (U;)
representing p € be(U), if U; C D for sufficiently large i, then we call p divides D. Set
E(D) ={p € bg(U) : p divides D}. Consider the family Z consisting of all sets of the
form DU &' (D) for some cross-section D, together with all open subsets of U. Then % is
a topological basis on U. We endow U with the topology generated by 2.

The following theorem is known as the Carathéodory’s prime ends compactification
theorem (see [9, 10]).

Theorem 3.1 (Prime ends compactification). U is homeomorphic to the unit closed disk

and be(U) is homeomorphic to the unite circle S'.
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It is well known that the homeomorphism f|y can be extended to a homeomorphism

f:U — U. We call the rotation number of f |s1 the prime ends rotation number of f|g.

The following theorem is due to Cartwright and Littlewood [11]. One may consult [21]

for the proof of the converse direction under more general settings.

Theorem 3.2. If f is nonwandering and has no periodic point in dU, then the prime ends

rotation number of f|i is irrational.
Now we use Theorem 3.2 to prove a key result.

Proposition 3.3. If the prime ends rotation number of f | is irrational, then no minimal

set in AU is an adding machine.

Proof. Assume to the contrary that there is a minimal set K C dU, which is an adding
machine. Fix p € K. Since the rotation number of f|, +(U) 18 irrational, flp £(U) 18 semi-
conjugate to an irrational rotation on the unit circle. Then we take a cross-cut y of U such
that for each cross-section D of 7y, &(D) contains the closure of a wandering interval (if
any) of f b +(v) and such that p is not an endpoint of ¥ in U. Take a sufficiently small
€ > 0 such that V = B(p,€) NU is contained in a cross-section D of y. Let D’ be the
cross-section of y other than D. By Proposition 2.10, there is some positive integer n such

that

3.1) “(p) € B(p,e)

for all k > 0. Take a sequence (x;) in V such that x; — p. Passing to a subsequence if

necessary, we suppose x; — q € bg(U) C U. So, there is some [ > 0 such that
(3:2) f"(q) € £(D).

Then for sufficiently large i, by equations (3.1) and (3.2), and by the continuity, we have
both fi"(x;) € V.C D and f"(x;) = f"(x;) € D’ (see Figure 1 and Figure 2). This is a

contradiction. L]

4. EXISTENCE OF AN f-INVARIANT CIRCLE IN THE BOUNDARY OF AN OPEN DISK

Proposition 4.1. Let f : R? — R? be a nonwandering homeomorphism and let U be an
f-invariant open disk. If f|yy : 0U — AU is distal and f has no periodic points except for
an only fixed point O € U, then there is an f-invariant circle C in dU such that (C, f|c)

is minimal and O belongs to the bounded component of R? \C.
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FIGURE 1.

U

FIGURE 2.

Proof. Fix a minimal set M in dU. Then dim(M) < 1. Noting that f is nonwandering and
has no periodic point in dU, by Theorem 3.2, we have the prime end rotation number of
fl is irrational. Then it follows from Corollary 2.8 and Proposition 3.3 that M is not an

adding machine. So dim(M) = 1. Thus M has a component K with dim(K) = 1.
Now we discuss into several cases:

Case 1. There is some n > 1 such that f*(K) = K and fi(K)NK =0 for 1 <i < n.
Clearly, (K, ") is minimal. Then, from Proposition 2.13, it is equicontinuous. By Corol-

lary 2.7 and Proposition 2.9, K is a circle.
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Subcase 1.1. 7 = 1. Let C = K and let D be the bounded component of R?\ C. Since f
has no periodic points in C, so by Brouwer’s fixed point theorem, O € D. Thus C satisfies

the requirement.

Subcase 1.2. n > 1. Let C; = fi(K), i =0,...,n— 1. Then C; are pairwise disjoint.
Let D; be the bounded component of R? \ C;. If there are i # j such that C; C D j» then
f=i(D ;) C D;. This contradicts the assumption that f is nonwandering. So these D; are
pairwise disjoint. Since each D; contains a fixed point of " by Brouwer’s fixed point
theorem, this contradicts the assumption that O is the only periodic points of f. So this

subcase does not occur.

Case 2. f(K), i € Z, are pairwise disjoint. Write K; = f*(K). If K separates the plane,
then R?\ K has a bounded component, so is each K;. Similar to the arguments in Subcase
1.2, we have that for any i # j, K; is contained in the unbounded component of R?\ K i3
Thus any bounded component of R?\ K is a wandering open set of f. This is a contradic-

tion.
From the above discussions, we get the following claim.

Claim A. Either the conclusion of Proposition 4.1 holds, or M has infinitely many com-

ponents and any nondegenerate component of M does not separate the plane.

If the conclusion of Proposition 4.1 does not hold, then by Claim A together with
Proposition 2.3 and Theorem 2.4, we get a factor g : R> — R? of f by identifying each
component of M to a point. Let 7 : R> — R? be the factor map. Then 7 (U) is a g-invariant
open disk and g is a nonwandering homeomorphism and has no periodic point in dz(U).
So, by Theorem 3.2, the prime ends rotation number of g|ﬂ(U) is irrational. Noting that
g|aﬂ(U) is still distal and 7 (M) is totally disconnected and infinite, by Corollary 2.8, we
see that (w(M),g) is an adding machine contained in the boundary of 7(U). This contra-

dicts Proposition 3.3.

All together, we complete the proof. U

5. EXISTENCE OF AN INTERMEDIATE f-INVARIANT CIRCLE

Lemma 5.1. Let X be a compact metric space and let f : X — X be a distal homeo-
morphism. If K is an f-invariant proper closed subset of X, then there are 0 > 0 and a

nonempty open subset U of X such that f/(U) NB(K,8) = 0 for each i € 7.
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Proof. For each positive integer n, let V, = {x € X : fi(x) € B(K, %) for some i € Z}.
If the conclusion of Lemma 5.1 does not hold, then V, is a dense open subset of X for
each n. Thus by Baire’s Theorem, G = N7_,V,, is a dense Gs-set. Take x € G\ K. Then

O(x, f) N K # 0. This contradicts the minimality of O(x, f). O

For any two circles C,C’ in the plane R?, write C < C’ if C is contained in the bounded

component of R?\ C'.

Proposition 5.2. Ler f : R? — R? be an orientation preserving nonwandering homeo-
morphism. Let A be an f-invariant annulus with two boundary circles C1 < Cp. Suppose
fla is distal and f has no periodic points except for an only fixed point O in the bounded
component of R?2 \ C1. Then there is an f-invariant circle C with C; < C < C,.

Proof. By Lemma 5.1, we can take 6 > 0 and a nonempty open set U in A such that
Ffi(U)YNB(C;UC,,8) = 0 for each i € Z. Set W = Uiz f (U). Let K be the unbounded
component of R?\ W. Then K is f-invariant and C; C Icé .Let V be a component of R?\ K.
Then V is an open disk by a direct application of Jordan separation theorem. Since f
is nonwandering, there is some n > 0 with f"(V) = V. Then, by Theorem 2.1, there is a
periodic point of f” in V, so is for f. Thus by the assumption, we have O € V. This implies
C; C V. From the above discussions, we see that V is the only component of R? \ K, and

hence f(V) = V. Now applying Proposition 4.1, we get the required circle. 0

6. A DECOMPOSITION OF THE ANNULUS INTO f-INVARIANT CIRCLES

In this section, we will complete the proof of the main Theorem. All assumptions are
as in Theorem 1.1. WLOG, we may suppose the annulus A = {z € C: 1 < |z| <2}. Then
we extend g: A — A to f: C — C by defining

5 g(), >2;

8(x), 1<|x] <2

flx)= )
x| g(2), 0< < 1;

0, |x| = 0.

\

It is clear from the definition that f is an orientation preserving nonwandering homeo-

morphism on the plane and has no periodic points except for the only fixed point 0.

Write C; = {z:|z| = 1} and C;, = {z: |z| = 2}. For each circle C in the plane, we use
D(C) and OD(C) to denote the bounded component and unbounded component of R\ C,
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respectively. Let < be the transitive order defined in Section 5; that is, for circles C and

C' in the plane, C < C" iff C C D(C’). Let
¢ = {C:Cis an f-invariant circle and C; < C < G} U{C},C}.

Let .7 be the family of all chains of ¢ respect to <. Then .7 is a partial set with respect
to the inclusion relation on the power set of R?. Using Zorn’s lemma, there is a maximal

chain & in .

Claim A. & is a partition of A.

Proof of Claim A. Assume to the contrary that there is some v € A\ UZ. Since C1,C; €
& by the maximality of &, we have v €A. Set Pr={Ce Z:v¢D(C)} and P, =
{C ceAve D(C)}. Then C; € &) and C; € &2,.

Now we discuss into several cases.

Case 1. | has no maximal element. Let U = Uce 2, D(C). Then U is an f-invariant
open disk. From Proposition 4.1, we have an f-invariant circle C3 in dU with 0 € D(C3).
Clearly, C3 ¢ &2 and C < Cs for any C € &,. If C3 < C for any C € &, then {C3} U &
is a chain, which contradicts the maximality of &?. So, there must exit a C4 € &, such
that C3 N Cy # 0. Let V be a component of D(C4) \ D(C3). Then V is a component of
R?\ (C3UCy), and hence it is an open disk. Noting that f is nonwandering, we have
f™(V) =V for some n > 0. Then by Theorem 2.1, f has a periodic point in V. This is a

contradiction. So, Case 1 does not happen.

Case 2. % has no minimal element. We consider the Riemann sphere C = C U {oo}.
Let L. = C\ {0}. Then L is a plane. Define f : . — L by letting f(c0) =0 and f(x) = f(x)
for any x € C\ {0}. Then f is an orientation preserving nonwandering homeomorphism
on the plane IL and has no periodic points except for the only fixed point c. Similar to the

discussions in Case 1, we see that Case 2 does not happen.

Case 3. # has the maximal element C5 and &2, has the minimal element Cg. Then
Cs < Cg. Applying Proposition 5.2, we get an f-invariant circle C7 such that C5 < C7 < Cg.
Then {C7} U & is a chain. This contradicts the maximality of &?. Thus Case 3 does not

occur.

So A =UZ; thatis & is a partition of A. O
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FIGURE 3.

Claim B. < is a dense and complete linear order on &.

Proof of Claim B. (1) Linearity. For any distinct C,C’ € &2, we have CNC’ = 0 and hence
either C C D(C’) or C" C D(C). This shows that either C < C' or C' < C. Thus < is a linear

order.

(2) Density. Let C,C’" € & be with C < C'. Then we have D(C) C D(C’). Now for any
x € D(C")\ D(C), there is some C” € & such that x € C". It follows from the definition
of < that C < C"” < C'. This shows that < is a dense order.

(3) Completeness. To the contrary, assume that < is incomplete. That is there is a

Dedekind Gap, which means that there is a partition & = . U % such that

e ForanyCe LandC' e %,C < C,

e _¥ has a maximal element C* and %/ has a minimal element C,.
Then we have
|J €=D(C*)\D(Cy)and | J C=0D(C.)\OD(C),
Cce¥ Cew

both of which are closed in A. But this contradicts the connectedness of A. This shows

that < is complete. 0
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Now Claim B implies that (&7, <) endowed with the ordering topology is homeomor-
phism to a closed interval. WLOG, we may assume that (&, <) = [1,2] and use C; to
denote elements of &2 with r € [1,2].

Recall that 24 is the hyperspace of A endowed with the Hausdorff metric.

Claim C. & is closed in 24. Specially, & is a continuous decomposition.

Proof of Claim C. Let C,, be a sequence in & that converges to K in 24 under Hausdorff
metric. Since (£, <) = [1,2], by passing to some subsequence, we may assume that

C, — C, under the ordering topology for some r € [1,2].

Next we will show that K = C, which implies that & is closed in 2. We may assume
as well C,, < C, for each n. Fix an x € K. Then it follows from the definition of Hausdorff
metric that there is a sequence (x,) with x,, € C,, such that x, — x. Since x, € C,, C D(C,),
we have x € D(C,). To show x € C,, we assume that x € D(C,). Then there is some s € [1,7)
such that x € C,. Since r, — r, we have s < r, < r and hence Cs; < C,, =< C, for any
sufficiently large n. But in this case, x;,, cannot converge to x; this is a contradiction. To
sum up, we have x € C,. Hence K C C, as x is arbitrary. On the other hand, for any y € C,,
there is some subsequence (yy,) with y,, € G, such that y,, — y. Indeed, take any point
z € C and let L be the segment connecting z and y in A. Then LN C,, # 0 for each n and

we choose some y, € LNC,, . Itis clear that y is a limit point of (y,). The above arguments

show that K = C, and the closedness of &2 in 24 is followed. O

For any orientation preserving homeomorphism ¢ on a circle, we use p(¢) to denote

the rotation number of ¢.

Claim D. The rotation numbers of f|¢, C € &2, are the same irrational number.

Proof of Claim D. Assume to contrary that there are C' # C” € £ such that the rotation
numbers p(f|c) # p(f|cr). Let A be the annulus in A with boundary C' UC”. Write
o' = p(f|c) and o’ = p(f|cr). Take a homeomorphism % : A — S! x [0, 1] such that
h(C') = S' x {0} and h(C") = S' x {1}. Let f = hf|ah~'. Then p(f|yc)) = o' and
P(flucry) = & Let R x [0,1] be the universal covering of S' x [0,1] and let F : R x
[0,1] — R x [0,1] be a lift of f. Noting that f is homotopic to the identity, we have
TF = FT, where T is the unit translation on R x [0, 1] defined by T'(s,7) = (s+1,7). Let
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7 : R x[0,1] — R be the projection to the first coordinate, that is 7(s,7) = s. For any map
v :Rx[0,1] = R x [0, 1], write y; = wy. Then there are m’,m"” € Z such that

Fl'(x,0) —x
lim FL0) =X =o' +m'
n—soo n
and
Fl'(x,1)—
lim M o +m.

n—soo n

WLOG, suppose o’ +m’ < o’ +m” . Take a rational number § with

o +m < p <o +m'
q

Then we have

T PF1)"(x,0) —
tim TR0 et oty p <o
and
T—PFI(x.1) —
12;1,1 ( )l(xa ) x:q(a//+m//)_p>0.
n—roo n

Since f is nonwandering, it follows from [15, Theorem 3.3] that f¢ has a fixed point in
S! x [0,1]. That is f has a periodic point, so is f. This is a contradiction. So the rotation
numbers of f|c, C € &, are the same, the irrationality of which clearly follows from the

Poincaré’s classification theorem for circle homeomorphisms. 0

All together, we complete the proof of Theorem 1.1.

7. TRANSVERSAL IMPLIES LINEARIZATION

In this section, we will show that if there is a transversal then g is conjugate to an
irrational rotation, i.e., g can be linearized. Recall that &7 is the decomposition of the
annulus into minimal circles. A transversal is an arc in the annulus that intersects each
member in & exactly once.

Now suppose that 7 is a transversal for Z.

Recall that the map [1,2] — £, o0 — Cq is continuous. We parametrize &2 with Cy, :
o €[1,2]. Foreachn € Z and a € [1,2], set {x%} = L,NCqy. Then it is clear that {x% },c7
is dense in Co,. WLOG, we may assume that Cy 5 = {z € C: [z] = 1.5} and g |c, ; is the
rigid rotation.

For eachn € Z, let L, = g"(7).

Claim 1. For each n € Z, L, is also a transversal for &2 and L,, N L,, = 0 for any m # n.
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Proof of Claim 1. Since g is a homeomorphism and each C € & is g-invariant, we con-
clude that L,, is also a transversal.

Now suppose that there is some x € L,, N L,. Let C € & be such that x € C. Then we
have g7"'x, g7 "x € CNLy. Thus g~"x = g~ "x, since |LoNC| = 1. But this contradicts the
minimality of g |¢. Thus L,, "L, = 0. O

It is easy to see that & || ;1 is a partition of [L,L,] for each m # n € Z, where
[Ly,Ly] is any region between L,, and L, that is the closure any one of the components of
A\ (L, ULy). Precisely, for each o € [1,2], [Ly, L,] NCy is a curve joining x& and x%. We
denote this curve by C ..

Claim 2. For each m # n € Z, {Cy, , } ac[1 2] is a continuous decomposition of [Ly;, Ly].

Proof of Claim 2. It suffices to show that {C} ,} e 2] is closed in 24. For this, suppose
that C%’;n — K in 24 as i — oo. By passing to some subsequence, we may assume that
Coy, = Cy4. We have shown in previously that Cy, — Cy under the Hausdorff topology.
Thus K C Cy. What remains to show is K = G} . Since [Ly,Ly] is closed in A, it is
clear that K C Cj; ,,. On the other hand, it follows from the continuity of L,, and L, that
Xpi — x% and x;" — x{. Finally, note that K is connected. Thus K = C% , and we complete

the proof. 0
Claim 3. Ifxgi, — x, then for each 8 € [1,2], El. — yp for some yg € Cg.

Proof of Claim 3. Fix a 8 € [0, 1]. To the contrary, assume that there are subsequence {k; }
and {/;} of {n;} such that

xfi—>y/, xf — " with y #y".

There there are a,b,c,d € 7 such that there is a component (L,,Lp) of A\ (L, U Lp)
and a component (L.,Ly) of A\ (L. ULy,) with y € (L,,Lp),y" € (L¢,Ly) and [Lg,Lp] N
[Le,Lyg) = 0, where [Ly,Ly] = (La,Lp) and [Le,Lg] = (L¢,Lg). Then both [Lg, L] N {in}
and [L.,Lg]N {xgi} are infinite. But this contradicts the convergence of {xgi}. O

Now for each x € A, let Cq be such that x € C,, and take x,‘fi — x. Then let

Ly:= {y:x,ﬁli —yBel,2]}.

Claim 4. L, is a transversal.
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Proof of Claim 4. Clearly, |L,NCg| = 1 for any § € [1,2]. It remains to show that L, is
an arc. For this, it suffices to show that the map [1,2] — Ly, & — x is continuous, where
{xa} =LiNCq.

Fix o € (1,2) and a neighborhood U of x4 in A. Further, we can take an open disc V
around x¢ contained in U. Take m,n € Z such that Cj; , C V. Then V is a neighborhood of
Cpi.n- By Claim 2, there are 1 < §; < & < B, < 2 such that Cﬁ,n C V foreach B € [By,B2].

In particular, L, N CgCV. This shows that o —> x(, is continuous. ]
Claim 5. The definition of L, is independent of the choice of (n;).

Proof of Claim 5. Suppose that x; — x and x;;. — x. The we have to show that
lim x? = 1im X8 VB e[1,2].
nj—> t m;—roo !
Let (k;) be the sequence by putting (n;) and (m;) together. Then we have x! — x. By
p

Claim 3, the sequence (xk,-) is convergent for each . This implies our Claim. U

Claim 5 tells us that for each y € L,, we have L, = L,. Thus Ly, x € C¢ forms a decom-
position of A. Actually, similar to the proof of the continuity of &, we can also show that
Ly,x € Cgy 1s a continuous decomposition.

Claim 6. For each o € [1,2], (x%) converges in Cq if and only if (n;0) converges in S'.

Proof of Claim 6. This is followed from Claim 3 and our assumption that C; 5 = {z € C:
|zl = 1.5} and g |,  is the rigid rotation. O

Now we are ready to show that g can be linearized. Let 0 be the rotation number of g.
Take a homeomorphism y : Ly — Py := [1,2] x {0}.
We define the conjugacy W : A — A by

eZmnG

X y(g "x), foreach x€L,,n€’Z,

and for x = limx,‘fi, define
¥(x) = lim¥(x2).

Clearly, we have the following claim.
Claim 7. Yg = RgV.

In addition, it is also clear that ¥ is one-one. Thus it remains to show the continuity
of W. For this, suppose that x; — x and we assume that x; € Cq,. Then we have oy — o

and x € Cy. We claim that lim ¥ (x;) = W(x). WLOG, we may assume that lim ¥ (x;) = y.
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For any neighborhood V of W(x), there are some m,n € Z and B; < o < 3> such that
Y([B1, B2, Lm,Ly]) CV, where [B1, B2, Ly, Ly) is the closure of the component of A\ (8] U
B> UL, UL,) containing x. Since x; — x, x; € [B1,B2,Lm,Ly| for all sufficiently large
k. This shows that W(x;) — ¥(x). Thus we have shown that g is conjugate to the rigid
rotation by V.

This completes the proof of Theorem 1.2.

Finally, we remark here that a selection theorem of Michael in [27] may help one es-
tablish the existence of the transversal. If there is some example that has no transversal, it

will provide an interesting phenomenon.
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