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1 1Ù Euler½n

�Ù0�Euler½n. §éÿÀÆ�Mïå�
­��^.

½n1.1 (Euler½n).

� v, e, f©O´��àõ¡N�º:ê, >ê, Ú¡ê; K v − e+ f = 2.

y².

(1�Ú)�K��¡�SÜ, òÙ{Ü©�²�²¡þ, �K�¡éA�²Ü©�	

Ü (¡�	Ü¡), Ù{:�¡g,éA (ùp�²��¡¡�SÜ¡).

(1�Ú) òz�SÜ¡©�¤n�/.

(1nÚ) é©���ã/�g�1±eü«ö�:

ö�1. ek��n�/�	Ü¡TÐ�ü^>, KíØdü>.

ö�2. eÃn�/�	Ü¡T�ü^>, �k�n�/�	Ü¡T��^>, KíØd

>.

Xd?1e�, �ª����n�/ (d� v − e+ f = 2 ).

±þz�Ú½ÑØUC v − e+ f��, ��Ð�õ¡N÷v v − e+ f = 2.

5P1.2.

(1) k��àõ¡N�÷v v − e+ f = 2.

(2) ék
õ¡N, v − e+ f 6= 2.

(3) �²Ø´î��êÆVg.

(4) �²�ã/�>, ¡Ø´Ï~¿Âe�>Ú¡, �U�~Û­.

¯K1.3.

(1) v − e+ f����.dõ¡N�Û«5�û½?

(2) �²�î�½Â´�o?

(3) Û­�>Ú¡�î�½Â´�o?
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2 ÿÀ�mÚëYN� ��ÿÀ9ÙA^

ÿÀÆò�Ñù
¯K�£�. ·�ò½Â�a¡�ÿÀ�m�êÆé�, õ¡N

�´�~AÏ�ÿÀ�m. �*þ, ÿÀ�m�±?1QØe», �Øò?Ûü:ÊÜ

��åëY/C. *d�±ëY/C�é���m¡�´Ó��. �­��ãÚõ>/

Ò´©O����ãÚõ>/Ó���m. ¯¢þ, ��ü�õ¡N´Ó��, K§�

� v − e+ f´���.

SK1.

�P ´���õ¡N, e´P �>ê.

(1) eP �z�¡¹ p^>, z�º: u q�¡S, K 1
p

+ 1
q

= 1
2

+ 1
e
;

(2) �õ�k 5«�õ¡N (�o¡N, �8¡N, �l¡N, ���¡N, Ú���¡

N ) .

1 2Ù ÿÀ�mÚëYN�

�Ù¥, ·�ò�ÑÿÀ�m!ëYN�!Ú�mÓ��½ÂÚÄ�5�; ·��

¬�ÑÿÀ�ÄÚfÄ!ÿÀ�mf8�4�ÚSÜ!ÿÀ�o['X�½Â; ·�ò

ÏL�X�~f5n)ù
Vg. Ýþ�m´�a­��ÿÀ�m; ·�¬�Ñ§�½

ÂÚÄ�~f, ¿3Ýþ�m�/�ÑN�ëY5Ú8Ü4���x. ��, ·�0�Ä

åXÚ!£E:!D4:�½ÂÚ­��~f.

2.1 ÿÀ�m�½Â

�!¥, ·�ò�ÑÿÀ�m�½ÂÚÄ�~f. ,�, ·��ÑÝþ�m�½ÂÚ

Ä�~f, ¿y²Ýþ�m¥m8��N�¤��ÿÀ.

½Â2.1.

�X´�8Ü, T ´X���f8x. e T ÷v±en^:

(1) ∅, X ∈ T ,

2



��ÿÀ9ÙA^ 2.1 ÿÀ�m�½Â

(2) ?¿¿µ4: T ¥?¿���¿E3 T ¥,

(3) k��µ4: T ¥?¿k�����E3 T ¥,

K¡ T ´8ÜXþ���ÿÀ.

·�¡�k��ÿÀ T �8ÜX���ÿÀ�m, ¿òÙP� (X, T ).

5P2.2.

þã½Â¥�/k��µ40^��O��/ T ¥?¿ü����E3 T¥0.

~f2.1.

�X´�8Ü, T = {∅, X}. N´�y T ´��ÿÀ; ·�¡Ù�Xþ�²�ÿÀ.

~f2.2.

� T ´8ÜX��Nf8�¤�x. N´�y T ´��ÿÀ; ·�¡Ù�Xþ�lÑ

ÿÀ.

l~ 2.1Ú 2.2��, ��8Üþo´kÿÀ�.

~f2.3.

�X´�8Ü, T = {A : X \ A ´k��} ∪ {∅}. K T ´��ÿÀ; ·�¡Ù�Xþ�

{k�ÿÀ.

y².

(1) lT �½Â�� ∅, X ∈ T .

(2) ?�T �fxB. eB = {∅}, K∪B = ∅ ∈ T . ÄK, �3B0 ∈ B¦�X \ B0´k�

�. u´X \ ∪B = ∩B∈B(X \B) ⊂ X \B0�k�8, =∪B ∈ T . ¤±, Té?¿¿µ4.

(3) ?�A,B ∈ T . eA = ∅½B = ∅, KA ∩ B = ∅ ∈ T ; eX \ Ak��X \ B k�,

KX \ (A∩B) = (X \A)∪ (X \B)�k�8, =A∩B ∈ T . ù�, T ék��µ4.

e¡·�Ú\Ýþ�m�½Â. Ýþ�m�ÿÀ�mJø
g,
­��~f.
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2 ÿÀ�mÚëYN� ��ÿÀ9ÙA^

½Â2.3.

�X´�8Ü. eN� d : X ×X → R÷v±en^: é?¿�x, y, z ∈ X,

(1) �K5: d(x, y) ≥ 0, ¿� d(x, y) = 0��=�x = y,

(2) é¡5: d(x, y) = d(y, x),

(3) n�Ø�ª: d(x, y) + d(y, z) ≥ d(x, z),

K¡ d´8ÜXþ���Ýþ.

·�¡�kÝþ d�8ÜX���Ýþ�m, ¿òÙP� (X, d).

~f2.4.

�Rn�n-��5�m (n ≥ 1). éx = (xi), y = (yi) ∈ Rn, ½Â

d(x, y) = (
n∑
i=1

(xi − yi)2)1/2.

K d´Rnþ���Ýþ; ·�¡Ù�Rnþ�î¼Ýþ.

·�¡�kîªÝþ��5�mRn�n-�î¼�m, ¿òÙP�En.

~f2.5.

�X´�8Ü. K

d(x, y) =

 1, x 6= y,

0, x = y,

½Â
Xþ��Ýþ; ·�¡Ù�Xþ�lÑÝþ.

� (X, d)��Ýþ�m. éx ∈ X9 r > 0, ·�^Bd(x, r)L«±x�¥%, r��

»�m¥; =Bd(x, r) = {y ∈ X : d(x, y) < r}. ØÚå· �cJe, ²~rBd(x, r){

P�B(x, r).

½Â2.4.

� (X, d)�Ýþ�m, U ⊂ X. XJéz�x ∈ U , Ñ�3 ε > 0, ¦�B(x, ε) ⊂ U , K

¡U´X�m8.
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��ÿÀ9ÙA^ 2.1 ÿÀ�m�½Â

SK2.

� (X, d)�Ýþ�m, x ∈ X, r > 0. y²: m¥B(x, r)´m8.

SK3.

� a, b, c, d ∈ R. y²: (a, b)× (c, d)´E2�m8.

·K2.5.

� (X, d)�Ýþ�m, T ´Xþ�m8�N. K T �X þ���ÿÀ.

y².

w, ∅, X ∈ T . ?¿�½U, V ∈ T 9x ∈ U ∩ V ; K�3 r1, r2 > 0, ¦�B(x, r1) ⊂ U

�B(x, r2) ⊂ V . - r = min{r1, r2}; KB(x, r) ⊂ U ∩ V . ù%¹T ék��µ4. �

yT é?¿¿µ4, �U ⊂ T . ex ∈ ∪ U , Ké,�U ∈ U , kx ∈ U . u´, �3 r > 0,

¦�B(x, r) ⊂ U ⊂ ∪ U .

5P2.6.

·K 2.5L²Ýþ�m¥�m8�N�¤ÿÀ; ·�¡Ù�dÝþ d¤p��ÿÀ. 8

�, Ø�AO`², ·�o´3ù�¿ÂeÀ��Ýþ�m�ÿÀ�m.

SK4.

� d�Xþ�lÑÝþ. y²: d¤p��ÿÀ´lÑÿÀ.

5P2.7.

� (X, d)´Ýþ�m, Y ⊂ X. �ÄN� dY : Y ×Y → R, (x, y) 7→ d(x, y). w,, dY ´Y

þ�Ýþ, l
 (Y, dY )¤�Ýþ�m; ¡Ù� (X, d)�Ýþf�m. 8�, Ø�AO`

², ·�Ñ±ù«�ªò��Ýþ�m�f8À�Ýþ�m.

e¡½Âòm8VglÝþ�mÿÐ���ÿÀ�m.

½Â2.8.

� (X, T )�ÿÀ�m. ¡ T ¥���X�m8; ¡m8�Ö8�48.

5



2 ÿÀ�mÚëYN� ��ÿÀ9ÙA^

l½Â��, �8 ∅Ú��mXQ´m8q´48.

½Â2.9.

� (X, T )�ÿÀ�m, x ∈ X, A ⊂ X. XJ�3m8U¦�x ∈ U ⊂ A, K¡A´x�

��; eA��´m8, K¡A´x�m��.

e¡·K3�ä��8Ü´Ä�m8�²~^�.

·K2.10.

�Y ´ÿÀ�m (X, T )�f8. XJéz�x ∈ Y , Ñ�3x���A¦�x ∈ A ⊂ Y ,

KY ´X�m8.

y².

éz�x ∈ Y , dK¥^�Ú���½Â, �3m8Ux¦�x ∈ Ux ⊂ Y ; KY = ∪x∈XUx.

�âÿÀ�“?¿¿µ4”5�, ·��Y ´m8.

½Â2.11.

� (X, T )�ÿÀ�m, x ∈ X. e {x}´m8, K¡x´X��á:.

SK5. y²: ��ÿÀ�mX´lÑ���=�§´::�á�.

SK6. �X = [0.1] ∪ {2}´E1�Ýþf�m (�5P2.7 ). K [0, 1]´X�m8, 2´X

��á:.

2.2 ÿÀ�ÄÚfÄ

�!¥, ·�ò�ÑÿÀ�ÄÚfÄ�½Â. ,�·��Ñ8x)¤ÿÀ�½Â, ¿

�Ñ��8x�Ù)¤ÿÀ�ÿÀÄ�¿�^�.

½Â2.12.

� (X, T )�ÿÀ�m, B´ T ���fx. XJ T ¥z��Ñ´B¥��¿, K¡B

´ T ½X ���ÿÀÄ.

6



��ÿÀ9ÙA^ 2.2 ÿÀ�ÄÚfÄ

~f2.6.

� (X, d)´�Ýþ�m, T �Ýþ d¤p��ÿÀ. KB := {B(x, r) : x ∈ X, r > 0}´ T

���ÿÀÄ.

SK7.

� (X, d)´�Ýþ�m, c > 0. y²: 8x C := {B(x, r) : x ∈ X, 0 < r < c} ´ d¤p�

ÿÀ���ÿÀÄ.

SK8.

y²: 8x{(a, b)× (c, d) : a, b, c, d ∈ R}�¤E2���ÿÀÄ.

·K2.13.

�A�8ÜX���f8x, T ´Xþ�¹A�¤kÿÀ��. K T �Xþ��ÿÀ

(¡�dA)¤�ÿÀ).

�A�8ÜX���f8x. ��g,�¯K´Û�A´§¤)¤ÿÀ�ÿÀÄ ?

e¡·K�Ñ
T¯K���£�.

·K2.14.

�A�8ÜX���f8x. eA÷v±eü^:

(1) v
2: é?¿x ∈ X, Ñ�3U ∈ A¦�x ∈ U ,

(2) v
[: é?¿U, V ∈ A9x ∈ U ∩ V , Ñ�3W ∈ A¦�x ∈ W ⊂ U ∩ V ,

KA´§¤)¤ÿÀ�ÿÀÄ.

y².

�T = {T : T´A¥,
��¿}. KT 7¹uA¤)¤�ÿÀ�¥. e¡��yT ´

��ÿÀ, KT 7´A¤)¤�ÿÀ, l
A´Ù¤)¤ÿÀ�ÿÀÄ. w,, ∅ ∈ T ; d

^� (1)�X ∈ T . �T, S ∈ T , K�3A�fxPÚQ, ¦�T = ∪P�S = ∪Q. ù�,

T ∩ S = ∪U∈P,V ∈Q(U ∩ V ); d^� (2)�, U ∩ V E´A¥��¿, l
T ∩ S´A¥�

�¿. ¤±, T ÷vk��µ4�5�. lT ½Âá�Ù÷v?¿¿µ4�5�.

7



2 ÿÀ�mÚëYN� ��ÿÀ9ÙA^

½Â2.15.

� (X, T )�ÿÀ�m, S ⊂ T . XJS¥��k���N�¤ T �ÿÀÄ, K¡S � T

�ÿÀfÄ.

~f2.7.

� T �E1�îªÝþ¤p��ÿÀ, S = {(−∞, a) : a ∈ R} ∪ {(b,+∞) : b ∈ R}. KS

´ T �ÿÀfÄ.

~f2.8.

� T ´8ÜXþ�{k�ÿÀ. K8xB := {X \ {x} : x ∈ X}´ T ���ÿÀfÄ.

SK9.

y²: 8x {(−∞, a) × R : a ∈ R} ∪ {(b,+∞) × R : b ∈ R} ∪ {R × (−∞, c) : c ∈

R} ∪ {R× (d,+∞) : d ∈ R}�¤E2���ÿÀfÄ.

2.3 ÿÀ�o['�

�!¥, ·�ò�Ñü�ÿÀ�mo['X�½Â, ¿^ÿÀo['X�Ñ8x)

¤ÿÀ��x.

½Â2.16.

� T1Ú T2´8ÜX þü�ÿÀ. XJ T1 ⊂ T2, K¡ T1' T2 o (½ T2' T1[ ); P

� T1 ≺ T2.

~f2.9.

8ÜXþ�²�ÿÀ'Ùþ�?ÛÿÀÑo, 
Xþ�lÑÿÀ'Ùþ�?ÛÿÀÑ

[.

e¡~fL²��8Üþ�ü�ÿÀ¿�o�±'�o[.

8



��ÿÀ9ÙA^ 2.4 4�!SÜ!Ú>.

~f2.10.

�8ÜX = {a, b, c}, T1 = {∅, {a}, {a, b}, X}, T2 = {∅, {b}, {a, b}, {b, c}, X}. K T1Ú T2

´8ÜXþü�ÿÀ�ØU'�o[.

~f2.11.

�A´8ÜX���f8x. KdA)¤�ÿÀ´¤k�¹A�ÿÀp�o�ÿÀ.

·K2.17.

� T1Ú T2´8ÜXþü�ÿÀ, B1ÚB2©O´§��ÿÀÄ. XJé?¿U ∈ B1 9

?¿x ∈ U , Ñ�3V ∈ B2¦�x ∈ V ⊂ U , K T1 ≺ T2.

y². �W ∈ T1 9x ∈ W . �Ux ∈ B1, ¦�x ∈ Ux ⊂ W . u´, �3Vx ∈ B2 ¦

�x ∈ Vx ⊂ Ux. ù�, W = ∪x∈UVx ∈ T2. ¤±, T1 ⊂ T2, =T1 ≺ T2.

2.4 4�!SÜ!Ú>.

�!¥, ·�ò�ÑÿÀ�m¥f8�4�!SÜ!Ú>.�½Â. ·��ò^S

�Âñ�Vg�ÑÝþ�m¥f84���x.

·K2.18.

� (X, T )´ÿÀ�m, F´X�48�N. KF¥��÷v±en^:

(1) ∅, X ∈ F ,

(2) ?¿�µ4: F¥?¿����E3F¥,

(3) k�¿µ4: F¥?¿k����¿E3F¥.

½Â2.19.

�A´ÿÀ�mX�f8. ·�ò�¹A�¤k48��¡�A�4�, ¿PÙ�A

½Cl(A).

d·K 2.18(2)Ú4��½Â��, A´38Ü�¹'Xe�¹A���48; AO

/, 48�4�´gC.

9



2 ÿÀ�mÚëYN� ��ÿÀ9ÙA^

·K2.20.

� (X, T )´ÿÀ�m, A ⊂ X, x ∈ X. Kx ∈ A��=�x�z�m���A����.

y².

(=⇒) b��3x�m��U , ¦�U ∩ A = ∅. KA ⊂ X \ U�x /∈ X \ U . 
X \ U´

48; ù�x ∈ A�gñ.

(⇐=) b�x /∈ A. K�348B ⊃ A¦�x /∈ B. ù�, x¹um8X \ B. 
X \ B

�A��8; ù��gñ.

~f2.12.

(1) �X = R, A = (0, 1). KA = [0, 1].

(2) �X = (0,+∞), A = (0, 1). KA = (0, 1].

~f2.13.

�X = R2, A = {(x, y) : y = sin 1
x
, 0 < x ≤ 1}. KA = A ∪ {(0, y) : −1 ≤ y ≤ 1}.

½Â2.21.

�X´��8Ü. ·�¡��N�φ : Z+ → X,n 7→ xn, �X¥���:�, ¿òÙP

� (xn)∞n=1, ½{P� (xn).

½Â2.22.

� (xn) ´Ýþ�m (X, d) ¥�:�, z ∈ X. XJé?¿ ε > 0, �3N > 0, ¦

��n > N �, k d(xn, z) < ε, K¡:�(xn) Âñ� z, ½ z ´ (xn) �4�:; P

� limxn = z½xn → z.

5P2.23.

{'å�, ·�²~r“�3N > 0, ¦��n > N �, ...” {ã�“�n¿©��, ...”;

½“é¿©��n, ...”.

·K2.24.

� (X, d)´Ýþ�m, A ⊂ X, x ∈ X. Kx ∈ A��=�x ´A¥,�:��4�:.
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��ÿÀ9ÙA^ 2.4 4�!SÜ!Ú>.

y².

(=⇒) �x ∈ A; Kéz���ên, kB(x, 1
n
) ∩ A 6= ∅; �xn ∈ B(x, 1

n
) ∩ A. ´�,

xn → x.

(⇐=)� (xn)´A¥:��xn → x. �U´x�m��;K�3 r > 0,¦�B(x, r) ⊂ U .

u´, �n¿©��, kxn ∈ B(x, r) ⊂ U ; AO/, A∩U 6= ∅. d·K 2.20, �x ∈ A.

SK10.

�k´��ê. y²:

(1) ∪ki=1Ai = ∪ki=1Ai.

(2) ∪∞i=1Ai ⊃ ∪∞i=1Ai. Þ~`²T�¹'X�±´ý�.

(3) ∩ki=1Ai ⊂ ∩ki=1Ai. Þ~`²T�¹'X�±´ý�.

½Â2.25.

eA´ÿÀ�m (X, T )�f8�A = X, K¡A3X¥È�.

~f2.14.

knê8Q3¢ê8R¥È�.

~f2.15.

� T ´8ÜXþ�{k�ÿÀ, A ⊂ X. eA´Ã�8, KA3X¥È�.

½Â2.26.

�A´ÿÀ�m (X, T )�f8. ¡8Ü {x ∈ A : ∃ U s.t. x ∈ U ⊂ A}�A�SÜ, ¿ò

ÙP�
◦
A½ Int(A).

l½Â��, 8ÜA�SÜ´¹uA�8Ü�¹'Xe���m8.

~f2.16.

(1) �X = R, A = [0, 1]. K
◦
A= (0, 1).

(2) �X = [0,+∞), A = [0, 1]. K
◦
A= [0, 1).

11



2 ÿÀ�mÚëYN� ��ÿÀ9ÙA^

·K2.27.

X\
◦
A= X \ A.

½Â2.28.

�A´ÿÀ�mX�f8. ¡8ÜA ∩X \ A �A3X¥�>.; P� ∂X(A).

·K2.29.

�A´ÿÀ�mX�f8. K

(1) ∂X(A)´dQØ3A�SÜ, �Ø3X \ A�SÜ�:�¤;

(2) eA´m8, K ∂X(A) = A \ A;

(3) eA´48, K ∂X(A) = A\
◦
A.

~f2.17.

�X = E2, d´Ùþ�î¼Ýþ, A = B(0, 1). K ∂X(A) = {x ∈ X : d(x, 0) = 1}.

~f2.18.

� (X, T )´lÑÿÀ�m, A ⊂ X. K ∂X(A) = ∅.

~f2.19.

�X = E1, A = Q. K ∂X(A) = X.

2.5 ëYN�ÚÓ�

�!¥, ·�k�ÑN�ëY5�½Â¿�ÑëY5��
�d�x. Ó�, ·�

^ε-δ �óÚS�Âñ�Vg�Ñ
Ýþ�m�mN�ëY5��x. ,�, ·��ÑÓ

�N�Ú�mÓ��½Â, ¿y²�mÓ�'X��d5.

½Â2.30.

� f : X → Y ´ÿÀ�mX�ÿÀ�mY �N�. XJéY ¥z�m8V , f−1(V )Ñ

´X¥m8, K¡ f´ëY�.
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·K2.31.

� f : X → Y ´ÿÀ�mX�ÿÀ�mY �N�, B´Y �ÿÀÄ½ÿÀfÄ. XJé

z�V ∈ B, f−1(V ) Ñ´X¥m8, K f´ëY�.

y².

(1) �B´Y �ÿÀÄ. ?�X �m8U . � C ⊂ B÷vU = ∪ C. ù�, f−1(U) =

f−1(∪V ∈CV ) = ∪V ∈Cf−1(V )´X �m8. ¤±, f´ëY�.

(2) �B´Y �ÿÀfÄ, F´B�?�k�fx. Kf−1(∩F) = ∩V ∈Ff−1(V )´X�m

8. ÏB ¥��¤kk���¤Y �ÿÀÄ, d (1)� f´ëY�.

·K2.32.

� f : X → Y ´ÿÀ�mX�ÿÀ�mY �N�. Ke�^��d:

(1) fëY;

(2) éX�?�f8A, f(A) ⊂ f(A);

(3) éY �?�48B, f−1(B)´X�48.

y².

(1) =⇒ (2). �x ∈ A, V ´ f(x) �?�m��. K f−1(V ) �x �m��. u´,

f−1(V ) ∩ A 6= ∅. � a ∈ f−1(V ) ∩ A; K f(a) ∈ V ∩ f(A) 6= ∅. dV �?¿5�,

f(x) ∈ f(A). ù�, f(A) ⊂ f(A).

(2) =⇒ (3). d f(f−1(B)) ⊂ f(f−1(B)) = B = B, � f−1(B) ⊂ f−1(B). q f−1(B) ⊂

f−1(B), � f−1(B) = f−1(B). Ïd, f−1(B)´48.

(3) =⇒ (1). �V ´Y �m8; KY \ V ´48. u´, X \ f−1(V ) = f−1(Y \ V )´X�

48. ¤±, f−1(V )´X�m8. ù�, fëY.

½Â2.33.

� f : X → Y ´ÿÀ�mX�ÿÀ�mY �N�, x ∈ X. XJé f(x)�z�m��V ,

�3x�m��U , ¦� f(U) ⊂ V , K¡ f3: x?ëY.
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2 ÿÀ�mÚëYN� ��ÿÀ9ÙA^

·K2.34.

� f : X → Y ´ÿÀ�mX �ÿÀ�mY �N�. K f ´ëY���=�éz

�x ∈ X, f3x?´ëY�.

y².

(=⇒) ?� f(x)�m��V . Ï f ëY, ¤± f−1(V )´x�m��. -U = f−1(V );

K f(U) = V .

(⇐=) �V ´Y �m8. ?�x ∈ f−1(V ); K f(x) ∈ V . u´, �3x�m��U , ¦

� f(U) ⊂ V ; =U ⊂ f−1(V ). ù�, f−1(V )´X�m8. ¤±, fëY.

·K2.35.

� (X, d)Ú (Y, ρ)�Ýþ�m, f : X → Y ���N�, x ∈ X. Ke¡^��d:

(1) f3:x?ëY;

(2) é?¿ ε > 0, �3 δ > 0, ¦�� d(x, y) < δ�, k ρ(f(x), f(y)) < ε;

(3) é?¿Âñ�x�S� (xn), Ñk (f(xn))Âñ� f(x).

y².

(1) =⇒ (2). ?� ε > 0. �V = B(f(x), ε); K�3x�m��U ¦� f(U) ⊂ V .

� δ > 0¦�B(x, δ) ⊂ U . ù�, éz� y ∈ B(x, δ), k f(y) ∈ B(f(x), ε).

(2) =⇒ (3). ?� ε > 0. � δ > 0÷v f(B(x, δ)) ⊂ B(f(x), ε). K�3N > 0, �n > N

�, xn ∈ B(x, δ). u´, f(xn) ∈ B(f(x), ε) (∀n > N). ù�, f(xn)→ f(x).

(3) =⇒ (1). b� f 3x?ØëY; K�3 f(x)�m��V , ¦�éz�x�m��U ,

k f(U) * V ; AO/, éz���ên, �3xn ∈ B(x, 1
n
)÷v f(xn) /∈ V . ù�, xn → x

� f(xn) 9 f(x). gñ.

~f2.20.

Ð�¼ê3k½Â�:?Ñ´ëY�.

~f2.21.

�A´n× n¢XêÝ
. KN� f : En → En, v 7→ Av, ´ëY�.
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~f2.22.

� (X, d)´Ýþ�m, x ∈ X. K¼ê dx : X → R, y 7→ d(x, y), ´ëY�.

y².

�:� (yn)Âñ� y. dn�Ø�ª, ·�k |dx(y) − dx(yn)| = |d(x, y) − d(x, yn)| ≤

d(y, yn). ù%¹dx(yn)→ dx(y). d·K 2.35� dx´ëY�.

~f2.23.

ÿÀ�mXþ�ðÓN� IdX : X → X, x 7→ x, ´ëY�.

·K2.36.

e f : X → Y 9 g : Y → Z´ëYN�, K g ◦ f : X → Z´ëY�.

y².

?�Z�m8W . Ï gëY, � g−1(W )´Y ¥m8; q fëY, � f−1(g−1(W ))´X�

m8. ¤±, (g ◦ f)−1(W ) = f−1(g−1(W ))´X�m8; = g ◦ f´ëY�.

éÿÀ�mXÚY , ·�^C(X, Y )L«lX�Y �ëYN��N.

íØ2.37.

C(X,X)3N�EÜe�¤��¹N�+.

½Â2.38.

XJ f : X → Y ´���ëYN�, ¿� f−1�ëY, K¡ f´Ó�. XJ�3lX�Y

�Ó�, K¡ÿÀ�mXÚY ´Ó��, ¿P�X ∼= Y .

� S1 := {e2πit : t ∈ R}�E²¡Sü �±.

~f2.24.

�α ∈ R. KN� Rα : S1 → S1, e2πit 7→ e2πi(t+α), ´Ó�; ·�¡Ù��±þ�f5^

=.
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~f2.25.

eA´n× n¢Xê�_Ý
, KT : En → En, v 7→ Av, ´Ó�.

~f2.26.

� a, b ∈ R� a < b. K (a, b) ∼= R.

~f2.27.

�D = {(x, y) : x2 + y2 ≤ 1}´²¡S�4��, K = {(x, y) : |x| ≤ 1, |y| ≤ 1} ´²¡

S���/. KD ∼= K.

~f2.28.

N� f : [0, 1)→ S1, x 7→ e2πix, ´ëYV��Ø´Ó�.

·K2.39.

(1) e IdX : X → X�ðÓN�, K IdX�Ó�.

(2) e f : X → X�Ó�, K f−1 : X → X�Ó�.

(3) e f : X → Y 9 g : Y → Z�Ó�, K g ◦ f : X → Z�Ó�.

éÿÀ�mX, ·�^Homeo(X)L«lX�gC�Ó���N.

íØ2.40.

Homeo(X)3N�EÜe�¤��+.

e¡·K´·K 2.39���íØ.

·K2.41.

�X, Y, Z´ÿÀ�m. K

(1) X ∼= X £g�5¤;

(2) eX ∼= Y , KY ∼= X £é¡5¤;

(3) eX ∼= Y �Y ∼= Z, KX ∼= Z £D45¤.
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��ÿÀ9ÙA^ 2.5 ëYN�ÚÓ�

5P2.42.

·K 2.41,�«`{´: Ó�'X´ÿÀ�maþ��d'X. �d'X��[½Âò

31 2Ù�Ñ.

½Â2.43.

� f : X → Y ´�N�. e fòm8N�m8, K¡ f´mN�; e fò48N�48,

K¡ f´4N�.

w,, Ó�Q´mN�, �´4N�.

·K2.44.

� f : X → Y ´ëY���N�. XJ f´mN�½4N�, K f�Ó�.

y².

·��é f´mN��/y², 4N��/aq�y. ?�X�m8U . Ï f´mN�,

� (f−1)−1(U) = f(U)´m8. ù� f−1ëY. ¤± f´Ó�.

~f2.29.

N� f : S1 → S1, z 7→ z2, ´ëY�mN�; ·�¡Ù��±�g�� 2-­CXN�.

~f2.30.

N�

f(x) =

 2x, 0 ≤ x ≤ 1/2,

2− 2x, 1/2 ≤ x ≤ 1,

´ [0, 1]�g��ëYmN�; ·�¡Ù� [0, 1]þ�á(N�.

SK11.

y²: ~ 2.28¥� fQØ´mN�, �Ø´4N�.
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2 ÿÀ�mÚëYN� ��ÿÀ9ÙA^

2.6 £E:ÚD4:∗

�!¥, ·�òk�ÑÄåXÚ�½Â. ,�, ·��Ñ±Ï:!£E:!:D4

5!Ú4�5�½Â, ¿éÏL�
Ä��~fn)ù
Vg.

½Â2.45.

�S´���+. ·�¡���+Ó�φ : S → C(X,X)�S3Xþ���ëY�^;

P�(X,S, φ).

½Â2.46.

éu f ∈ C(X,X), ·�5½: f 0 = IdX ; é��ên, ^ fnL«n� f �EÜ. KN

�φ : N→ C(X,X), n 7→ fn, ½Â
�K�ê�+N3Xþ���ëY�^; ·�¡T

�^���ÄåXÚ£½{¡�XÚ¤, ¿P� (X, f); ¡X ´TXÚ���m.

½Â2.47.

� (X, f)´ÄåXÚ, x ∈ X. ¡8ÜO(x, f) := {fn(x) : n ∈ N} �:x�;�.

ÄåXÚ´y¢­.¥,
“��müzXÚ”êÆ�.�?�ÚÄ�, ÙnØÌ�

ïÄ;�3��m¥�©ÙG�. ;��£E5ÚD45´��'%�ü«5�, §�

£±�´XÚ¥,«G���müz
Øä“Ì� E”½“��{²”�y�))ùéu

·�n)ÚÝ�­.w,´4�­��.

½Â2.48.

� (X, f)´ÄåXÚ, x ∈ X. e�3��ên¦� fn(x) = x, K¡x�±Ï:; �

��ù����ên¡�x�±Ï, ù�x �¡�n±Ï:. ex´±Ï� 1�:,

= f(x) = x, K¡x´ØÄ:.

SK12.

(1) ex´XÚ (X, f)�n-±Ï:, KO(x, f)T¹n�:. �Þ~`²_·KØ¤á.

(2) � f : X → X´÷�. eX´k�8, KX¥z�:Ñ´±Ï:.

18



��ÿÀ9ÙA^ 2.6 £E:ÚD4:∗

·K2.49.

�x´ÄåXÚ (X, f)�n±Ï:. e fm(x) = x, Kn|m.

½Â2.50.

� (X, f)´ÄåXÚ, x ∈ X. eéx�?���U , Ñ�3��ên, ¦� fn(x) ∈ U ,

K¡x´£E:.

·K2.51.

±Ï:´£E:.

·K2.52.

� (X, f)´ÄåXÚ, Ù¥X ´Ýþ�m. Kx´£E���=��3��êS

�n1 < n2 < . . .¦� fni(x)→ x.

SK13.

~2.24¥, eα´knê, Kz�:Ñ´±Ï��¤k:äk�Ó�±Ï.

SK14.

~ 2.29¥, (S1, f)�±Ï:8È�.

SK15.

~ 2.30¥, ([0, 1], f)�±Ï:8È�.

SK16.

~ 2.24¥, eα´Ãnê, Kz�:Ñ´�±Ï�£E:.

SK17.

�Þ��vk£E:�ÄåXÚ�~f.

½Â2.53.

� (X, f)´�ÄåXÚ. XJ�3:x ∈ X¦�;�O(x, f)3X ¥È�, K¡x´ÿ

ÀD4: (½{¡�D4:), ¡XÚ (X, f)´:D4�.
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2 ÿÀ�mÚëYN� ��ÿÀ9ÙA^

SK18.

~ 2.29Ú 2.30¥�XÚ´:D4�.

·K2.54.

� (X, f)´ÄåXÚ, x ∈ X. XJX´Ýþ�m�x´��á�D4:, Kx´£E�.

SK19.

�Þ~`²·K 2.54¥“��á”ù�^�´7��.

½Â2.55.

� (X, f)´ÿÀÄåXÚ. XJX¥z�:Ñ´D4:, K¡ (X, f)´4��.

SK20.

~ 2.24¥, eα´Ãnê, K (S1, Rα)´4��.
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111 3ÙÙÙ lll®®®kkk���mmm���EEE###���mmm

�Ù¥, ·�ò�Ñf�m!¦È�m!Úû�m�½Â, ¿ÏL�§�����


g,N��N�5�5�xù
�m�ÿÀ. �A/, éuÄåXÚ, ·��¬�Ñf

XÚ!¦ÈXÚ!ÚÏfXÚ�½Â, ¿ÏLäN�~f5n)ù
Vg. ·��¬�

ÑÿÀ�m�Ýþz�½Â, ¿?Ø��Ýþ�m¦È�Ýþz¯K.

3.1 f�m

�!¥, ·�ò�Ñf�m�½Â, ¿ÏL¹\N��N�5��xf�mÿÀ. ,

�, ·��Ñf�m�48Ú8Ü4���x. ��, ·��Ñi\�½Â, ¿3Ýþ�

m�/ÏLS�Âñ�Ñi\��x.

·K3.1.

� (X, T )´�ÿÀ�m, Y ⊂ X, TY = {Y ∩ U : U ∈ T }. K TY ´Y þ��ÿÀ.

y².

·��yÿÀ�n^ún.

(1) ∅ = Y ∩ ∅ ∈ TY ; Y = Y ∩X ∈ TY .

(2) ?�B ⊂ TY . éz�U ∈ B, � Ũ ∈ T ÷vU = Y ∩ Ũ . K∪U∈BU = ∪U∈B(Y ∩ Ũ)

= Y ∩ (∪U∈BŨ) ∈ TY .

(3)?�U, V ∈ TY . � Ũ , Ṽ ∈ T ÷vU = Y ∩ Ũ , V = Y ∩ Ṽ . KU ∩V = (Y ∩ Ũ)∩ (Y ∩

Ṽ ) = Y ∩ (Ũ ∩ Ṽ ) ∈ TY .

½Â3.2.

·�¡·K 3.1¥� TY �Y �f�mÿÀ, ¡ (Y, TY )� (X, T )�f�m.

·K3.3.

A´ (Y, TY )�4f8��=��3X�48 Ã¦�A = Ã ∩ Y .
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3 l®k�m�E#�m ��ÿÀ9ÙA^

y².

5¿ù���¯¢µeB ⊂ X, KY \ (Y ∩ B) = (X \ B) ∩ Y . ,���U½Â�y=

�.

éuA ⊂ Y , ·�^ClY (A)L«A3 (Y, TY )¥�4�, E^AL«A3 (X, T )¥

�4�.

·K3.4.

ClY (A) = A ∩ Y .

y².

d·K 3.3, �A ∩ Y ´Y �4f8. ù%¹ClY (A) ⊂ A ∩ Y . �x ∈ A ∩ Y . éx3Y

¥�?�m��V , �U ´X �m8�÷vV = U ∩ Y . KV ∩ A = U ∩ A 6= ∅. ¤

±x ∈ ClY (A). ù�, ·���ClY (A) ⊃ A ∩ Y .

~f3.1.

�X = R, Y = (0,+∞), A = (0, 1). KA = [0, 1],ClY (A) = (0, 1].

SK21.

y²: eB� T �ÿÀÄ, K {Y ∩ U : U ∈ B} � TY �ÿÀÄ.

·K3.5.

�Y ´Ýþ�m (X, d)�f8, dY ´ d3Y þ���Ýþ; KY �f�mÿÀ� dY ¤

p�ÿÀ´���.

y².

�âSK 21, 8xB := {Y ∩ Bd(x, r) : x ∈ X, r > 0}´Y �f�mÿÀ���ÿÀ

Ä. 
Y þd dY ¤p�ÿÀ���ÿÀÄ� C := {BdY (y, r) : y ∈ Y, r > 0}. 5¿

�BdY (y, r) = Y ∩Bd(y, r),� dY ¤p�ÿÀ'f�mÿÀo. ��,e y ∈ Y ∩Bd(x, r),

K�3 s > 0¦�Bd(y, s) ⊂ Bd(x, r). ù�, BdY (y, s) ⊂ Y ∩ Bd(y, s) ⊂ Y ∩ Bd(x, r). ¤

±, dY ¤p�ÿÀ'f�mÿÀ[. ùB�¤
y².
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��ÿÀ9ÙA^ 3.1 f�m

~f3.2.

òR�ÓuR2�¢¶, KRþî¼Ýþ¤p��ÿÀ�R��R2�f8¤�f�mÿ

À´���.

·K3.6.

�Y ´ÿÀ�m (X, T )�f8, ı : Y → X, x 7→ x�¹\N�. K TY ´¦ ıëY�Y þ

�o�ÿÀ.

y².

�U ∈ T ; K ı−1(U) = U ∩ Y ∈ TY . ¤± ı ëY. �A´Y þ¦� ı�ëY�?�ÿÀ;

Kéz�U ∈ T , k U ∩ Y = ı−1(U) ∈ A. ¤±TY ≺ A.

SK22.

e f : X → Y ëY�Z ⊂ X, K'uf�mÿÀ, N� f̃ : Z → f(Z), x 7→ f(x), �´ë

Y�.

½Â3.7.

� f : X → Y ´ëYü�. XJ'u f(X)�f�mÿÀ, N� f̃ : X → f(X), x 7→ f(x),

´Ó�, K¡ f´i\.

·K3.8.

e (Y, TY )´ (X, T )�f�m, K¹\N� ı : Y → X ´i\.

y².

d·K 3.6� ı´ëYü�. 2dSK 22�, ı̃ : Y → Y, y 7→ y, �´ëYü�. ��2y ı̃

´mN�. �d, �U´Y �mf8; K ı̃(U) = UE�Y �m8. ¤±, ı̃´Ó�.

·K3.9.

�X, Y ´Ýþ�m, f : X → Y ´ëYü�; K f´i\��=�éz� z ∈ f(X)9Â

ñ� z� f(X)¥:� (yn), ¤á (f−1(yn))Âñ� f−1(z).
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3 l®k�m�E#�m ��ÿÀ9ÙA^

y².

dSK 22� f̃ : X → f(X), x 7→ f(x)´ëYü�. ¤±��y f̃−1ëY��=�é

z� z ∈ f(X) 9Âñ� z�f(X)¥:� (yn), ¤á (f−1(yn))Âñ� f−1(z). 
ù´·

K 3.5Ú·K 2.35���íØ.

~f3.3.

� f : (−1, 1)→ R2, x 7→ (x, x
1−x2 ). K f´��i\.

~f3.4. � f : [0, 1)→ R2, x 7→ (cos(2πx), sin(2πx)). K f´ëYü�
�i\.

3.2 fXÚ∗

�!¥, ·�ò�ÑfXÚ�½Â, ¿ÏLfXÚ�x4�5.

½Â3.10.

� (X, f)´�ÄåXÚ, Y ´X�4f8. e f(Y ) ⊂ Y , KdSK 22� f |Y : Y → Y ´

ëY�. ·�¡ (Y, f |Y )� (X, f)�fXÚ; e?�Ú∅ 6= Y ( X, K¡(Y, f |Y )� (X, f)

�ýfXÚ

~f3.5.

� p� (X, f)�±Ï:, Y = O(p, f); K (Y, f |Y )´ (X, f)�fXÚ.

~f3.6.

� (X, f)��ÄåXÚ, x ∈ X, Y = O(x, f); K (Y, f |Y )´ (X, f)�fXÚ.

·K3.11.

ÄåXÚ (X, f)´4����=�§Ø¹ýfXÚ.

3.3 ¦È�m

�!¥, ·��Ñ¦È�mÚÝK�½Â, ¿ÏLÝK�N�5��x¦ÈÿÀ. ,
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�, ·��ÑÿÀ�m�Ýþz±9Ýþ�d�½Â, ¿?ØÝþ�m¦È�m�Ýþ

z¯K.

½Â3.12.

�A����I8Ü. éz� a ∈ A, �Xa ���8Ü. ¡N��8Ü {x : A →

∪a∈AXa | x(a) ∈ Xa}�8x {Xa}a∈A �¦È; P�Πa∈AXa. � b ∈ A; ¡N� pb :

Πa∈AXa → Xb, x 7→ x(b), �Πa∈AXa�©þXb�ÝK.

PÒ`²:

(1) é¦È�mΠa∈AXa¥���x9 a ∈ A, Pxa = x(a); ù�x�P� (xa)a∈A, ½{

P� (xa).

(2) eéz� a ∈ AkXa = X, KΠa∈AXa�P�XA; eA = {1, ..., n}, KXA�P

�Xn.

(3) eA = [m,+∞), ·��rΠi∈AXiP�Π∞i=mXi, ½Xm ×Xm+1 × · · · .

(4) eA = {1, ..., n}, K�òΠa∈AXaP�Πn
i=1Xi, ½X1 ×X2 × · · · ×Xn.

½Â3.13.

�A���I8. éz� a ∈ A, � (Xa, Ta)��ÿÀ�m. �B = {Πa∈AUa : Ua ∈

Ta,�Øk�� a	Ua = Xa}. ¡dB)¤�ÿÀ�8ÜΠa∈AXaþ�¦ÈÿÀ; ¡�k

¦ÈÿÀ�8ÜΠa∈AXa�¦È�m.

·K3.14.

½Â 3.13 ¥�8xB ´Πa∈AXa þ¦ÈÿÀ�ÿÀÄ; 8xS := {Πa∈AUa : Ua ∈

Ta�Ø�� a	Ua = Xa}´B´Πa∈AXaþ¦ÈÿÀ�ÿÀfÄ.

y².

ÏΠa∈AXa ∈ B, ¤±B´v
2�. eyB´v
[�. ?�V,W ∈ B. K�3k

�8FV , FW ⊂ A÷vV = Πa∈AVa9W = Πa∈AWa, Ù¥Va,Wa ∈ Ta�Va = Xa(∀a /∈

FV ), Wa = Xa(∀a /∈ FW ). e (xa) ∈ V ∩W , Kéz� a ∈ FV ∪ FW , �3Ua ∈ Ta¦

25



3 l®k�m�E#�m ��ÿÀ9ÙA^

�xa ∈ Ua ⊂ Va ∩Wa. ù�, (xa) ∈ Πa∈Fv∪FW
Ua × Πa/∈Fv∪FW

Xa ⊂ V ∩W . d·K 2.17

�B´¦ÈÿÀ�ÿÀÄ. d½Âá�S´¦ÈÿÀ�ÿÀfÄ.

·K3.15.

Πa∈AXaþ�¦ÈÿÀ´¦�z�ÝK pb(b ∈ A)�ëY��o�ÿÀ.

y².

?�U ∈ Tb. K p−1
b (U) = Ub × Πa6=bXa. d¦ÈÿÀ�½Â� p−1

b (U)´m8. ¤± pb

ëY. b�T ′´¦�z� pbÑëY�Πa∈AXaþ,�ÿÀ. Kéz� b ∈ A9U ∈ Tb,

p−1
b (U) ∈ T ′. 
dSK 3.14, {p−1

b (U) : b ∈ A,U ∈ Tb}�¤
Πa∈AXa þ¦ÈÿÀ�ÿÀ

fÄ. ù%¹Πa∈AXaþ�¦ÈÿÀ'T ′o.

SK23.

y²R2þî¼Ýþ¤p��ÿÀ�R2��ü�R¦È�¦ÈÿÀ´���.

y².

� d´R2þ�î¼Ýþ. K8xB := {Bd(x, r) : x ∈ R2, r > 0}�¤ d¤p��ÿÀ�

ÿÀÄ. dSK 3.14�8x C := {(a, b)× (c, d) : a < b, c < d}�¤R2þ¦ÈÿÀ�ÿÀ

Ä. d·K 2.17�üö¤)¤�ÿÀ´���.

½Â3.16.

� (X, T )´��ÿÀ�m. XJXþ�3��Ýþ d, ¦� d¤p��ÿÀ� T ��,

K¡ d´ÿÀ�m (X, T )þ����NÝþ, ¡ÿÀ�m (X, T )´�Ýþz�.

SK24.

(1) y²lÑÿÀ�m´�Ýþz�.

(2) �Þ��Ø�Ýþz�ÿÀ�m�~f.

·K3.17.

� (Xi, di), i = 1, ..., n, ´n�Ýþ�m. K ρ((xi), (yi)) := max{di(xi, yi) : i = 1, ..., n}½

Â
¦È�m
∏n

i=1 Xiþ����NÝþ.
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y².

N´�y ρ´
∏n

i=1Xiþ���Ýþ. ey�N5. ?�Xi�m8Ui, i = 1, · · · , n.

� (xi) ∈ Πn
i=1Ui. Kéz� i, �3 ri > 0¦�Bdi(xi, ri) ⊂ Ui. - r = min{r1, · · · , rn}.

KBρ((xi), r) ⊂ Πn
i=1Ui. ù� ρ )¤�ÿÀ'

∏n
i=1Xi þ�¦ÈÿÀ[. ��, ?

� (xi) ∈
∏n

i=1Xi9r > 0. d ρ�½Â, ·�kBρ((xi), r) = Πn
i=1Bdi(xi, r); ù´

∏n
i=1 Xi

�¦ÈÿÀe�m8. ù�
∏n

i=1Xi�¦ÈÿÀ' ρp��ÿÀ[. �N5�y.

SK25.

�½Â
∏n

i=1Xiþ�Ù§�NÝþ.

½Â3.18.

e d1Ú d2´8ÜXþ�Ýþ¿�p��Ó�ÿÀ, K¡ d1� d2´�d�.

Ún3.19.

� (X, d)´Ýþ�m. K d̃(x, y) := min{(d(x, y), 1)}½Â
Xþ���� d�d�Ýþ.

y².

N´�y d̃´��Ýþ. l½Â��, � 0 < r < 1�, Bd(x, r) = Bd̃(x, r). dSK 7 � d

Ú d̃�d.

·K3.20.

� (Xi)
∞
i=1´���Ýþz�m, Y =

∏∞
i=1 Xi. KY ´�Ýþz�.

y².

éz� i, � di´Xi����NÝþ. dÚn 3.19, éz� i, ·�Ø�b� di(x, y) ≤

1 (∀x, y ∈ Xi). N´�y ρ((xi), (yi)) :=
∑∞

i=1
1
2i
di(xi, yi)½Â
Y þ���Ýþ.

ey ρ �¦ÈÿÀ�N. ?���ên 9Xi �m8Ui, i = 1, · · · , n. � (xi) ∈

Πn
i=1Ui × Π∞i=n+1Xi. Kéz� i ∈ {1, · · · , n}, �3 ri > 0¦�Bdi(xi, ri) ⊂ Ui. -r =

min{r1, · · · , rn}. d ρ�½Â, ´�Bρ((xi),
r

2n
) ⊂ Πn

i=1Ui × Π∞i=n+1Xi. ù�, Y �¦Èÿ

À' ρ¤p��ÿÀo. ��, ?� (xi) ∈ Y 9 r > 0; K�3��êN¦�
∑∞

i=N+1
1
2i
<
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r
2
. é i ∈ {1, · · · , N}, � ri < r/N ; KΠN

i=1Bdi(xi, ri) × Π∞i=N+1Xi ⊂ Bρ((xi), r). ù�, Y

�¦ÈÿÀ' ρ¤p��ÿÀ[. ·�B�¤
y².

·K3.21.

N�φ : Y →
∏

a∈AXa´ëY���=�éz� a, pa ◦ φÑ´ëY�.

y².

(=⇒) Ïz� paÑ´ëY�, ¤±ÎÜN� pa ◦ φ´ëY�.

(⇐=) � a ∈ A, U �Xa¥m8. Kd pa ◦ φ�ëY5, kφ−1(p−1
a (U)) = (pa ◦ φ)−1(U)

�Y �m8. 
 {p−1
a (U) : a ∈ A,U ∈ Ta}�¤


∏
a∈AXa�ÿÀfÄ, ¤±φëY.

SK26.

y²: éz� j ∈ {1, ..., n}, ÝK pj :
∏n

i=1Xi → Xj´mN�. §´Ä�½´4N�?

3.4 ÎÒ�mÚ=£N�∗

�!¥, ·�ò�ÑÎÒS��mÚ=£N��½Â, ¿éùaXÚ�y±Ï:�

È�5Ú:D45.

½Â3.22.

�Äd k����¤�lÑ�m {1, ..., k}. ·�¡¦È�mΣ+
k := {1, ..., k}Z+� k�Î

Ò�ÎÒS��m, Ù¥���¡�ÎÒS�.

SK27.

y²: N� d : Σ+
k × Σ+

k → R, ((xi), (yi)) 7→
∑∞

i=1
|xi−yi|

2i
, ´Σ+

k þ���NÝþ.

y².

�·K 3.20�y².
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��ÿÀ9ÙA^ 3.4 ÎÒ�mÚ=£N�∗

SK28.

y²: ¼ê

d((xi), (yi)) =

 (min{i : xi 6= yi})−1, (xi) 6= (yi),

0, (xi) = (yi),

´Σ+
k þ���NÝþ.

y².

?���ên9 {1, · · · , k}�m8Ui (i = 1, · · · , n). � (xi) ∈ Πn
i=1Ui × Π∞i=n+1Xi, Ù

¥Xi = {1, · · · , k} (∀i ≥ n + 1). e (yi) ∈ Σ+
k ÷v d((xi), (yi)) <

1
n
, Kd d�½Â

kxi = yi (∀i ∈ {1, · · · , n}). ù�Bd((xi),
1
n
) ⊂ Πn

i=1Ui × Π∞i=n+1Xi. ¤± d¤p��Σ+
k

þ�ÿÀ'Ùþ�¦ÈÿÀ[.

��,?� (xi) ∈ Σ+
k 9 r > 0. ���ên÷v 1

n+1
< r. Kd d�½Â�Πn

i=1{xi}×

Π∞i=n+1Xi ⊂ Bd((xi), r), Ù¥Xi = {1, · · · , k} (∀i ≥ n+ 1). ù%¹ d¤p��Σ+
k þ�ÿ

À'Ùþ�¦ÈÿÀo.

½Â3.23.

·�¡d (σ(x))i = xi+1 (∀i ≥ 1)¤½Â�N�σ : Σ+
k → Σ+

k �ÎÒS��mΣ+
k þ�=

£N�.

SK29.

y²: =£N�σ : Σ+
k → Σ+

k ´ëY�. ù� (Σ+
k , σ)�¤��ÄåXÚ.

SK30.

y²: XÚ (Σ+
k , σ)´±Ï:È��.

SK31.

y²: (xi)´XÚ (Σ+
k , σ)�£E:��=�éz���ênÑ�3��ê� k1 < k2 <

k3 < · · · ¦�(x1, x2, · · · , xn) = (xki , xki+1, · · · , xki+n) (∀i ≥ 1).

SK32.

��EXÚ (Σ+
k , σ)¥���±Ï�£E:.
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SK33.

y²: XÚ (Σ+
k , σ)´:D4�.

3.5 ¦ÈXÚ∗

�!¥, ·�ò�Ñ¦ÈXÚÚf·Ü5�½Â, ¿u�A«XÚ�f·Ü5�.

½Â3.24.

� (X, f)Ú (Y, g)´ü�XÚ; KN� f × g : X × Y → X × Y, (x, y) 7→ (f(x), f(y)), ´

ëY�. ù�, (X × Y, f × g)�¤��ÄåXÚ, ¡� (X, f)Ú (Y, g)�¦ÈXÚ.

½Â3.25.

eXÚ (X, f)÷v (X ×X, f × f)´:D4�, K¡ (X, f)´f·Ü�.

·K3.26.

e (X, f)´f·�, K§´:D4�.

SK34.

y²: XÚ (Σ+
k , σ)´f·Ü�.

SK35.

y²: ~ 2.29¥, (S1, f)´f·�.

SK36.

y²: ~ 2.30¥, ([0, 1], f)´f·�.

SK37.

y²: ~ 2.24¥, (S1, Rα)Ø´f·�.

3.6 �d'X

�!¥, ·�ò�Ñ8Üþ�d'XÚ�da�½Â, ¿y²8Üþ�d'XÚ8

Ü�y©�m�éA'X.

30
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½Â3.27.

�X´��8Ü, R´X ×X���f8. XJe¡n^¤á, K¡R´Xþ���d

'X:

(1) g�5µé?¿x ∈ X, k (x, x) ∈ R;

(2) é¡5µe (x, y) ∈ R, K (y, x) ∈ R;

(3) D45µe (x, y) ∈ R� (y, z) ∈ R, K (x, z) ∈ R.

½Â3.28.

�X´��8Ü, R´Xþ��d'X. éx ∈ X, ¡8Ü [x] := {y : (x, y) ∈ R}�x'

u'XR��da.

½Â3.29.

�X´��8Ü, P´X���f8x. XJX = ∪P¿�é?¿A,B ∈ P¤á: ½

öA ∩B = ∅, ½öA = B, K¡P´X���y©.

·K3.30.

�R´8ÜXþ����d'X. K�da�NX/R := {[x] : x ∈ X}�¤
8ÜX�

��y©.

y².

d�d'X�½Â�, éz�x ∈ X, kx ∈ [x]; ¤±X = ∪x∈X [x]. �x, y ∈ X ¦

� [x] ∩ [y] 6= ∅. ?� z ∈ [x] ∩ [y]; K (x, z) ∈ R� (y, z) ∈ R. 2d�d'X�½Â

� (z, y) ∈ R, ?
 (x, y) ∈ R. u´, éz� y′ ∈ [y]k (x, y′) ∈ R. ù�, [y] ⊂ [x]. é¡

/, [x] ⊂ [y]. ¤±, [x] = [y].

·K3.31.

�X ´��8Ü, P ´8ÜX ���y©. �R = {(x, y) ∈ X × X : ∃A ∈

P s.t. {x, y} ⊂ A}. KR´Xþ����d'X.
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y².

dy©�½Â´�, R �g�5Úé¡5¤á. � (x, y) ∈ R � (y, z) ∈ R; K�

3A,B ∈ P , ¦� {x, y} ⊂ A� {y, z} ⊂ B. Ï y ∈ A ∩ B, dy©�½Â�A = B. u

´, {x, z} ⊂ A, = (x, z) ∈ R. ¤±, R�D45¤á.

l·K 3.30Ú·K 3.31, ·�N´wÑ��8Üþ��d'XÚy©�m´��é

A�.

3.7 û�m

�!¥, ·�ò�ÑûÿÀ�½Â, ¿ÏLN�5��ÑûÿÀ��x. ,�, ·�

y²��N�©)5�. ��, ·�Ú\ûN��½Â, ¿y²ûN����mÙ¢Ò

´,«û�m.

�R´8ÜXþ��d'X. ·�g,kN� π : X → X/R, x 7→ [x].

·K3.32.

�R´ÿÀ�mXþ����d'X, T = {U ⊂ X/R : π−1(U) ´X�m8}; K T �

¤X/Rþ���ÿÀ.

y².

·��yT ÷vÿÀ�n^ún.

(1) d ∅ = π−1(∅)ÚX = π−1(X/R)� ∅, X/R ∈ T .

(2) ?�B ⊂ T . Kéz�U ∈ B, kπ−1(U) ´X �m8. ù�π−1(∪U∈BU) =

∪U∈Bπ−1(U)´X�m8. ù%¹ ∪U∈BU ∈ T . ¤±T é?¿¿µ4.

(3)?�U, V ∈ T . Kπ−1(U), π−1(V )´X�m8. ù� π−1(U ∩V ) = π−1(U)∩π−1(V )

´X�m8. ù%¹U ∩ V ∈ T . ¤±T ÷vk��µ4^�.

½Â3.33.

·�¡·K 3.32¥� T �X/Rþ�ûÿÀ. ¡�kûÿÀ�8ÜX/R�X�û�m.
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·K3.34.

X/Rþ�ûÿÀ´¦ π : X → X/R, x 7→ [x]�ëY��[�ÿÀ.

y².

�T ´X/R�ûÿÀ. ?�U ∈ T . dûÿÀ�½Â�π−1(U)´X�m8. ¤±π´

ëY�. eT ′´¦�π�ëY�X/Rþ�,�ÿÀ, Kéz�U ∈ T ′, π−1(U)´X�

m8. �âûÿÀ�½Â, ·�kU ∈ T . ¤±T ′'T o.

·K3.35.

�R´ÿÀ�mX þ����d'X. e f : X → Y ´ëYN�¿� f 3z��d

a [x]þ�~�, K�3���ëYN� f̃ : X/R→ Y ¦� f = f̃ ◦ π.

y².

Ï f3z� [x] ∈ X/Rþ�~�, ¤±N� f̃ : X/R → Y, [x] 7→ f(x)´û½Â�. w,,

f = f̃ ◦ π. �U´Y �m8. Kπ−1(f̃−1(U)) = f−1(U)�X�m8. dûÿÀ�½Â�,

f̃−1(U)�X/R�m8. ¤± f̃ëY. N� f̃���5d^� f = f̃ ◦ πû½.

½Â3.36.

� f : X → Y ´ëY�÷�. eé?¿A ⊂ Y , f−1(A)´m8%¹A´m8, K¡ f´

ûN�.

·K3.37.

'uX/R�ûÿÀ, π : X → X/R´ûN�.

·K3.38.

� f : X → Y ´ëY÷�. e f´mN�½4N�, K f´ûN�.

y².

?�U ⊂ Y .

(1) � f ´mN�. e f−1(U)´X�m8, Kd f �mN�5��U = f(f−1(U))�Y
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�m8. ¤± f´ûN�.

(2) � f´4N�. e f−1(U)´X�m8, K f−1(Y \ U) = X \ f−1(U)�X�4f8.


 f´4N�, ¤±Y \ U´Y �4f8, =U´Y �mf8. ¤± f´ûN�.

SK38.

�ÞÑ��Ø´ûN��ëY÷��~f.

·K3.39.

� f : X → Y ´ûN�, R = {(x, y) ∈ X × X : f(x) = f(y)}. KR´�d'X, ¿

�Y ∼= X/R.

y².

N´�yR´�d'X. �π : X → X/R�g,�ûN�. dR�½Â��, f 3z

� [x] ∈ X/Rþ�~�.�â·K 3.35,�3���ëYN� f̃ : X/R→ Y ¦� f̃ ◦π = f .

w, f̃ ´Qü�÷�. �y f̃ �Ó�, ��y f̃ ´mN�. �d, �U ´X/R �m8.

K f−1(f̃(U)) = π−1(U)�X�m8. 
 f´ûN�, ¤± f̃(U)�Y �m8.

~f3.7.

�X = E1, R = {(x, y) ∈ R2 : x− y ∈ Z}, S1´E²¡S�ü �±. KR´�d'X,

�X/R ∼= S1.

y².

�ÄN� f : R → S1, x 7→ e2πix. N´�y f ´ëYmN�, ?
´ûN�. A^·

K 3.39=��¤y².

·�ò~ 3.7¥�X/RP�R/Z.

SK39.

�α ∈ R. KN�Tα : R/Z→ R/Z, [x] 7→ [x+ α] ´��Ó�.
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y².

dR�½Â��, [x] = [y]��=� [x + α] = [y + α]. ù%¹Tα´û½Â�V�. �

ÄûN�π : R → S1ÚÓ�Lα : R → R, x 7→ x + α. N´�yπ ◦ Lα = Tα ◦ π. ù�,

éS1�?¿m8U , ·�k π−1(T−1
α (U)) = L−1

α (π−1(U))�R�m8. 
π´ûN�, ¤

±T−1
α (U) ´S1�m8. Tα�ëY5�y. �yTα´Ó�, ·���yÙ´mN�. �

d, �V ´S1�m8. 5¿�Tα´V�, ·�kπ−1(Tα(V )) = Lα(π−1(V ))�R �m8.

ù%¹Tα(V )´S1�m8. ¤±Tα´mN�.

~f3.8.

�R´dy©A = {{x,−x} : x ∈ S1}¤û½��d'X. K S1/R ∼= S1.

y².

�ÄN� f : S1 → S1, x 7→ x2. y² f´mN�¿A^·K 3.39.

~f3.9.

�X = E2 \ {0}, R = {(x, y) ∈ X ×X} :�3�¢ê c¦�x = cy}. KR´X þ��

d'X, �X/R ∼= S1.

y².

�ÄN� f : X → S1, x 7→ x
||x|| . y² f´mN�¿A^·K 3.39.

3.8 ÏfÚ�Ý∗

�!¥, ·�ò�ÑÄåXÚ�Ý!��Ý�½Â, ¿?Ø:�£E5ÚD453

Ïfe��±5�.

½Â3.40.

� (X, f)Ú (Y, g)´ÄåXÚ. XJ�3ëY÷�φ : X → Y ¦�éz�x ∈ X ¤

áφ(f(x)) = g(φ(x)), K¡φ ´l (X, f)� (Y, g) ���Ý; ¡ (Y, g)´ (X, f)�Ï
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f, (X, f)´ (Y, g)�*Ü. XJ��Ýφ´Ó�, K¡φ´l (X, f)� (Y, g)��Ý;

¡ (X, f)� (Y, g)´�Ý�, ¿P� (X, f) ∼= (Y, g).

·K3.41.

� (X, f), (Y, g), (Z, h)´ÄåXÚ. K

(1) (X, f) ∼= (X, f),

(2) e (X, f) ∼= (Y, g), K (Y, g) ∼= (X, f),

(3) e (X, f) ∼= (Y, g)� (Y, g) ∼= (Z, h), K (X, f) ∼= (Z, h).

~f3.10.

XÚ (X, f)Ú (Y, g)´§�¦ÈXÚ (X × Y, f × g)�Ïf.

~f3.11.

�α��¢ê, Rα�½Â�~ 2.24. KXÚ (S1, Rα)�SK 39¥�XÚ (R/Z, Tα)´�

Ý�.

~f3.12.

�α��¢ê. KN�φ : S1 → S1, z 7→ z2´l (S1, Rα)� (S1, R2α)���Ý.

~f3.13.

~f 2.29¥�XÚ´SK 29¥ÎÒXÚ (Σ+
2 , σ)�Ïf.

·K3.42.

�φ ´l (X, f) � (Y, g) ���Ý. ex ´ (X, f) ±Ï: (�A/, £E:), Kφ(x)

� (Y, g)�±Ï: ( �A/, £E:).

·K3.43.

�φ´l (X, f)� (Y, g)���Ý. ex´ (X, f)D4:, Kφ(x)� (Y, g)D4:.

íØ3.44.

� (Y, g)´ (X, f)�ÏfXÚ. e (X, f)´:D4� (�A/, 4��), K (X, g)´:D

4� (�A/, 4��).

36



��ÿÀ9ÙA^ 3.8 ÏfÚ�Ý∗

SK40.

y²: XÚ (Σ+
2 , σ)�Ýu~ 2.30¥ ([0, 1], f)�,�fXÚ.
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111 4ÙÙÙ ;;;555ÚÚÚ©©©lll555

4.1 ;�m

�!¥, ·�ÏLmCX�ÑÿÀ�m;5�½Â. ,�?Ø;5éu4f�m!

¦È�m!ÚëY�e��±5. ��§·�l48�Ý�Ñ;5��x.

½Â4.1.

�A´8ÜX���f8x. eA¥¤k��¿�uX, K¡A´X���CX. eB

´A�fx¿�ECXX, K¡B´A�fCX. eCXA¥����êk�, K¡A

´X �k�CX. eX´ÿÀ�m¿�CXA¥�Ñ´X�m8, K¡A´X���

mCX. eY ⊂ X ¿�8x {A ∩ Y : A ∈ A}´Y �CX, K�¡A´Y �CX.

½Â4.2.

eÿÀ�mX�?¿mCXÑ�3k�fCX, K¡X´;�m, ½¡X´;�.

½Â4.3.

éuÿÀ�m�,«5�, e?Ûü�Ó���m�½Ó�äkT5�½Ó�ØäkT

5�, K¡ù«5�´ÿÀ5�½Ó�ØC�.

SK41.

y²:;5´ÿÀ5�.

~f4.1.

k�83?ÛÿÀeÑ´;�.

~f4.2.

E1�f�m {0} ∪ {1/n : n = 1, 2, 3, ...}´;�.

~f4.3.

4«m [0, 1]´;�.
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y².

?� [0, 1]�mCXA. �ÄB = {t : t ∈ [0, 1]� [0, t]U�A¥k���CX}. - s =

supB.w, s > 0. e s ∈ (0, 1), K�3U ∈ A9 0 < α < s < β < 1¦� [α, β] ⊂ U . ù

�, [0, α]��A���k�fxBCX. u´, B ∪ {U}�¤ [0, β]�k�CX. ù� s�

½Â�gñ. ¤±, s = 1. �V ∈ A9 δ′ > 0, ¦� [1− δ′, 1] ⊂ V . � C ⊂ A� [0, 1− δ′]

���k�CX. K C ∪ {V } ⊂ A��¤ [0, 1]�k�CX. ¤±, [0, 1]´;�.

~f4.4.

�m«m [0, 1)Ø´;�.

y².

�Ä [0, 1)�mCXA = {[0, 1− 1
n
) : n = 2, 3, · · · }. ´�Avkk�fCX. ¤±, [0, 1)

Ø´;�.

~f4.5.

Rn (n ≥ 1)Ø´;�.

y².

�Äm8xA = {B(0, r) : r > 0}. KA�¤Rn���mCX, �Ãk�fCX. ¤

±,RnØ´;�.

SK42.

y²: [0, 1]� [0, 1)ØÓ�.

Ún4.4.

�Y ´ÿÀ�mX�f�m. XJéY �dX¥m8�¤�?¿CXA,Ñ�3CXY

�k�fxB,KY ´;�.

y².

�U ´Y �?�mCX. Kéz�U ∈ U ,�3X�m8 Ũ ÷v Ũ ∩ Y = U . ù�,X
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�m8xA := {Ũ : U ∈ U}CX
Y .u´, �3A�CXY ���k�fxB.

- C = {V ∩ Y : V ∈ B}.K C�¤U���k�fCX. ¤±, Y ´;�.

·K4.5.

;�m�4f�m´;�.

y².

�X´;�m,Y ´X�4f�m. ?�X�CXY �m8xA. KA ∪ {X \ Y }�

¤X�mCX. 
X´;�, ¤±�3A ∪ {X \ Y }�CXX�k�fxB.ù�, k�

xB \ {X \ Y } ⊂ A �CX
Y .dÚn 4.4�Y ´;�.

e¡·�òy²ü�;�m�¦È�m�´;�. �d, ·�ky²��Ún.

Ún4.6 (+G��Ún).

�X´ÿÀ�m,Y ´;�m,A´X × Y �mCX. Kéz�x ∈ X,Ñ�3x�m�

�Zx¦�Zx × Y U�A�,�k�fx¤CX.

y².

�x ∈ X.Ï {x} × Y �Y Ó�, ¤± {x} × Y ´;�. éz� y ∈ Y , �3Wy ∈ A

¦� (x, y) ∈ Wy. u´, �3X�m8UyÚY �m8Vy,¦� (x, y) ∈ Uy × Vy ⊂ Wy.

d {x} × Y �;5, �3k�� y1, · · · , yn ∈ Y ¦� {Uy1 × Vy1 , · · · , Uyn × Vyn}CX


 {x} × Y . -Zx = ∩ni=1Uyi .KZx=�¤¦.

·K4.7.

eXÚY ´;�m, KX × Y ´;�.

y².

�A´X × Y �mCX. dÚn 4.6,éz�x ∈ X, �3m��Zx¦�Zx × Y U�A

¥k���¤CX. ù�, {Zx : x ∈ X}�¤
X�mCX. 
X´;�, ¤±�3k�

�x1, · · · , xm ∈ X¦� {Zxi : i = 1, · · · ,m}CX
X. u´, {Zxi × Y : i = 1, · · · ,m}C

X
X × Y .ù�, X × Y ��A¥k���CX. Ïd,X × Y ´;�.

40
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A^8B{, ��·K 4.7ék��;�m�¦ÈE,¤á. ¯¢þ, ·�ò3�Ù

15!y²?¿�;�m�¦ÈE´;�.

·K4.8.

� f : X → Y ´ëY�. eX´;�, K f(X)��Y �f�m´;�. AO/, e f´

÷�, KY ´;�.

y².

�A´Y �CX f(X)�m8x. K {f−1(U) : U ∈ A}�¤X �mCX. dX �;

5, �3k��U1, · · · , Un ∈ A, ¦� {f−1(Ui) : i = 1, · · · , n}CXX.u´, {Ui : i =

1, · · · , n} CX
 f(X). �â·K 4.4, ·��� f(X)´;�.

½Â4.9.

�F´8ÜX���f8x. XJéF�?�k�fx {F1, ..., Fn}, Ñk∩ni=1Fi 6= ∅,

K¡Fäkk��5�.

·K4.10.

ÿÀ�mX ´;���=�X �z�äkk��5��48xF , Ù¤k��

�∩A∈FA 6= ∅.

y².

(=⇒) �X´;�, F ´X�kk��5��48x. b�∩A∈FA = ∅. K∪A∈F(X \

A) = X, = {X \A : A ∈ F}�¤X�mCX.dX�;5,�3k�� A1, · · · , An ∈ F

¦�∪ni=1(X \ Ai) = X. ù�, ∩ni=1Ai = ∅. ù� F �k��5��gñ.

(⇐=) b�X�;. K�3X���mCXU , Ùvkk�fCX. ù�, F := {X \ U :

U ∈ U} ´äkk��5��48x. ¤±, ∩A∈FA 6= ∅, = ∪A∈F(X \ A) 6= X. ù�U

´mCX�gñ.

SK43.

��ER�48xF ,Ù÷vk��5�, �∩F = ∅.
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4.2 ;�m¥�©l5

�!¥, ·�ò�ÑHausdorff5!�K5!Ú�55�A«©l5�½ÂÚ~

f, ¿?Øù
©l5éuf�m!¦È�m!ÚëY�e��±5. ·��¬y²

;Hausdorff�mÚÝþ�m��55.

½Â4.11.

eéÿÀ�mX�?¿ü:x 6= y, Ñ�3Ø��m8UÚV , ¦�x ∈ U � y ∈ V , K

¡X´Hausdorff�m.

~f4.6.

Ýþ�m´Hausdorff�.

~f4.7.

?ÛÃ�8'uÙþ�{k�ÿÀÑØ´Hausdorff�.

SK44.

y²: Hausdorff�m´ü:4�, =Ù¥z�:Ñ´48.

·K4.12.

Hausdorff�m�f�m´Hausdorff�.

y².

�X´Hausdorff�m, Y ´X�f�m. ?�x 6= y ∈ Y . dX�Hausdorff5, �3X

�Ø�m8U, V , ¦�x ∈ U, y ∈ V . � Ũ = U ∩ Y , Ṽ = V ∩ Y . K Ũ , Ṽ ´Y �Ø�m

8, �x ∈ Ũ , y ∈ Ṽ .

·K4.13.

Hausdorff�m�¦È�m´Hausdorff�.

y².

� (Xλ)λ∈Λ ´�xHausdorff�m. ?� (xλ) 6= (yλ) ∈
∏

λ∈ΛXλ. K�3λ0 ∈ Λ, ¦
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�xλ0 6= yλ0 . dXλ0 �Hausdorff5, �3Xλ0 �Ø�m8U, V , ¦�xλ0 ∈ U, yλ0 ∈ V .

� pλ0 :
∏

λ∈ΛXλ → Xλ0 ´�λ0©þ�ÝK. K p−1
λ0

(U)Ú p−1
λ0

(V ) ´
∏

λ∈ΛXλ�ü�Ø

�m8, ¿� (xλ) ∈ p−1
λ0

(U), (yλ) ∈ p−1
λ0

(V ). ¤±,
∏

λ∈ΛXλ´Hausdorff�.

SK45.

�Þ~`²Hausdorff�m�ëY��±Ø´Hausdorff�.

Ún4.14.

�X ´Hausdorff�m, A´X �;f8, x /∈ A. K�3Ø��m8U, V ¦�x ∈

U,A ⊂ V .

y².

ÏX´Hausdorff�, ¤±éz� y ∈ A, �3Ø��m8Uy, Vy¦�x ∈ Uy� y ∈ Vy.

ù�, {Vy : y ∈ A}�¤A�mCX. dA�;5, �3k�� y1, · · · , yn ∈ Y ¦�

A ⊂ ∪ni=1Vyi . -U = ∩ni=1Uyi9V = ∪ni=1Vyi . Kx ∈ U , A ⊂ V , �U ∩ V = ∅.

·K4.15.

Hausdorff�m¥�;8´4�.

y².

�X ´Hausdorff�m, A´X �;f8, x ∈ X \ A. dÚn 4.14, �3X �Ø�m

8U, V ¦�x ∈ U�A ⊂ V . ù%¹U ⊂ X \ A. ¤±, X \ A´m�, =A´4�.

½Â4.16.

�X´ü:4�m. XJéuX¥?¿:x9?¿Ø�¹x�48A, Ñ�3Ø��m

8UÚV ¦�x ∈ U�A ⊂ V , K¡X´�K�m. eéX�?¿ü�Ø�48A,B

Ñ�3Ø��m8U, V , ¦�A ⊂ U,B ⊂ V , K¡X´�5�m.

l½Â��, �5�m´�K�, �K�m´Hausdorff�.

·K4.17.

;Hausdorff�m´�5�.
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y².

�AÚB´X�ü�Ø�48. dÚn 4.5�AÚB´;8. dÚn 4.14,éz�x ∈ A,

�3Ø�m8UxÚVx¦�x ∈ Ux �B ⊂ Vx. ù�, {Ux : x ∈ A}�¤A�mCX.

dA�;5, �3k��x1, · · · , xn ∈ A¦�A ⊂ ∪ni=1Uxi . -V = ∩ni=1Vxi ; KA ⊂ U ,

B ⊂ V , �U ∩ V = ∅. ¤±, X´�5�.

·K4.18.

�X´;�, Y ´;Hausdorff�, f : X → Y ´���ëYN�; K f´Ó�.

y².

d·K 2.44, ��y² f´4N�. �A´X�48. ÏX´;�, ¤±A´;�. ù�

d f�ëY5� f(A)´Y �;f8. 
Y ´Hausdorff�, ¤± f(A)´Y �48.

SK46.

�X = [0, 1], R = {(x, y) : x = y;½x = 0, y = 1;½x = 1, y = 0}. KR´X þ��d

'X, �X/R ∼= S1.

y².

�ÄN� f : [0, 1]→ S1, x 7→ e2πix. y² f´4N�¿A^·K 3.39.

4.3 Ýþ�m¥�;5Ú©l5

�!¥, ·�ò�ÑÝþ�m¥;8��x, ¿y²Ýþ�m��55.

½Â4.19.

� (X, d)´�Ýþ�m, A ⊂ X. ·�¡ sup{d(x, y) : x, y ∈ A}�8ÜA��», ¿P

� diam(A). e diam(A) <∞, K¡A´k.�.

½Â4.20.

� (xn)´Ýþ�m (X, d)¥�:�. en1 < n2 < n3 < ...�üNO\���ê�, K

d yi = xni
¤½Â��S� (yi)¡� (xn)���f�; P� (xni

).
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½Â4.21.

� (X, d)´Ýþ�m. eX¥z�:�Ñ�3Âñ�f�, K¡X´�;�.

·K4.22 (V��êÚn).

� (X, d)´�;�Ýþ�m, A´X���mCX; K�3 δ > 0, ¦�X�z��»�

u δ�f8Ñ¹uA �,��¥.

y². b�(ØØ¤á; Kéz���ên, Ñ�3X ��»�u 1/n�f8An, ¦

�An Ø¹uA�?Û�¥. ?�xn ∈ An. dX ��;5, �3 (xn)�f� (xni
)

9 z ∈ X¦�xni
→ z. ÏA´X�mCX, ¤±�3m8U ∈ A¦� z ∈ U . � ε > 0

¦�B(z, ε) ⊂ U . K� i¿©�±�, k d(xni
, z) < ε/2�diam(Ani

) < ε/2; u´,

Ani
⊂ B(z, ε) ⊂ U . ù�An�½Â�gñ.

·�¡·K 4.22¥� δ�X'umCXA�V��ê.

·K4.23.

� (X, d)´Ýþ�m; KX´;�, ��=�X´�;�.

y².

(=⇒) �X ´;�. ?�X �:� (xn). ·�ò8B/�E (xn) ���Âñf�.

�X1 = X; �ÄX1�mCXA1 := {B(x, 1) : x ∈ X1}. dX1�;5, �3k��X1¥

�:x1,1, · · · , x1,n1¦�X1 = ∪n1
i=1B(x1,i, 1). ù�, �½k,��I k1 ∈ {1, · · · , n1} ¦

�éÃ���In¤á: xn ∈ B(x1,k1 , 1); ?�xn1 ∈ B(x1,k1 , 1) ∩ {xn}∞n=1.

b�é��êm9¤k 1 ≤ i ≤ m, ÷vXe^��ni, xni
, 9xi,ki®½Â:

(1) n1 < n2 < · · · < nm;

(2) xni
∈ B(xi,ki ,

1
i
) ∩ {xn}∞n=1;

(3) �3Ã��n¦�xn ∈ B(xi,ki ,
1
i
).

-Xm+1 = B(xm,km , 1/m); Kd·K 4.5 �Xm+1 ´;�. �ÄXm+1 �mC

XA2 := {B(x, 1/(m + 1)) : x ∈ Xm+1}. dXm+1�;5, �3xm+1,1, · · · , xm+1,nm+1 ∈
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Xm+1, ¦�8x {B(xm+1,i, 1/(m+ 1)) : 1 = 1, · · · , nm+1} CX
Xm+1. u´, �3,�

�I km+1 ∈ {1, · · · , nm+1}¦�éÃ���In¤á: xn ∈ B(xm+1,km+1 , 1/(m + 1)). ?

�nm+1 > nm¦�xnm+1 ∈ B(xm+1,km+1 , 1/(m+ 1)) ∩ {xn}∞n=1.

ù�·�B�� (xn) �f� (xni
). lþ¡��EL§��X1 ⊃ X2 ⊃ · · ·

�diam(Xi) → 0. �âk��5�, �3 z ∈ X¦� {z} = ∩∞i=1Xi. 2�âþã�EL

§, �xni
→ z.

(⇐=) b�X´�;��Ø´;�; K�3X�mCXA, ÙÃk�fCX. � δ�X'

uCXA�V��ê. �ÄX�mCXB := {B(x, δ/3) : x ∈ X}. Ïdiam(B(x, δ/3))

< δ, �âV��êÚn, ��B�vkk�fCX. ·�8B/½Â��:�(xn): ?

�x1 ∈ X. ÏBvkk�fCX, ¤±�3x2 /∈ B(x1, δ/3). b�é��êm ≥ 2 91 ≤

i ≤ m, xi®½Â. 2�âBvkk�fCXù�^�, ��3xm+1 /∈ ∪mi=1B(xi, δ/3). ù

�·���:� (xn). lxn�½Â��, d(xi, xj) > δ/3 (∀i 6= j). ù%¹ (xn)ÃÂñf

�.

½Â4.24.

� (X, d)´Ýþ�m. eéz� ε > 0, Ñ�3k�� ε��»�m¥CXX, K¡X´

��k.�.

w,§��k.�Ýþ�m´k.�.

½Â4.25.

� (xn)´Ýþ�m (X, d)¥�:�. XJéz� ε > 0, Ñ�3N > 0, ¦��n,m > N

�, d(xn, xm) < ε, K¡ (xn)´�Ü�.

½Â4.26.

XJÝþ�m (X, d)¥z��Ü�ÑÂñ, K¡X´���.

·K4.27.

� (X, d)´Ýþ�m. KX´;�, ��=�§´���Ú��k.�.
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y².

(=⇒) �X ´;�. ?�X ¥�Ü� (xn). d·K 4.23�, �3 z ∈ X 9 (xn) �f

� (xni
)¦�xni

→ z. 2d�Ü��½Â, �±y²xn → z. ¤±, X´���. d;5

�½Â����X���k.5.

(⇐=) �X´���Ú��k.�. d·K 4.23, �yX´;�, �I�yÙ��;�.

�d, � (xn)´X¥?�:�. |^X���k.5, aqu·K 4.23¥ “=⇒”Ü©�

y²L§, ·��±�E (xn)���f� (xni
); l�EL§�� (xni

)´�Ü�. 
X

´���, � (xni
)Âñ. ù�, X��;5�y.

·K4.28.

î¼�m���f8´;���=�§´k.4�.

y².

(=⇒)�K´n�î¼�mEn¥���;8. d·K 4.14�K´48; d·K 4.27�K

´��k.�, l
´k.�.

(⇐=) �K´En¥�k.48. K�3 r > 0¦�K ⊂ [−r, r]n. 
 [−r, r]n´;�, d·

K 4.5�K´;�.

SK47.

�X´Hilbert�m; KX´k�����=�X�ü 4¥´;�.

·K4.29.

;�mþ�¢�ëY¼ê7U�����Ú���.

y².

�X´;�m, f : X → R´ëY¼ê. K f(X)´R�;f8. d·K 4.28� f(X)´

k.48. -m = sup(f(X)). Km < ∞�m ∈ f(X) = f(X). u´, �3x ∈ X¦

� f(x) = m. ¤±, fU
�����m. Ón�y fU
�����.
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½Â4.30.

� f : X → Y ´lÝþ�m (X, d)�Ýþ�m (Y, ρ)�ëYN�. XJéz� ε > 0Ñ�

3 δ > 0, ¦�� d(x, y) < δ�, ¤á ρ(f(x), f(y)) < ε, K¡N� f´��ëY�.

·K4.31.

� f : X → Y ´lÝþ�m (X, d)�Ýþ�m (Y, ρ)�ëYN�. eX´;�, K f ´

��ëY�.

y².

?� ε > 0. d f �ëY5, éz�x ∈ X, �3 rx > 0¦� f(B(x, rx)) ⊂ B(f(x), ε/2).

�ÄX�mCXA = {B(x, rx) : x ∈ X}. � δ�A�V��ê. K� d(x, y) < δ�, 7

�3 z ∈ X¦� {x, y} ⊂ B(z, rz). u´, ρ(f(x), f(y)) ≤ ρ(f(x), f(z)) + ρ(f(z), f(y)) <

ε.

½Â4.32.

� (X, d)´�Ýþ�m, A,B´X ���f8. - d(A,B) = inf{d(x, y) : x ∈ A, y ∈

B}. ·�¡ d(A,B)�8ÜAÚB �ål. AO/, �A = {x}���:�, ·�

P d(x,B) := d(A,B).

SK48.

d(x,A) = 0��=�x ∈ A.

·K4.33.

Ýþ�m´�5�.

y².

� (X, d)´Ýþ�m, AÚB ´X �Ø�48. ÏX ´Hausdorff�, �X ´ü:4

�. éz�x ∈ A, - rx = d(x,B)/2. ÏB ´48�x /∈ B, dSK 48� rx > 0.

éz� y ∈ B, - sy = d(y, A)/2. Ó�, ·�k sy > 0. �U = ∪x∈XB(x, rx), V =

∪y∈YB(y, sy). KU, V ´m8�A ⊂ U,B ⊂ V . eyU ∩ V = ∅. ÄK, �3 a ∈ X
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9 b ∈ Y ¦�B(a, ra) ∩ B(b, sb) 6= ∅. ?� c ∈ B(a, ra) ∩ B(b, sb). Ø�b� ra ≥ sb.

K d(a, b) ≤ d(a, c) + d(c, b) < 2ra = d(a,B). ù��gñ.

SK49.

� (X, d)´�Ýþ�m, A ⊂ X. y²: N� f : X → R, x 7→ d(x,A)´ëY�.

SK50.

� (X, d)´�Ýþ�m, AÚB´X¥ü�Ø�48. ��E��ëYN� g : X → R

¦� g(A) = 0� g(B) = 1, ¿^d`²Ýþ�m´�5�.

4.4 ZornÚn

�!¥, ·�ò�Ñ S8Ú�S8�½Â, ¿QãZornÚn.

½Â4.34.

�X´�8Ü, R´X ×X���f8. XJR÷v±e^�:

(1) éz�x ∈ X, k (x, x) ∈ R,

(2) (x, y) ∈ R� (y, x) ∈ R%¹x = y,

(3) (x, y) ∈ R� (y, z) ∈ R%¹ (x, z) ∈ R,

K¡R´8ÜXþ��� S'X, ¡X�(�k S'XR�) S8.

S.þ, ·�^ÎÒ�L«�� S'X, ^x � yL« (x, y) ∈ �. 8�, ·��

òx � yP� y � x.

~f4.8.

�B´8ÜX���f8x. é?¿B¥��CÚD, ½ÂC � D��=�C ⊂ D;

K��Bþ��� S'X.

½Â4.35.

��´8ÜXþ�� S'X. XJé?¿x, y ∈ XÑkx � y ½ y � x, K¡� ´X

þ��S'X, ¡X� (�k�S'X��)�S8.
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~f4.9.

é?¿x, y ∈ R, ½Âx � y��=�x ≤ y; K��Rþ����S'X.

e�´8ÜXþ��� S'X�Y ⊂ X, K�g,�À�Y þ��� S'X.

eY 'u��¤�S8, K¡Y ´X��Sf8.

½Â4.36.

��´8ÜXþ�� S'X, Y ⊂ X. e�3 z ∈ X¦�éz�x ∈ Y kx � z, K

¡ z´8ÜY ���þ..

½Â4.37.

��´8ÜXþ�� S'X, z ∈ X. XJéz�x ∈ X, z � xÑ%¹ z = x, K¡ z

´X¥���4��.

ún1 (Zorn Ún).

�X´��� S8. eX�z��Sf8Ñkþ., KX�34��.

8�, ZornÚn���ún¦^))�,§�Øäwþ�Ø@ow,, ��±y²

§�e¡“�~w,�”ÀJún�d.

ún2 (ÀJún).

�A���8Ü�¤���8x. K�3N� c : A → ∪A∈AA¦�éz�A ∈ A

k c(A) ∈ A.

4.5 Tychonoff½n

�!¥, ·�ò|^ZornÚny²: ?¿�;�m�¦È�m�´;�.

Ún4.38.

�X´��8Ü, A´X�äkk��5��f8x; K�½�3��8Ü�¹'Xe

4���¹A�äkk��5��X�f8x.
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y².

�P = {B ⊂ 2X : A ⊂ B,�Bäkk��5�}; KP38x�¹'Xe¤� S8.

ÏA ∈ P, �P 6= ∅. � {Bλ}λ∈Λ�P�?��Sf8. - C = ∪λ∈ΛBλ. w,, A ⊂ C. ?

� C¥k���C1, · · · , Cn; �Ci ∈ Bλi , i = 1, · · · , n. d {Bλ}λ∈Λ��S5, ·�Ø�b

�Bλ1 ⊂ · · · ⊂ Bλn ; ù� {C1, · · · , Cn} ⊂ Bλn . 
Bλnkk��5�, �∩ni=1Ci 6= ∅. ¤

± Cäkk��5�. u´ C ∈ P. l C½Â��Ù� {Bλ}λ∈Λ���þ.. �âZornÚ

n, Pk4��.

Ún4.39.

�X´��8Ü. eD´X�äkk��5��8x�¹'Xe�4�f8x, K

(1) D¥���?¿k��EáuD;

(2) eA´X���f8¿��D¥z��Ñ��, KAáuD.

y².

(1) �A = {A : A´D¥k������}. ÏDkk��5�, ´�A�kk��5

�. 2dD�4�5, �A = D.

(2) �Ä8xD ∪ {A}. ?�D¥k���B1, · · · , Bn. d(1)�∩ni=1Bi ∈ D. ÏA�D

¥z��Ñ��, �∩ni=1Bi ∩ A 6= ∅. ¤±D ∪ {A}kk��5�. �âD�4�5,

kD ∪ {A} = D. ¤±, A ∈ D.

½n4.40 (Tychonoff ½n).

?¿�;�m�¦ÈE´;�.

y². �X =
∏

a∈J Xa, Ù¥z�XaÑ´;�. �A�X�äkk��5��48x. e

y∩A 6= ∅. dÚn4.38, ��X��¹A�äkk��5��4�f8xD. éa ∈ J ,

-pa : X → Xa �g,�Ý�; K8x{pa(D) : D ∈ D}äkk��5�. dXa�

;5, ∩D∈Dpa(D) 6= ∅. �xa ∈ ∩D∈Dpa(D); Kéxa�z�m��UaÚz�D ∈ D,

kUa∩pa(D) 6= ∅,=p−1
a (Ua)∩D 6= ∅. �â·K4.39(2),�p−1

a (Ua) ∈ D. 2d·K4.39(1)

51



4 ;5Ú©l5 ��ÿÀ9ÙA^

�, é?¿k��a1, · · · , an ∈ Jk∩ni=1p
−1
ai

(Uai) ∈ D, Ù¥Uai´Xai�?¿m8. 
D

äkk��5�, ¤±éz�D ∈ Dk∩ni=1p
−1
ai

(Uai) ∩ D 6= ∅; ù%¹(xa) ∈ D. u´,

(xa) ∈ ∩D∈DD 6= ∅; AO/, ∩A 6= ∅.

~f4.10.

Ù! 3.4¥�ÎÒ�m {1, ..., k}Z+´;�.

4.6 4�8ÚBirkhoff£E½n∗

�!¥, ·�ò�Ñ4�XÚÚ4�8�½Â, ¿^ZornÚny²: e��m´;

�, KXÚo�34�8.

½Â4.41.

� (X, f)´�ÄåXÚ, A ⊂ X. XJ f(A) ⊂ A, K¡A´ f -ØC�; XJX vk�

� f -ØCý4f8, K¡ (X, f) ´4��.

·K4.42.

éz�x ∈ X, ;�4�O(x, f)Ñ´4ØC8.

y².

d f�ëY5, ·�k f(O(x, f)) ⊂ f(O(x, f)) ⊂ O(x, f).

·K4.43.

ÄåXÚ (X, f)´4����=�éz�:x ∈ XÑkO(x, f) = X.

y².

(=⇒) �x ∈ X. d·K 4.42Ú4�5�½Â, �O(x, f) = X.

(⇐=) b� (X, f) Ø´4��; K�3X ��� f -ØCý4f8A. ?�x ∈ A;

KO(x, f) ⊂ A, ?
O(x, f) ⊂ A. ù�O(x, f) = X�gñ.

~f4.11.

~ 2.24¥, eα´Ãnê, K (S1, Rα)´4��.
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½Â4.44.

�K´X� f -ØC��4f8. XJfXÚ (K, f |K)��´4��, K¡K� (X, f)

�4�8.

·K4.45.

eX´;�, K (X, f)�½k4�8.

y².

�A = {A ⊂ X : A´f -ØC48}. ÏX ∈ A,�A 6= ∅. ½ÂAþ� S'X�: A � B

��=�A ⊃ B. e {Aλ}λ∈Λ´A�?��Sf8, K§÷vk��5�; 
X´;�,

�∩λ∈ΛAλ 6= ∅. q f(∩λ∈ΛAλ) ⊂ ∩λ∈Λf(Aλ) ⊂ ∩λ∈ΛAλ, �∩λ∈ΛAλ´�� f -ØC48.

ù�, ∩λ∈ΛAλ´{Aλ}λ∈Λ���þ.. �âZornÚn, A¹��4��M ; KM���

4�8.

~f4.12.

� (X, f)��ÄåXÚ, Ù¥X´ü:4�. ex ∈ X´±Ï:, KO(x, f)´4�8.

SK51.

�M ´XÚ (X, f)���4�8. ex´M ����á: (�éuf�mÿÀ ), Kx

´±Ï�.

½n4.46 (Birkhoff£E½n).

�X´;�, N�f : X → X´ëY�; KXÚ (X, f)�½k£E:.

y².

�M ´ (X, f)���4�8. �½x ∈ M . ·�òy²x´£E:. Äö, �3x�m

��U , ¦�éz���ênk fn(x) /∈ U . ù�O(f(x), f) ∩ U = ∅. ù�·K 4.43g

ñ.
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4.7 A�±Ï:∗

�!¥, ·�ò^£E�m8�|Ü5�5�x;�4��4�5.

½Â4.47.

�A´��ê8���f8. XJ�3��ê l¦�é?¿��ên¤áA ∩ {n, n +

1, ..., n+ l} 6= ∅, K¡A´ syndetic8.

½Â4.48.

� (X, f)´�ÄåXÚ, x ∈ X. XJéx�z���U , £E�m8 {n : fn(x) ∈ U}Ñ

´ syndetic�, K¡x´A�±Ï:.

·K4.49.

� (X, f) ´�ÄåXÚ�X ´;Hausdorff �m; Kx ∈ X ´A�±Ï���=

�O(x, f)´4�8.

y².

(=⇒) b�O(x, f)Ø´4��, KO(x, f)ý�¹���4ØC8M . dX��55, �

3Ø�m8U, V ¦�x ∈ U�M ⊂ V . d f�ëY5, ���3��ê�n1 < n2 < · · ·

9 11 < 12 < · · · ¦�éz� i¤á: {fni(x), fni+1(x), · · · , fni+li(x)} ⊂ V . 
x´A�±

Ï�, � {n : fn(x) ∈ U}´ syndetic�. u´, U ∩ V 6= ∅. ù�b�gñ.

(⇐=) b�x Ø´A�±Ï�. K�3x �m��U 9��ê�n1 < n2 < · · ·

9 11 < 12 < · · · ¦�éz� i¤á {fni(x), fni+1(x), · · · , fni+li(x)} ⊂ X \ U . ÏLÀ�

f�, Ø�� fni(x)→ z ∈ X \U . ù�, O(z, f) ⊂ O(x, f) \U . ù�O(x, f)�4�5�

gñ.

SK52.

��ESK 29¥ÄåXÚ ({1, ..., k}Z+ , σ)����±Ï�A�±Ï:.
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4.8 õ­Birkhoff£E½nÚ van der Waerden½n∗

·�òQãõ­Birkhoff£E½n, ¿^Ùy²\{|Ü¥� van der Waerden½

n. ù´ÄåXÚ3\{|Ü¥���`{�A^.

e¡�õ­£E½n´Birkhoff£E½n�í2, Ùy²ë� [6].

½n4.50 (õ­Birkhoff£E½n).

�X´;Ýþ�m, f1, ..., fn´Xþüü���ëYgN�; K�3:x ∈ X 9��ê

S�nk →∞¦�é¤k i = 1, ..., nÓ�¤á fnk
i x→ x.

½n4.51 (van der Waerden½n).

�Z+ = B1 ∪ ... ∪Bm´Z+��y©; K7k,�Bi�¹?¿���â?ê.

y².

�ÄÎÒ�mX = {1, 2, ...,m}Z+ Ú=£N�σ : X → X, (σ(x))i = xi+1. � d´

SK 28¥¤½Â�X þ��NÝþ; @o d(x, y) < 1��=�x1 = y1. ½ÂX

¥��w : w(i) = k ��=� i ∈ Bk. �Y = O(w, σ); KY ´σ-ØC;8. ?

¿�½��ê l; é 1 ≤ i ≤ l, � fi = σi; K f1, ..., fl üü��. �â½n 4.50, �

3 y ∈ Y ÚS�nk → ∞¦�é¤k i = 1, ..., lÓ�¤á fnk
i y → y; AO/, é,�

�½�n9z� i, k d(fni y, y) < 1/2. ù%¹ y1 = fn1 (y)1 = fn2 (y)1 = ... = fnl (y)1;

= y1 = y1+n = y1+2n = ... = y1+ln. ���ê p ¦� d(σp(w), y) < 1/(1 + nl). ù

�σp(w)1 = σp(w)1+n = ... = σp(w)1+ln; =w1+p = w1+p+n = ... = w1+p+ln. ù%¹�â

?ê {1 + p, 1 + p+ n, ..., 1 + p+ ln}áuÓ��Bi.
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111 5ÙÙÙ ëëëÏÏÏ555

5.1 ëÏ�m

�!¥, ·�ò�ÑëÏ5�½Â¿?ØëÏ5é�4�!�¦È!ÚëY���

±5. ·��¬�ÑëÏ©|�½ÂÚÄ�5�.

½Â5.1.

XJUÚV ´ÿÀ�mX�ü�Ø����m8¿�X = U ∪ V , K¡ {U, V }�¤X

���©�.

lþã½Â��, e {U, V }´��©�, KUÚV �´Ø��48.

½Â5.2.

XJÿÀ�mXØ�3©�, K¡X´ëÏ�.

~f5.1.

R´ëÏ�.

y².

b�RØëÏ.K�3©� {U, V }. �x ∈ U , y ∈ V ;Ø��x < y. - z = sup([x, y]∩U).

e z ∈ U , K�3 δ > 0¦� [z, z + δ] ⊂ U ; ù� z �½Â�gñ. ¤±, z ∈ V . ù�, �

3 δ′ > 0¦� [z − δ′, z] ⊂ V ; ùq� z�½Â�gñ. ¤±, RëÏ.

·K5.3.

�A´X�ëÏf�m. eA ⊂ B ⊂ A, KB´ëÏ�. AO/, ëÏ8�4�´ëÏ

�.

y².

b� {U, V }´B ���©�. ÏAëÏ, �Ø��A ⊂ U . 
U ´B �4f8, ¤

±A ∩B ⊂ U. qB ⊂ A, �B ⊂ U . ù�b�gñ.
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~f5.2.

� a < b´ü�¢ê. ��R�f�m, (a, b), [a, b), (a, b], [a, b]Ñ´ëÏ�.

y².

Ï (a, b) ∼= R, d~f 5.1� (a, b)´ëÏ�. 2�â·K 5.3� [a, b), (a, b], [a, b]Ñ´ëÏ

�.

e¡·K�x
R�¤këÏf8.

·K5.4.

R�f�mA´ëÏ���=�é?¿x < y ∈ A, k [x, y] ⊂ A.

y².

(=⇒) b��3x < y ∈ A, ÷v [x, y] 6⊂ A. ?� z ∈ (x, y) \ A. -U = (−∞, z) ∩ A,

V = (z,+∞) ∩ A. K {U, V }�¤A���©�. ù�A�ëÏ5gñ.

(⇐=) b�A´ØëÏ�. K�3A���©� {U, V }. �x ∈ U, y ∈ V . Ø��x < y.

Ï [x, y] ⊂ A, ¤± {U ∩ [x, y], V ∩ [x, y]}�¤ [x, y]���©�. 
d~ 5.2�, [x, y]´ë

Ï�. ù��gñ.

SK53.

�ÑR�¤këÏf8.

·K5.5.

ÿÀ�mX´ëÏ���=�X¥Qmq4�f8�k ∅ÚX.

y².

(=⇒) w,, ∅ÚX´=m�4�. b�A ⊂ X´=m�4���ýf8, KX \ A�´

=m�4���ýf8. ù� {A,X \ A}�¤X���©�. ù�X�ëÏ5gñ.

(⇐=) b�XØëÏ. � {U, V }´X���©�. KU´X�Qm�4���ýf8.

ù��gñ.
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·K5.6.

�X ´ëÏ�m, f : X → R´X þëY¼ê. XJéz�x ∈ X, Ñ�3x�m�

�Ux¦� f3Ux þ�~�, K f´~�¼ê.

y².

?� c ∈ f(X). éz�x ∈ f−1(c), dK¥b���3x�m��Ux¦� f(Ux) = {c},

=Ux ⊂ f−1(c). ¤±, f−1(c)´m8. d f�ëY5, f−1(c)�´48. A^·K 5.5, ·

�k f−1(c) = X. ¤±, f´~�¼ê.

·K5.7.

�Y ´ÿÀ�mX�f�m. KY ´ëÏ���=�Y ¥Ø�3ù��Ø���8

ÜAÚB¦�Y = A ∪B, A ∩B = ∅, �B ∩ A = ∅.

y².

(=⇒) �Y ´ëÏ�. b��3Ø���8ÜAÚB ¦�Y = A ∪ B, A ∩ B = ∅,

�B ∩ A = ∅. KA = (X \ B) ∩ Y , �B = (X \ A) ∩ Y . u´, {A,B}�¤Y ���©

�. ù��gñ.

(⇐=) b�Y ØëÏ; K�3Y �©� {A,B}. �X �m8U, V ¦�A = U ∩ Y ,

B = V ∩ Y . KB ⊂ X \ U �A ⊂ X \ V . u´, A ∩ B = ∅ �B ∩ A = ∅. ù��g

ñ.

~f5.3.

²¡R2�f8 {(x, y) : y = 0} ∪ {(x, y) : xy = 1�x > 0}´ØëÏ�.

·K5.8.

� {Xλ}λ∈Λ´X��xëÏf�m�∩λ∈ΛXλ 6= ∅. K∪λ∈ΛXλ´ëÏ�.

y².

� z ∈ ∩λ∈ΛXλ. b�∪λ∈ΛXλØ´ëÏ�. K�3∪λ∈ΛXλ ���©� {U, V }. Ø�
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� z ∈ U . éz�λ, dXλ�ëÏ5, kXλ ⊂ U . ù�, ∪λ∈ΛXλ ⊂ U . ù�b�gñ. ¤

±, ∪λ∈ΛXλëÏ.

·K5.9.

ü�ëÏ�m�¦È�´ëÏ�.

y².

�X ÚY ´ëÏ�m. �½ y0 ∈ Y . éz�x ∈ X, Ï {x} × Y ∼= Y,X × {y0} ∼= X,

� {x} × Y ÚX × {y0}´ëÏ�. 
 (x, y0) ∈ ({x} × Y ) ∩ (X × {y0}), d·K 5.8,

� ({x} × Y )∪ (X × {y0})´ëÏ�. qX × Y = ∪x∈X(({x} × Y )∪ (X × {y0})), 2d·

K 5.8, �X × Y ´ëÏ�.

e¡·K'·K 5.9����.

·K5.10.

?¿�ëÏ�m�¦È�m´ëÏ�.

y².

� {Xλ}λ∈Λ´�xëÏ�m. b�
∏

λ∈ΛXλþ�3��©� {U, V }. � (aλ) ∈ U . ·�

8B/y²e¡äó: XJ (bλ) � (aλ)�3k���I?��ØÓ, K (bλ) ∈ U . b�

é,�α ∈ Λk bα 6= aα; �éz�λ 6= αk bλ = aλ. �Ä
∏

λ∈Λ Xλ�f8A ≡ {(xλ) :

éz�λ 6= α, xλ = aλ}. ÏA�XαÓ�, ¤±A´ëÏ�. 
 (aλ) ∈ A, �A ⊂ U .

q (bλ) ∈ A, � (bλ) ∈ U . b�é��ên, ·�®y: XJ (bλ)�(aλ) �3n��I

?��ØÓ, K (bλ) ∈ U . y3b�én + 1��Iλ1, ..., λn+1k bλi 6= aλi ; éÙ{�

Iλk bλ = aλ. ½Â (cλ) ∈
∏

λ∈ΛXλ : cλi = aλi(1 ≤ i ≤ n); cλn+1 = bλn+1 ; cλ = aλ(λ /∈

{λ1, ..., λn+1}). K (cλ)�(aλ)�k���I?��ØÓ, � (bλ)kn��I?��ØÓ.

d8Bb�� (bλ) ∈ U . ù�äó¤á. 
¤k� (aλ)�3k���I?��ØÓ�:

3
∏

λ∈ΛXλ¥È�, qU´
∏

λ∈ΛXλ�48, �
∏

λ∈ΛXλ ⊂ U . ù´��gñ.
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~f5.4.

Rn´ëÏ�.

·K5.11.

ëÏ�m�ëY�´ëÏ�.

y².

�X´ëÏ�, f : X → Y ëY. b� f(X)ØëÏ, K�3 f(X)�©� {U, V }. ù�,

dSK 22, ·�� {f−1(U), f−1(V )}�¤X���©�. ù�X�ëÏ5gñ.

~f5.5.

²¡�f8S = {(x, sin(1/x)) : 0 < x ≤ 1} ∪ {(0, y) : −1 ≤ y ≤ 1}´ëÏ� (T�m¡

�ÿÀÆ[��u­� ).

y².

�ÄëYN�φ : (0, 1] → R2, x 7→ (x, sin(1/x)). Ï (0, 1] ´ëÏ�, d·K 5.11

� {(x, sin(1/x)) : 0 < x ≤ 1}´R2�ëÏf8. 
S = {(x, sin(1/x)) : 0 < x ≤ 1}, �S

´ëÏ�.

·K5.12 (0�½n).

�X´ëÏ�m, f : X → R´ëY¼ê. Ké?¿ a < b ∈ f(X)9?¿ c ∈ [a, b], Ñ�

3x ∈ X, ¤á f(x) = c.

y².

d·K 5.11� f(X)´R�ëÏf8. 2d·K 5.4�(Ø¤á.

½Â5.13.

�A´X�ëÏf�m. XJØ�3ý�¹A�X�ëÏf�m, K¡A´X���

ëÏ©|.

·K5.14.

ëÏ©|´48; ?Ûü�ëÏ©|½ö­Ü½öØ�.
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y².

�A´ÿÀ�mX ���ëÏ©|. d·K 5.3�AëÏ. 2�âëÏ©|�½Â,

�A = A. ¤±, A´48. eB ´X ���ëÏ©|�A ∩ B 6= ∅, Kd·K 5.8

�A ∪B´ëÏ�. 2�âëÏ©|�½Â,�A = A ∪B = B.

½Â5.15.

eÿÀ�mX�z�ü:8Ñ´��ëÏ©|, K¡X´��ØëÏ�.

~f5.6.

knê8´��ØëÏ�.

~f5.7.

Cantorn©8´��ØëÏ�.

5.2 Cantorn©8��x∗

�!¥, ·�ò�ÑCantorn©8�ÿÀ�x.

½Â5.16.

� (xi)
n
i=1´Ýþ�m (X, d)¥���:�. XJé,� ε > 0Úz� 1 ≤ i ≤ n − 1

k d(xi, xi+1) < ε, K¡ (xi)
n
i=1´�� ε-ó.

Ún5.17.

� (X, d)´��;Ýþ�m. éz���ê k, � (x
(k)
i )

n(k)
i=1 ´�� εk-ó. �K = {x ∈

X : �3 kj → ∞9 ij ∈ {1, ..., n(kj)}¦�x
(kj)
ij
→ x}. XJ (x

(k)
1 )∞k=1Âñ� εk → 0,

KK´ëÏ���48.

y².

ÏX´;Ýþ�m, �K 6= ∅. dK�½Â, ´�K´48. b� {A,B}´K���

©�; KA,B´X ���Ø�48. � c = inf{d(x, y) : x ∈ A, y ∈ B}. dX �;5
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� c > 0. �U = B(A, c/3), V = B(B, c/3); KU, V ´X�Ø�m8. �x
(k)
1 → z ∈ A.

ÏLÀ�f�, ·�Ø��: éz� kkx
(k)
1 ∈ U9{x(k)

1 , ..., x
(k)
n(k)} ∩ V 6= ∅. � ik ÷

v: é i ≤ ik kx
(k)
i ∈ U , �x

(k)
ik+1 /∈ U . ù�, d ε-ó�½Â, � εk < c/3�, ·�

kx
(k)
ik+1 ∈ X \ (U ∪ V ). � z�:� (x

(k)
ik+1)�?�4�:; K z ∈ X \ (U ∪ V ). �dK�

½Â, k z ∈ K. ù��gñ. ¤±KëÏ.

�A,B´Ýþ�mX�ü�f8. XJ�� ε-ó (xi)
n
i=1÷vx1 ∈ A�xn ∈ B, K

¡Ù´lA�B�.

Ún5.18.

� (X, d)´��;��ØëÏ�Ýþ�m. eAÚB´X�ü�Ø����48, K�

3 ε > 0¦�: Ø�3lA�B� ε-ó.

y².

b�éz���ê k, �3lA�B� 1/k-ó (x
(k)
i )

n(k)
i=1 . ÏLÀ�f�, Ø��x

(k)
1 →

x ∈ A�x
(k)
n(k) → y ∈ B. ÏA�BØ�, �x 6= y. dÚn 5.17, �3��ëÏ48K¦

�x, y ∈ K. ù�X���ØëÏ5�gñ.

e¡Ún�±��lε-ó�½Â�Ñ.

Ún5.19.

� (X, d) ´��;Ýþ�m, A ⊂ X. Kéz� ε > 0, 8ÜCε(A) := {x ∈ X :

�3lA� {x}� ε -ó}´Qm�4�.

·K5.20.

� (X, d)´��ØëÏ�;Ýþ�m. Kéz�x ∈ XÚz� ε > 0, Ñ�3x�Qm�

4���U÷v diam(U) ≤ ε.

y².

�A = B(x, ε/3), B = X \ B(x, ε); KA,B ´X �Ø�48. ·�b�B 6= ∅, Ä
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KB(x, ε) = X ÷v�¦. dÚn 5.18, � c > 0÷v: Ø�3lA�B � c-ó. d

Ún 5.19, Cc(A) ´A �Qm�4���. 
Cc(A) ⊂ B(x, ε), � diam(Cc(A)) ≤ ε.

-U = Cc(A)=�.

Ún5.21.

� (X, d)´��ØëÏ�;Ýþ�m. Kéz� ε > 0, Ñ�3dQm�48�¤�X�

k�y© {Ai : i = 1, ..., n}, ¦�éz� ik diam(Ai) < ε.

y².

d·K 5.20, éz�x ∈ XÑ�3Qm�4���Ux, ¦�diam(Ux) < ε. ù� {Ux :

x ∈ X}�¤X�mCX. 
X´;�, ��3k��x1, ..., xk ∈ X¦�X = ∪ki=1Uxi .

é 1 ≤ i ≤ k, -Ai = Uxi \ (∪i−1
j=1Uxj). K {Ai : i = 1, ..., k}÷v�¦.

½Â5.22.

eÿÀ�mXØ¹�á:, K¡X´���.

Ún5.23.

� (X, d)´��ØëÏ�!���!;Ýþ�m; Kéz���ên, Ñ�3X�dn

����Qm�48�¤�y© {A1, ..., An}.

y².

·�8B/y². �n = 1 �, �A1 = X =�. b�én = k, X �3d k �Q

m�48�¤�y© {A1, ..., Ak}. ÏX Ø¹�á:, ¤±A1 �¹��ü�: a, b.

éf�mA1A^·K 5.20, ��3 a���Qm�4���B ⊂ A1¦� b 6∈ B. u

´B,A\B,A2, ..., Ak�¤X�d k+1�Qm�48�¤�y©. ù�,(Øén = k+1

¤á.

½n5.24.

� (X, d)´��ØëÏ�!���!;Ýþ�m; KX ∼= {0, 1}Z+ .
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y².

éz���ênÚz� (i1, ..., in) ∈ {0, 1}n, ·�ò½ÂX�÷v±e^��Qm�4

8Ui1...in :

(1) {Ui1...in : (i1, ..., in) ∈ {0, 1}n}�¤X���y©,

(2) éz� j ∈ {0, 1}, Ui1...in ⊃ Ui1...inj,

(3) diam(Ui1...in)→ 0 (n→∞).

�½���ê (εi)
∞
i=1 ¦� εi → 0. é ε1, dÚn 5.21, �3X �Qm�4�y

©B1 := {B1, ..., Bk1} ¦�é�� ikdiam(Bi) < ε1. ���êm1¦� 2m1−1 ≤ k1 <

2m1 . éf�mB1 9��ê 2m1 − k1 + 1 A^Ún 5.23, �3B1 �dQm�48

�¤�y© C1 := {C1, ..., C2m1−k1+1}. ù�D1 := C1 ∪ (B1 \ B1)´X �Td 2m1 �

Qm�48�¤�y©, ¿�Ù¥z����»�u ε1. ·�òD1 ¥��­#P

� {Ui1...im1
: (i1, ..., im1) ∈ {0, 1}m1}. é 1 ≤ j < m19 (i1, ..., ij) ∈ {0, 1}j, ·�8B/½

ÂUi1...ij = Ui1...ij0 ∪ Ui1...ij1.

b�é εk, ·�®½Â��êmkÚ÷v±e^��Qm�48�x∪mk
j=1{Ui1...ij :

(i1, ..., ij) ∈ {0, 1}j}: diam(Ui1...ik) < εk; Ui1...ij = Ui1...ij0∪Ui1...ij1; {Ui1...imk
: (i1, ..., imk

) ∈

{0, 1}mk} �¤X �y©. é εk+1, aqué ε1 ��?Ø, ·�ØJ����

êmk+1 > mk ÚQm�4�8x{Ui1...imk+1
: (i1, ..., imk+1

) ∈ {0, 1}mk+1}, ¦�: é

z� (i1, ..., imk
), 8x {Ui1...imk

j1...jlk
: (j1, ..., jlk) ∈ {0, 1}lk} �¤Ui1...imk

�y©, Ù

¥ lk = mk+1 −mk; diam(Ui1...imk+1
) < εk+1. é 1 ≤ s < lk9(j1, ..., js) ∈ {0, 1}s, ·�8

B/½ÂUi1...imk
j1...js = Ui1...imk

j1...js0 ∪ Ui1...imk
j1...js1.

ÏL±þ�8B½ÂL§, ·��ª��÷v^� (1) − (3)�Ui1...in . u´, éz

�x ∈ X, Ñ�3���eüS�Ui1 ⊃ Ui1i2 ⊃ Ui1i2i3 ⊃ · · · , ¦� {x} = ∩∞j=1Ui1...ij . ·

�½Âφ(x) = (i1, i2, ...) ∈ {0, 1}Z+ . N´�yù�½Â�φ : X → {0, 1}Z+ ´��Ó

�.

íØ5.25.
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z���ØëÏ�!���!;Ýþ�mÑÓ�uCantorn©8.

5.3 �´ëÏÚlëÏ

�!¥, ·�ò�Ñ�´ëÏÚlëÏ�½Â¿?Ø�´ëÏ5!lëÏ5!ëÏ

5nö�m�'X.

½Â5.26.

�x, y´ÿÀ�mX¥ü�:, γ : [0, 1]→ X´ëYN�. e γ(0) = x, γ(1) = y, K¡ γ

´lx� y��^�´.

½Â5.27.

XJéÿÀ�mX¥?¿ü:x, yÑ�3lx� y��´,K¡X´�´ëÏ�.

·K5.28.

�´ëÏ�m´ëÏ�.

y².

�X ´�´ëÏ�. b� {U, V }´X ���©�. �x ∈ U, y ∈ V . d�´ëÏ5,

�3ëYN� γ : [0, 1] → X ¦� γ(0) = x, γ(1) = y. ù� γ([0, 1])�X�ëÏf8.

� {U ∩ γ([0, 1]), V ∩ γ([0, 1])} �¤ γ([0, 1])���©�. ù��gñ. ¤±, XëÏ.

~f5.8.

~ 5.5¥ÿÀÆ[��u­�´ëÏ����´ëÏ�.

½Â5.29.

�A´ÿÀ�mX���f�m. XJA� [0, 1]Ó�, K¡A´X ¥��ãl; éu

���½�Ó� f : [0, 1]→ A, ·��òAP� [a, b], Ù¥ a = f(0), b = f(1); ù�¡A

´± a, b�à:�l, ½lAë� aÚ b.

SK54.

y²½Â 5.29¥lA�à:8Ü {a, b}Ø�6uÓ� f�À�.
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½Â5.30.

XJéÿÀ�mX ¥?¿ü:x 6= y, Ñ�3X ¥ë�xÚ y�l [x, y], K¡ÿÀ�

mX�lëÏ�.

l½Â��lëÏ�m´�´ëÏ�. �L5, ·�ke¡½n (y²� [9, 11] ).

½n5.31.

eX´�´ëÏ�Hausdorff�m, KX´lëÏ�.

¯K5.32.

·K 5.31¥�Hausdorff^�´Ä7I?

½Â5.33 (uâ�).

�S´~ 5.5¥ÿÀÆ[��u­�, A = {(0, y) : −2 ≤ y ≤ −1} ∪ {(x,−2) : 0 ≤ x ≤

1} ∪ {(1, y) : −2 ≤ y ≤ sin(1)}. ·�¡�W := S ∪ AÓ���m�uâ�.

SK55.

uâ�´lëÏ�.

5P5.34.

�^�´���U�·�����f��$�. ~X, ²¡S�ü 4���±´4«

m3ëYN�e��8.

5.4 ÛÜëÏÚÛÜlëÏ

�!¥, ·��ÑÛÜëÏ!fÛÜëÏ!ÛÜlëÏ�½Â¿?Ø§��m�'

X. ·��¬?ØÛÜëÏ5é¦ÈÚëY���±5, ¿y²ÛÜëÏ�m�ëÏ©

|�m5.

½Â5.35.

�x´ÿÀ�mX ¥�:. XJéx�z���U , Ñ�3�¹x�ëÏm8V ¦
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�V ⊂ U , K¡X3x?´ÛÜëÏ�. eX3z�:?Ñ´ÛÜëÏ�, K¡X´Û

ÜëÏ�.

~f5.9.

Rn´ÛÜëÏ�.

~f5.10.

ÿÀÆ[��u­�Ø´ÛÜëÏ�.

·K5.36.

eX´ÛÜëÏ�, KX�z�ëÏ©|Ñ´=m�48.

y².

�A´X�ëÏ©|. d·K 5.14�A´4�. éz�x ∈ A, dÛÜëÏ5, �3x

���ëÏm��Ux. ù�A ∪ Ux´�¹A�ëÏ8. dëÏ©|�½Â, ·��

�Ux ⊂ A. ¤±, A´m8.

·K5.37.

e {Xλ∈Λ}´�xÛÜëÏ�m�Ø
k��λ	XλÑ´ëÏ�, K¦È�m
∏

λ∈ΛXλ

´ÛÜëÏ�.

y².

�k�8F ⊂ Λ÷v: éz�λ ∈ Λ\F , XλÑ´ëÏ�. é (xλ) ∈
∏

λ∈ΛXλ 9 (xλ)�m

��V :=
∏

λ∈Λ Vλ, �k�8S ⊂ Λ÷v: éz�λ ∈ Λ \S, Vλ = Xλ. dÛÜëÏ5, é

z�λ ∈ F ∪ S, Ñ�3xλ�ëÏm��Uλ ⊂ Vλ. �W =
∏

λ∈F∪S Uλ ×
∏

λ∈Λ\(F∪S) Xλ.

d·K 5.10, W´ (xλ)�ëÏm���W ⊂ V .

SK56.

�Þ��~f`²ÛÜëÏ�m�¦È�±Ø´ÛÜëÏ�.

½Â5.38.

·�¡��;ëÏHausdorff�m�ëYÚ; ¡ÛÜëÏ�ëYÚ�PeanoëYÚ.
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½Â5.39.

XJé�mX ¥z�:x±9x�z���U , Ñ�3�¹x�lëÏm8V ¦

�V ⊂ U , K¡X�ÛÜlëÏ�.

w,, ÛÜlëÏ�m´ÛÜëÏ�. �L5, ·�ke¡½n (y²� [9] ).

½n5.40.

�X´��PeanoëYÚ; KX¥z�ëÏm8Ñ´lëÏ�. AO/, X��´lë

Ï¿�ÛÜlëÏ�.

SK57.

��E�m«m [0, 1)�uâ��ëY÷�.

SK 57L²ÛÜëÏ53ëYN�e��Ø2�±, �·�ke¡�·K (y²

� [9] ).

·K5.41.

�X´�PeanoëYÚ, Y ´;Ýþ�m. eY ´X�ëY�, KY ´ÛÜëÏ�.

½Â5.42.

�x´ÿÀ�mX ¥�:. XJéx�z���U , Ñ�3�¹x�ëÏ��V ¦

�V ⊂ U , K¡X3x?´fÛÜëÏ�. eX3z�:?Ñ´fÛÜëÏ�, K¡X

´fÛÜëÏ�.

5P5.43.

þ¡�½Â¥Ø�¦V ´m8. ù�, ÛÜëÏ5g,%¹fÛÜëÏ5.

e¡·K�y²� [15].

·K5.44.

�X´�ëYÚ. KX´ÛÜëÏ���=�Ù´fÛÜëÏ�.

SK58.

��E��ëYÚX, Ù3,�:?´fÛÜëÏ�ØÛÜëÏ�.
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5.5 _4��g,*¿∗

·��Ñ_XÚ9_4��½Â, ±9ÄåXÚg,*Ü�½Â.

Ún5.45.

� (Xi)
∞
i=1���;Ýþ�m�éz���ê i, kXi ⊃ Xi+1. �X = ∩∞i=1Xi. eU

´X1�mf8�U ⊃ X, Ké¿©�� i, kXi ⊂ U .

y².

b�éz� i, Ñkxi ∈ X1 \ U . d;5, Ø��xi → x ∈ X1 \ U . éz���ê k, � i

¿©��, kxi ∈ Xi ⊂ Xk. 
Xk´;�, ¤±x ∈ Xk. ù�, x ∈ ∩∞k=1Xk = X ⊂ U . ù

��gñ.

·K5.46.

� (Xi)
∞
i=1���ëYÚ�÷v: éz���ê i, ¤áXi ⊃ Xi+1. K∩∞i=1Xi´�ëY

Ú.

y².

�X = ∩∞i=1Xi. dk��5��X´��;�. b�XØ´ëÏ�,K�3X���©

�X = A ∪ B. ÏX1´�5�m, ¤±�3X1�Ø�m8U, V ¦�A ⊂ U,B ⊂ V . ù

�, d·K 5.45�é¿©��n kXn ⊂ U ∪ V . 
Xn´ëÏ�, �Xn ⊂ U½Xn ⊂ V .

u´X ⊂ U½X ⊂ V . ù��gñ.

½Â5.47.

� (Xn)∞n=1´��;Ýþ�m. éz���ên, � fn : Xn+1 → Xn´ëY÷�. ·

�¡ (Xn)Ú (fn)�å�¤_XÚ, ¿P� {Xn, fn}∞n=1; ¡ fn ��N�. ·�¡�

m lim
←−
{Xn, fn} := {(xn) ∈

∏∞
n=1Xn : fn(xn+1) = xn, ∀ n ∈ Z+} �_XÚ {Xn, fn}∞n=1

�_4�.
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·K5.48.

� {Xn, fn}∞n=1´�_XÚ; K lim
←−
{Xn, fn}´��;�Ýþz�m. ez�XnÑ´ëY

Ú, Klim
←−
{Xn, fn}´ëYÚ.

y².

éz���ên,�Yn = {(xi) ∈
∏∞

i=1 Xi : fi(xi+1) = xi,∀1 ≤ i ≤ n}. ´�,éz�n, Yn

Ñ´
∏∞

i=1Xi���48¿�Yn ⊃ Yn+1. ù�, dk��5�� lim
←−
{Xn, fn} = ∩∞n=1Yn

´��;�. d·K 3.20�Ù��Ýþz�.

·�äó: éz���ên, Yn ∼=
∏∞

i=n+1Xi. ¯¢þ, �±�yφ : Yn →∏∞
i=n+1Xi, (xi)

∞
i=1 7→ (xi)

∞
i=n+1´�Ó�. ù�, ez�Xn´ëÏ�, K�â·K 5.10�

z�Yn´ëÏ�. ?
, d·K 5.46� lim
←−
{Xn, fn}´ëÏ�.

�X´;Ýþ�m, f : X → X´ëY÷�. éz���ên, -Xn = X, fn = f .

d�, ·�^ lim
←−

(X, f)L«_4� lim
←−
{Xn, fn}.

·K5.49.

N�σf : lim
←−

(X, f)→ lim
←−

(X, f), (xn)∞n=1 7→ (f(xn))∞n=1, ´Ó�.

·K5.50.

N�φ : lim
←−

(X, f)→ X, (xn) 7→ x0´ÄåXÚ (lim
←−

(X, f), σf )� (X, f) �ÏfN�.

½Â5.51.

¡ÄåXÚ (lim
←−

(X, f), σf )´ (X, f)�g,*Ü.

5P5.52.

g,*Ü�±rëYN��¯K=z�Ó��¯K5?n.

5.6 Ø�©)ëYÚ∗

·��ÑØ�©)ëYÚ�½Â, ¿^_4��ÑØ�©)ëYÚ��«�E�{.
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��ÿÀ9ÙA^ 5.6 Ø�©)ëYÚ∗

½Â5.53.

eX ´�òzëYÚ�ØU�¤ü�ýfëYÚ�¿, K¡X ´Ø�©)�; ÄK,

¡X´�©)�.

·K5.54.

PeanoëYÚÑ´�©)�.

y².

�X ´�òz�PeanoëYÚ. K c := diam(X) > 0. dÛÜëÏ5, éz�x ∈ X,

�3x�ëÏm��Ux÷v diam(Ux) < c/2. dX �;5, �3 k > 19x1, ..., xk¦

�∪ki=1Uxk = X. ·�b�ù�� k®����. -Ki = Uxi . dX�ëÏ5, ÏL­ü

eI, ·�Ø�b�éz� 1 ≤ m < k, (∪mi=1Ki) ∩Km+1 6= ∅. ù�, X´ü�ýfëY

Ú∪k−1
i=1KiÚKk�¿. ¤±, X´�©)�.

½Â5.55.

� (Xn, fn)∞n=−∞ ´�_XÚ�z�Xn Ñ´ëYÚ. XJéz�n, ��An+1, Bn+1

´Xn+1�fëYÚ�Xn+1 = An+1 ∪ Bn+1, Òk fn(An+1) = Xn½ fn(Bn+1) = Xn¤á,

@o·�¡_XÚ (Xn, fn)∞n=−∞´Ø�©)�.

·K5.56.

� (Xn, fn)∞n=−∞´�Ø�©)_XÚ; K lim
←−

(Xn, fn)´Ø�©)ëYÚ.

y².

·�^X∞L«lim
←−

(X, f). �A,B´X∞�fëYÚ�X∞ = A ∪ B. éz���ê i,

�πi : X∞ → Xi��1 i�©þ�ÝK; KXi = πi(A) ∪ πi(B). db�, éz� i, ½

ö fi(πi+1(A)) = Xi, ½ö fi(πi+1(A)) = Xi. d�ªπi = fi ◦ πi+1��: ½öπi(A) = Xi,

½öπi(B) = Xi. Ø�b�kÃ�� i¦�πi(A) = Xi;2|^�ªπi = fi ◦πi+1,·�?

�Ú��: éz� ikπi(A) = Xi. ùw,%¹A3X∞¥´È��; l
X∞ = A.
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½Â5.57.

�f : S1 → S1, z 7→ z2. ·�¡ëYÚlim
←−

(S1, f)�2-?Ú�+.

íØ5.58.

2-?Ú�+´Ø�©)ëYÚ.

½Â5.59.

� f : [0, 1]→ [0, 1]´á(N�(�~f 2.30). ·�¡ëYÚ lim
←−

([0, 1], f)�×YëYÚ.

íØ5.60.

×YëYÚ´Ø�©)�.

5.7 ØÄ:5�∗

�!¥, ·�ò�ÑØÄ:5��½Â, ¿y²: ÿÀÆ[�u­�Úuâ�äk

ØÄ:5�.

½Â5.61.

XJÿÀ�mXþz�ëYgN�ÑkØÄ:, K¡XäkØÄ:5�.

·K5.62.

4«m [0, 1]kØÄ:5�.

~f5.11.

²¡Sü �± S1vkØÄ:5�.

·K5.63.

~ 5.5¥ÿÀÆ[��u­�SkØÄ:5�.

y².

� f : S → S´ëYN�. �A´S¥ë� (0,−1)Ú (0, 1)�lã, B = S \ A; KBÓ

�u [0, 1). e f(A) ⊂ A, d·K 5.62�, A¥¹ f �ØÄ:. ¤±, ·��±b�: é
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,�x0 ∈ A, f(x0) ∈ B. e�3x1 ∈ A¦� f(x1) ∈ A, K f([x0, x1])´ë�A¥,:

ÚB ¥,:��´. ù¿�XS´�´ëÏ�; gñ. ¤±, f(A) ⊂ B. e f(B) ⊂ A,

K f(A) ⊂ f(B) ⊂ f(B) ⊂ A; ù�b�gñ. Ïd, �3,:x2 ∈ S¦� f(x2) ∈ S. a

qff�?Ø, dS���´ëÏ5, ·���� f(B) ⊂ B. ù�, D := f(S)´B�ë

Ï;8. KBÓ�u [0, 1), �DÓ�u4l (�Uòz ). Ï f(D) ⊂ f(S) ⊂ D, �D¥

¹ f �ØÄ:.

·K5.64.

½Â 5.33¥�uâ�W kØÄ:5�.

y².

·�æ^Bing��Jêf�{y²T·K (� [4] ). � p1 = (0, 1), p2 = (0,−1), p3 =

(1, sin(1)). b�W vkØÄ:5�, K�3 f ∈ C(W,W )¦�é?¿x ∈ Xk f(x) 6=

x. ·�òx ∈ W À����, f(x)�§�JÅ�êf. ·�ò p1����Ñu:. �

�xl p1Ñu�/c0£Ä�(�3 p1?�Uk��£Ä��,·�¡Ù�/c0�),ê

f f(x)�U[� ux�c�,= [p1, x] ⊂ [p1, f(x)]; ÄK,dëY5òÑy,�x0 ∈ W

¦�f(x0) = x0, 
ù�b�gñ. =¦��xJL p3:Øä�/kà0 [p1, p2]�C

�, êf f(x)[�3xc¡; AO/, f(x)�3� [p1, p2]�C. ù�, éz� y ∈ [p1, p2],

�y1, y2, · · · ∈ S¦� yi → y; Kk f(y) = lim f(yi) ∈ [p1, p2]. u´, f([p1, p2]) ⊂ [p1, p2];

AO/, d·K 5.62, f3 [p1, p2]¥kØÄ:. ù�b�gñ.

5.8 Sharkovskii½n∗

�!¥, ·�òQãSharkovskii½n, ¿é�«AÏ�/�ÑT½n�y².

·�3��ê8Z+þÚ\e¡�S(¡� SharkovskiiS):

3 ≺ 5 ≺ 7 ≺ ... ≺ 2m+ 1 ≺ ...

... ≺ 6 ≺ 10 ≺ 14 ≺ ... ≺ 2(2m+ 1) ≺ ...

... ≺ 12 ≺ 20 ≺ 28 ≺ ... ≺ 4(2m+ 1) ≺ ...
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... ... ...

... ≺ 2k3 ≺ 2k5 ≺ 2k7 ≺ ... ≺ 2k(2m+ 1) ≺ ...

... ... ...

... ≺ 2k+1 ≺ 2k ≺ 2k−1 ≺ ... ≺ 16 ≺ 8 ≺ 4 ≺ 2 ≺ 1.

±e, ·�^ IL«4«m [0, 1]. � f : I → I´ëYN�. e¡½n�y²� [16].

½n5.65 (Sharkovskii½n).

e fk��n±Ï:, Kéz�n ≺ m, fÑkm±Ï:.

·��Òe¡�AÏ�/y²T½n (�[10] ).

íØ5.66.

e fk�� 3±Ï:, K§k?¿±Ï�±Ï:.

�d, ·�kO�ü�Ún.

Ún5.67.

� f : I → I´ëYN�. e J1, J2 ⊂ I´4f«m�÷v f(J1) ⊃ J2, K�3 J0 ⊂ J1¦

�f(J0) = J2.

�x ∈ I ´ f ��� 3±Ï:�÷vx < f(x) < f 2(x). P J = [x, f 2(x)], J ′ =

[x, f(x)], J ′′ = [f(x), f 2(x)].

Ún5.68.

én > 3, �34«m�eü� J ′′ = I0 ⊃ I1 ⊃ I2 ⊃ · · · ⊃ In−2 ⊃ In−1÷v±e5�:

(1) Ik = f(Ik+1) (∀ k = 0, · · · , n− 3); (2) fn−1(In−1) = J ′; (3) fn(In−1) ⊃ J ′′.

íØ 5.66�y².

�x´ f ��� 3±Ï:. Ø���5, ·��±b½x < f(x) < f 2(x). � J, J ′, J ′′X

Ún 5.68. d f(J ′′) ⊃ J ′′� f kØÄ:. d f 2(J ′) ⊃ J ′��3 z ∈ J ′¦� f 2(z) = z.

ù� f(z) ∈ J ′′. Ï f(x) ´ 3 ±Ï:, � z 6= f(x). AO/, z 6= f(z). ù� z ´ 2

74



��ÿÀ9ÙA^ 5.8 Sharkovskii½n∗

±Ï:. y3b�n > 3. � Ik(k = 0, · · · , n − 1)�÷vÚn 5.68¥^��«m

�. Ï fn(In−1) ⊃ J ′′ ⊃ In−1, ��3 z ∈ In−1 ¦� fn(z) = z. ey z �±Ï�n.

�âÚn 5.68 � (1) Ú (2), k z, f(z), · · · , fn−2(z) ∈ J ′′ � fn−1(z) ∈ J ′. ·�äó:

fn−1(z) /∈ J ′′. ÄK fn−1(z) = f(x). u´ z = fn(z) = f 2(x)� f(z) = x 6∈ J ′′. ù%

¹n = 2, �b�gñ. �m´ z�±Ï. em 6= n, Km|n. 
n ≥ 4, �m ≤ n − 2. u

´�3 p ≤ n− 2¦� fn−1(z) = fp(z) ∈ J ′′. ù�äógñ.
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111 6ÙÙÙ ���êêê555úúúnnnÚÚÚÝÝÝþþþzzz½½½nnn

�!¥, ·�ò�Ñ�ê5�½ÂÚ�d�x. ,�, ·�?Ø�ê5é8Ü¿9

¦È��±5. ��, ·�y²üa­�����m�Ø�ê5.

6.1 �ê5

½Â6.1.

e8ÜA½´k��, ½´���ê8�3��éA, K¡§´�ê8. e��8ÜØ

´�ê�, K¡Ù�´Ø�ê8.

~f6.1.

�ê8´�ê�; óê8´�ê�.

~f6.2.

{0, 1}Z+´Ø�ê�.

y².

b� {0, 1}Z+ ´�ê�; K�3V�φ : Z+ → {0, 1}Z+ , n 7→ (x
(n)
i )∞i=1. éz�n,

- {yn} = {0, 1} \ {x(n)
n }. K (yi) 6= (x

(n)
i ) (∀n); AO/, (yi) /∈ {0, 1}Z+ . gñ.

~f6.3.

¢ê8R´Ø�ê�.

~f6.4.

x÷n©8´Ø�ê�.

·K6.2.

�A´��8, K±e^��d:

(1) A´�ê�;
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(2) �3÷� f : Z+ → A;

(3) �3ü� g : A→ Z+.

y².

(1) =⇒ (2)w,.

(2) =⇒ (3). � f : Z+ → A´÷�. éz� a ∈ A, - g(a) = min{f−1(a)}; K g : A→ Z+

´ü�.

(3) =⇒ (1). � g : A→ Z+�ü�. Ø��A´Ã�8; KS := {g(a) : a ∈ A}�´Ã�

�. e¡8B/½ÂN�φ : Z+ → S: -φ(1) = min{S}; b�én ∈ Z+Ú i ≤ n, φ(i)

®²½Â; ½Âφ(n+ 1) = minS \ {f(1), · · · , f(n)}. ´�, φ´V�.

~f6.5.

Z+ × Z+´�ê�. ¯¢þ, �ÄN� g : Z+ × Z+ → Z+, (m,n) → 2m3n. ´�, g´ü

�. d·K 6.2(3)�Z+ × Z+´�ê�.

~f6.6.

�knê8Q+´�ê�. d·K 6.2(2)Ú~f 6.5, ·����E��lZ+ × Z+�Q+

�÷�=�. N´�y, N� f : Z+ × Z+ → Q+, (m,n)→ m
n
÷v�¦.

·K6.3.

�ê��ê8Ü�¿�´�ê�.

y².

� {Aα}α∈Λ´�x�ê8, Ù¥�I8Λ´�ê�. ù�, �3÷� f : Z+ → Λ; �éz

�α ∈ Λ, �3÷� gα : Z+ → Aα. �ÄN�φ : Z+ × Z+ → ∪α∈ΛAα, (n,m)→ gf(n)(m).

´�, φ´÷�. ù�, ∪α∈ΛAα´�ê�.

·K6.4.

�ê8Ü�k�¦È�´�ê�.
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y².

|^8B{, ·���yü��ê8�¦È�´�ê�. �XÚY ´ü��ê8. u´

k÷� f : Z+ → X Ú g : Z+ → Y . ù� f×g : Z+×Z+ → X×Y, (m,n) 7→ (f(m), g(n))

´÷�. Ïd, X × Y ´�ê�.

·K6.5.

�X´��;Hausdorff�m½��Ýþ�m. eXØ¹�á:, KX´Ø�ê�.

y².

�X ´��;�Ø¹�á:�Hausdorff�m. b�X ´�ê�. eX ´k�8, K

dHausdorff5��, X�z�:Ñ´�á�; ù��gñ. ¤±, ·���X = {xi}∞i=1.

dX�Hausdorff5�, �3��m8U1¦�x1 /∈ U1. ÏXØ¹�á:, ¤±�3�

�m8U2 ⊂ U1¦�, x2 /∈ U2. �daí, ·�������m8U1 ⊃ U2 ⊃ U3 ⊃ · · ·

¦�xi /∈ Ui (∀i ∈ Z+). dX �;5Úk��5��, ∩∞i=1Ui 6= ∅. �dUi�½Â

�X ∩
⋂∞
i=1 Ui = ∅. gñ. ¤±X´Ø�ê�.

éuX´Ø¹�á:���Ýþ�m�/, y²��ªaq (��òþ¡½Â�Ui

�¤�»ªu 0�m¥=�).

6.2 �ê5ún

�!¥, ·�ò�Ñ1��ê�m!1��ê�m!Ú�©�m�½Â¿?Ø§�

�m�'X. éu1��ê�m, ·�^S�Âñ�Ñ8Ü4�ÚN�ëY5��x.

½Â6.6.

�X ´�ÿÀ�m, x ∈ X, B´x���m��x. XJéz�x ���U Ñ�

3V ∈ B¦�V ⊂ U , K¡B´x �����Ä.

½Â6.7.

XJÿÀ�mX¥z�:Ñäk�ê��Ä, K¡X´1��ê�.
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� (X, d)´Ýþ�m. ex ∈ X, KNx := {B(x, 1/n) : n ∈ Z+}´x����ê�

�Ä. ù�, ·�ke¡�·K.

·K6.8.

Ýþ�m´1��ê�.

·K6.9.

�X´1��ê�, A ⊂ X; Kx ∈ A��=��3A¥�:� (xn)¦�xn → x.

y².

(=⇒) �x ∈ A�B := {Ui}∞i=1 ´x����ê��Ä. éz�n ∈ Z+, -Vn = ∪ni=1Ui;

KVn ∩A 6= ∅. �xn ∈ Vn ∩A. ù�, éx�z���W , �3N ∈ Z+¦�UN ⊂ W ; A

O/, Vn ⊂ W, ∀n ≥ N . u´, �n ≥ N�, xn ∈ W . ¤±, xn → x.

(⇐=) �A¥:� (xn)÷vxn → x. ?�x�+�U ; K�3N ∈ Z+, �n ≥ N �,

xn ∈ U . AO/, U ∩ A 6= ∅. dU�?¿5, ·�kx ∈ A.

·K6.10.

�X´1��ê�; K f : X → Y ´ëY�, ��=�éz�x ∈ X9Âñ�x�:

� (xn)k f(xn)Âñ� f(x).

y².

(=⇒) � f : X → Y ´ëY��xn → x. ?� f(x) ���U ; K f−1(U)´x���. u

´, �3N ∈ Z+, �n ≥ N�, xn ∈ f−1(U); = f(xn) ∈ U . ¤±, f(xn)→ f(x).

(⇐=) �x ∈ X, �éz�Âñ�x� (xn)k (f(xn))Âñ� f(x). � {Ui}´x����

�Ä; �éz���ên, �Vn = ∪ni=1Ui. b� f 3x?´ØëY�, K�3 f(x)��

�U ¦� f−1(U)Ø´x���. u´, éz�n, �3 yn ∈ Vn \ f−1(U). ù�, yn → x

� f(xn) /∈ U (∀n). gñ.

½Â6.11.

XJÿÀ�mXk�êÿÀÄ, K¡Ù�1��ê�.
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·K6.12.

1��ê�m´1��ê�.

~f6.7.

î¼�m´1��ê�.

~f6.8.

?ÛØ�ê8Ü3lÑÿÀeÑØ´1��ê�. AO/, Ø�ê8Ü'ulÑÝþØ

´1��ê�.

·K6.13.

;Ýþ�m´1��ê�.

y².

� (X, d)´;Ýþ�m. éz���ên, �ÄX�mCX {B(x, 1/n) : x ∈ X}. dX�

;5, �3x1, · · · , xkn ∈ X¦�8xBn := {B(x1, 1/n), · · · , B(xkn , 1/n)}�¤X�mC

X. N´�y, 8x∪∞n=1Bn´���êÿÀÄ.

½Â6.14.

XJÿÀ�mX¥�3�êÈf8, K¡X´�©�.

·K6.15.

1��ê�m´�©�.

·K6.16.

eX´�©Ýþ�m, K§´1��ê�.

y².

� d´X�Ýþ, {xi}∞i=1´X����êÈf8. N´�y8x {B(xi, 1/n) : i, n ∈ Z+}

�¤X����êÿÀÄ.

~f6.9.

¢ê83{k�ÿÀe´�©�, �Ø´1��ê�.
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6.3 UrysohnÝþz½n

�!¥, ·�0�UrysohnÚnÚUrysohnÝþz½n.

½n6.17 (UrysohnÚn).

�X ´�5�m, AÚB´X ¥ü�Ø��48; K�3ëY¼ê f : X → [0, 1]¦

�A ⊂ f−1(0)�B ⊂ f−1(1).

y².

�P = Q ∩ [0, 1]. dP ��ê5, ·�PP = {p1 = 0, p2 = 1, p3, p4, · · · }. e¡·�

8B/½Â��m8 (Up)p∈P ¦�� p < q�, Up ⊂ Uq. -U1 = X \ B. d�55, �

3m8U0÷vA ⊂ U0 ⊂ U0 ⊂ U1. b�é��ê k9 2 ≤ i < k, Upi ®½Â�÷v

� pi < pj �Upi ⊂ Upj . Ï 0 < pk < 1, �½�3 s, t ∈ {p1, · · · , pk−1}¦� sÚ t©O

´ {p1, · · · , pk−1}¥�u pk����Ú�u pk����. ÏUs ⊂ Ut, dX��55, �

3m8U÷vUs ⊂ U ⊂ U ⊂ Ut. -Upk = U . ´�, ù�½Â� (Up)p∈P ÷v�¦.

e¡½ÂN� f : X → [0, 1]. ex ∈ X \ U1, - f(x) = 1; ex ∈ U1, - f(x) =

inf{p ∈ P : x ∈ Up}. ��y² f�ëY5. d f�½Â·�k: (1) x ∈ U r ⇒ f(x) ≤ r;

(2) x /∈ Ur ⇒ f(x) ≥ r. ?�x ∈ X Ú ε > 0. � q ∈ P ÷v q > f(x) > q − ε;

� p ∈ P ∩ [q− ε, f(x)]; Kéu y ∈ Uq \Up, ·�k p ≤ f(y) ≤ q. u´, |f(x)− f(y)| < ε.

N� f�ëY5�y.

UrysohnÚn�y²éu·�Ú\e¡�½Â.

½Â6.18.

eX´ü:4��é?¿x ∈ X9Ø¹x�48A, Ñ�3ëY¼ê f : X → [0, 1]¦

� f(x) = 0� f(A) = 1, K¡ÿÀ�mX´���K�,

e¡·K´UrysohnÚn���íØ.

·K6.19. �5�m´���K�.
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w,���K�m´�K�. �3�K
����K��m (� [14] ).

·K6.20.

1��ê��K�m´�5�.

y².

�X´�K�, B´X����êÄ. ?�X¥Ø��48AÚB. éz�x ∈ A, d�

K5, �3Ux ∈ B¦�x ∈ Ux ⊂ Ux ⊂ X \ B. ù�, ·���A�mCX {Ux : x ∈ A}.

ÏB�ê, ·�ò {Ux : x ∈ A}P� {Ui}. aq/, ·��±��B�mCX {Vi}¦�

éz� ikV i ∩ A = ∅. éz���ên, ·�-Wn = Un \ ∪ni=1V i, Zn = Vn \ ∪ni=1U i.

-W = ∪n∈Z+Wn, Z = ∪n∈Z+Vn. N´�yA ⊂ W , B ⊂ Z, �W ∩ Z = ∅. ¤±, X´�

5�.

½n6.21 (UrysohnÝþz½n).

1��ê��K�m´�Ýþz�.

y².

�X ´1��ê��K�m; B := {Un}∞n=1´��êÄ. - C = {(Um, Un) ∈ B × B :

Um ⊂ Un}. d·K 6.20ÚUrysohnÚn, éz�C = (Um, Un) ∈ C, �3ëY¼ê fC :

X → [0, 1] ¦� f(Um) = 1� f(X \ Un) = 0. N´�y¼êx {fC : C ∈ C}÷ve¡�

©l5�: éz�x ∈ XÚx���U , �3C ∈ C, ¦� fC(x) > 0�fC(X \ U) = 0.

d C��ê5, P {fC : C ∈ C} = {fi}∞i=1. ½ÂN�φ : X →
∏∞

i=1[0, 1], x 7→ (fi(x)).

Ïz� fiÑ´ëY�, 'u
∏∞

i=1[0, 1]þ�¦ÈÿÀ, φ´ëY�. ex 6= y ∈ X, Kd¼

êx {fC}�©l5, �3,���ên¦� fn(x) 6= fn(y). ù�, N�φ´ü�. e¡y

²ψ : X → φ(X), x 7→ φ(x)´mN�. �d, ?�X�m8U9 z0 ∈ ψ(U); �x0 ∈ U÷

vψ(x0) = z0. ���êN¦� fN(x0) > 0�fN(X \ U) = 0. �πN :
∏∞

i=1[0, 1]→ [0, 1]

��1N �©þ�ÝK. 5¿�πN ◦ ψ = fN , ·�k f−1
N ((0, 1]) = ψ−1(π−1

N ((0, 1])).

-V = f−1
N ((0, 1]); Kx0 ∈ V ⊂ U�ψ(V ) = π−1

N ((0, 1]) ∩ φ(X)�z0�¹uψ(U) ���.

ù�, ψ(U)´m8; =ψ�mN�. u´ψ : X → φ(X)´Ó�.
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� d´
∏∞

i=1[0, 1]þ���NÝþ. é?¿x, y ∈ X, - ρ(x, y) = d(ψ(x), ψ(y)). dþ

¡�?Ø� ρ�Xþ���NÝþ.

·K6.22.

�X´;Ýþ�m, Y ´Hausdorff�m. eY ´X�ëY�, KY ´�Ýþz�.

y².

� f : X → Y �ëY÷�;KY ´;�. qY ´Hausdorff�,�Y ´�5�. dUrysohn

Ýþz½n, ��y²Y ´1��ê�. ÏX ´;Ýþ�m, �X ´1��ê

�; �B ´X ����êÿÀÄ, C ´B ¥��¤kk�¿�¤�8x. �Ä8

xD := {Y \ f(X \ U) : U ∈ C}. du f ´4N� (�·K4.18), C ´Y ����

ê�m8x. eyD ´Y ���ÿÀÄ. ?� y ∈ Y Ú y �m��V . dëY5,

f−1(V ) ´48 f−1(y) �m��. dX �;5, �3��ê k 9U1, · · · , Uk ∈ B, ¦

� f−1(y) ⊂ ∪ki=1Ui ⊂ f−1(V ). u´, y ∈ Y \ f(X \ ∪ki=1Ui) ⊂ Y \ f(X \ f−1(V )) = V. ù

�, D´Y ���ÿÀÄ.

6.4 Tietze*Ü½n

�!¥, ·�0�Tietze*Ü½n.

Ún6.23.

�X´��5�m, A´X�4f8, r > 0. � f : A→ [−r, r]�ëY¼ê; K�3ëY

¼ê g : X → [−r, r]¦�: (1) |g(x)| ≤ 1
3
r (∀x ∈ X); (2) |g(a)− f(a)| ≤ 2

3
r (∀a ∈ A).

y².

�B = f−1([−r,−1
3
r]), C = f−1([1

3
r, r]); KB,C´X�Ø�4f8. dUrysohnÚn,

�3ëY¼ê g : X → [−1
3
r, 1

3
r]¦� g(B) = −1

3
r, g(C) = 1

3
r. N´�y g÷v�¦.

½n6.24 (Tietze*Ü½n).

�X´�5�m, A´X�4f8. KlA� [a, b]�?ÛëYN� f Ñ�±*Ü�X
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� [a, b]�ëYN�, �=�3ëYN� g : X → [a, b]¦�é?¿x ∈ Akg(x) = f(x).

y².

Ø���5, b� [a, b] = [−1, 1]. é r = 1A^Ún 6.23, ·�këY¼ê g1 : X →

[−1
3
, 1

3
]÷v: (1) |g(x)| ≤ 1

3
(∀x ∈ X); (2) |g(a) − f(a)| ≤ 2

3
(∀a ∈ A). é r = 2

3
Ú¼

ê f − g1 A^Ún 6.23,·���Xþ�ëY¼ê g2÷v: (1) |g2(x)| ≤ 1
3
(2

3
) (∀x ∈ X);

(2) |f(a) − g1(a) − g2(a)| ≤ (2
3
)2 (∀a ∈ A). �daí, ·�����X þ�ëY¼

ê {gi}∞i=1÷v: éz���ên, (1) |gn(x)| ≤ 1
3
(2

3
)n−1 (∀x ∈ X); (2) |f(a) − g1(a) −

· · · − gn(a)| ≤ (2
3
)n| (∀a ∈ A). - g =

∑∞
i=1 gi. N´�y g÷v�¦.

6.5 �Ú�Âñ

l·K 6.9Ú 6.10·�w�, ��m÷v1��êún� (XÝþ�m), 8Ü�4�

9¼ê�ëY5Ñ�±^S�Âñ�x. ,
, e¡�~fL², é���ÿÀ�m


ó, ù���x®Ø2�1. �!SN���g©z [2]�N¹ (I).

~f6.10.

�X = (−1, 1)Z+, A = {
∏∞

i=1(ai, bi) : −1 < ai < bi < 1}, O = (0, 0, 0, ...). � T �A)

¤�X þ�ÿÀ; KA� T �ÿÀÄ. �N = {
∏∞

i=1(ai, bi) : −1 < ai < 0 < bi < 1};

KN �O� (Ø�ê)��Ä. éz�U ∈ N , �xU ∈ U ¦�: éz� i, (xU)i 6= 0.

-A = {xU : U ∈ N}; KO ∈ A. � z(n) = (z
(n)
i ), n = 1, 2, 3, ..., �A¥?�S�. éz

� i, �−1 < αi < 0 < βi < 1, ¦� (z
(i)
i ) /∈ (αi, βi); Ké?¿n, k z(n) /∈

∏∞
i=1(αi, βi).

¤±OØ´S� z(n) �4�:.

e¡·�òé��ÿÀ�mÚ\/�0Ú/�Âñ0�½Â, ¦�©O´/S�0

Ú/S�Âñ0�í2. ¦^�Âñ, ·�E�±�31��ê�m�¦^S�Âñ@

�, é?¿ÿÀ�m�x8Ü�4�Ú¼ê�ëY5.

½Â6.25.

84
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�D´�k S'X�� S8. XJé?¿x, y ∈ D, Ñ�3 z ∈ D÷v z � x

� z � y, K¡D´��½�8.

~f6.11.

¢ê83≤'Xe¤�½�8.

~f6.12.

�x´ÿÀ�mX¥�:, N ´x�¤k���N. ½ÂN þ�'X�: éU, V ∈ N ,

U � V ��=�U ⊃ V ; KN 3�e¤�½�8.

½Â6.26.

·�¡l½�8D�8ÜX�N�x : D → X, i 7→ xi�X¥���; P� (xi)i∈D; k

�{P� (xi).

½Â6.27.

� (xi)i∈D´8ÜX¥��, A ⊂ X. XJ�3,�n ∈ D¦�, � i � n�, xi ∈ A, K

¡� (xi)ªuA; XJéz�m ∈ DÑ�3 i � m¦�xi ∈ A, K¡ (xi)~uA.

½Â6.28.

�F ´½�8D�f8. XJéz� i ∈ DÑ�3 j ∈ F ¦� j � i, K¡F ´D���

f8.

e¡·Kw,.

·K6.29.

�D3 S'X�e�½�8, F ´D���f8; KF 3�e��½�8.

·K6.30.

� (xi)i∈D´8ÜX¥��, A ⊂ X; K (xi)i∈D~uA ��=��3D�,���f

8F ¦�: éz� i ∈ F , kxi ∈ A.
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½Â6.31.

� (xi)i∈D´ÿÀ�mX¥��, x ∈ X. XJéx�z���U , k (xi)ªuU ; =, �

3n ∈ D¦�: éz� i � n, kxi ∈ U ; K¡ (xi)Âñ�x; P� limxi = x½xi → x.

~f6.13.

�X´ÿÀ�m, x ∈ X, N ´dx���X�¤�½�8 (�~ 6.12 ). éz�U ∈ N ,

�xU ∈ U ; K (xU)�����xU → x.

·K6.32.

�A´ÿÀ�mX¥�f8, x ∈ X; Kx ∈ A��=��3A¥�� (xi)¦�xi → x.

·K6.33.

ÿÀ�mX´Hausdorff���=�X¥z�Âñ��4�´���.

·K6.34.

� f : X → Y ´ÿÀ�mX�Y �N�, x ∈ X; K f3x?ëY��=�éz�Âñ

�x�� (xi), k� (f(xi)) Âñ� f(x).

½Â6.35.

�DÚE ´ü�½�8, N : E → D, j 7→ Nj ��N�. XJéz�n ∈ D, Ñ�

3m ∈ E, ¦�� j � m�, kNj � n, K¡N´��N�.

½Â6.36.

� (xi)i∈D Ú (yj)j∈E ´8ÜX ¥��. XJ�3��N�N : E → D, j 7→ Nj ¦

�xNj
= yj, K¡ (yj)j∈E´ (xi)i∈D�f�.

·K6.37.

� (xi)´ÿÀ�mX¥��, x ∈ X. exi → x, K (xi)�z�f�ÑÂñ�x.

·K6.38.

� (xi)i∈D´ÿÀ�mX¥��; Kx´8Ü {xi : i ∈ D}���à:��=��3 (xi)

�f�Âñ�x.
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·K6.39.

ÿÀ�mX´;���=�X¥z��ÑkÂñf�.

6.6 ���m

·���, Ýþ�mþ�¼ê�±?Ø��ëY5, �Ýþ�m�ëYN�S��

±?Ø��Âñ5; ù3���ÿÀ�mþ´�Ø��. ���m´Ýþ�m��«í

2, Ùþ�±aqÝþ�m�/��½Â��ëY¼êÚ¼ê���Âñ�Vg. �!

SN���g©z [2]�N¹ (II).

�X´��8Ü. P∆ := {(x, x) :∈ X}�X�é��. éα, β ⊂ X ×X, Pα−1 :=

{(x, y) : (y, x) ∈ α}; α ◦ β := {(x, z) : ∃ y ∈ X s.t. (x, y) ∈ α � (y, z) ∈ β}. ²~

Pα2 := α ◦ α. eα = α−1, K¡α´é¡�. N´�y: (α ◦ β) ◦ γ = α ◦ (β ◦ γ).

½Â6.40.

8ÜXþ�����(�´�÷vXe^��X ×X�f8xU :

(1) éz�α ∈ U , ∆ ⊂ α;

(2) éz�α ∈ U9 β ⊂ X ×X, eα ⊂ β, K β ∈ U ;

(3) eα, β ∈ U , Kα ∩ β ∈ U ;

(4) eα ∈ U , Kα−1 ∈ U ;

(5) eα ∈ U , K�3 β ∈ U¦� β2 ⊂ α.

5P6.41.

½Â 6.40¥�^� (1)− (3)%¹U´��Èf (�½Â7.11); (5)´éÝþ½Â¥n�Ø

�ª�O�.

½Â6.42.

8ÜXþ�����Ä´�÷vXe^��X ×X�f8xV:

(1) éz�α ∈ V, ∆ ⊂ α;
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(2) eα, β ∈ V, K�3 γ ∈ V , ¦� γ ⊂ α ∩ β;

(3) eα ∈ V, K�3 β ∈ V, ¦� β ⊂ α−1;

(4) eα ∈ V, K�3 β ∈ V, ¦� β2 ⊂ α.

·K6.43.

eV´8ÜXþ���Ä, K8xU := {β : ∃ α ∈ V s.t. α ⊂ β} ¤�X�����(

� (¡�dV)¤���(�).

·K6.44.

eU´8ÜXþ���(�, K8xV := {α ∩ α−1 : α ∈ U} ´U���Ä.

~f6.14.

� (X, d)´Ýþ�m. é ε > 0, -αε = {(x, y) ∈ X ×X : d(x, y) < ε}. K8xV := {αε :

ε > 0}´��Ä.

éα ∈ UÚx ∈ X, -α(x) = {y ∈ X : (x, y) ∈ α}; éS ⊂ X, -α(S) = ∪x∈Sα(x).

´�: y ∈ α(x)��=�x ∈ α−1(y); α ◦ β(x) = α(β(x)).

·K6.45.

eU´8ÜXþ���(�, K8x T := {U : ∀x ∈ U, ∃α ∈ U s.t. α(x) ⊂ U} ¤�X

���ÿÀ (¡�dU)¤���ÿÀ).

·K6.46.

�U´8ÜXþ���(�. ex ∈ X, Kéz�α ∈ U , α(x)´x���ÿÀe��

�.

y².

�U = {y ∈ α(x) : ∃ β ∈ U s.t. β(y) ⊂ α(x)}. Ïx ∈ U , ��yU ´��ÿÀ

e�m8. ¯¢þ, eβ(y) ⊂ α(x), K�3 δ ∈ U ¦� δ2 ⊂ β. ù�, e z ∈ δ(y),

K δ(z) ⊂ β(y) ⊂ α(x). ¤±, δ(y) ⊂ U .
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·K6.47.

eU´8ÜXþ���(�, Kz�α ∈ UÑ´∆���.

·K6.48.

eU ´8ÜXþ���(�, KU )¤���ÿÀ´Hausdorff���=�∩U∈UU =

∆.

½n6.49.

�X´;Hausdorff�m. eN∆´∆�¤k���¤�8x, K§´���(�¿)

¤X�ÿÀ. eU´X�,���(��)¤X�ÿÀ, KU = N∆.

SK59.

m«m (0, 1)þ�3ü�ØÓ���(�, �Ñ)¤ (0, 1)þg,�ÿÀ.

e��ÿÀ�mX�ÿÀ�dÙþ�����(�)¤, K¡X´���z�.

·K6.50.

���m�?¿¦È´���z�.

e¡½n©�
���mÚÝþ�m�m�'X.

½n6.51.

Hausdorff�mX´���z���=�§Ó�uÝþ�m¦È�f�m.

½Â6.52.

�X´�k��(�U����m. e¼ê f : X → R÷v: éz� ε > 0, Ñkα ∈ U ,

¦� |f(x)− f(y)| < ε, ∀(x, y) ∈ α, K¡ f´��ëY�.

·K6.53.

;Hausdorff�mXþ�ëY¼ê´��ëY� ('uXþ�����(�).

½Â6.54.

�A´��8Ü, X ´�k��(�U ����m, f : A → X ´�N�. e (fn)
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´lA�X ���N���¿�÷véz�α ∈ U , �3�In0, �n > n0�, ¤

á (fn(x), f(x)) ∈ α, K¡ (fn)��Âñ� f .

·K6.55.

e (fn)´lÿÀ�mX����mY �ëYN��, ¿���Âñ� f : X → Y , K f

´ëY�.

111 7ÙÙÙ ���mmm���;;;zzz

7.1 ÛÜ;5Úü:;z

�!¥, ·�ò�ÑÛÜ;Úü:;z�½Â, ¿éÛÜ;�m?Øü:;z��

35Ú��5.

½Â7.1.

eÿÀ�mX�z�:Ñ�3��;��, K¡X´ÛÜ;�.

w,, ;�m´ÛÜ;�.

~f7.1.

î¼�mRn´ÛÜ;�.

~f7.2.

knê8QØ´ÛÜ;�.

·K7.2.

eX´ÛÜ;�, Kéz�x ∈ X, Ñ�3d;8�¤���Ä.

·K7.3.

ÛÜ;�m�mf8Ú4f8E´ÛÜ;�.
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½Â7.4.

eY ´;Hausdorff�m, X´Y �ýf�m¿�Ù4��uY , K¡Y �X���;

z. eY \X´ü:8, K¡Y �X�ü:;z.

~f7.3.

[0, 1]´ (0, 1)�;z, ´ [0, 1)�ü:;z.

·K7.5.

�X´ÛÜ;��;�Hausdorff�m, KX�3���ü:;z. (ùp��5´�

eY1, Y2Ñ´X�ü:;z, K�½�3Ó�h : Y1 → Y2÷vh|X = IdX .)

y².

�Y = X t {∞}. �TX ´X�ÿÀ. -TY := TX ∪ {Y \ K : K´X�;8}. N´�

yTY ´��ÿÀ.

äó1. (Y, TY )´;Hausdorff�. ¯¢þ,?�Y �mCXB,�3,�;8K ⊂ X

¦�∞ ∈ Y \K ∈ B. dK�;5, �3k��U1, · · · , Un ∈ B, ¦�K ⊂ U1 ∪ · · · ∪ Un.

ù�, Y ⊂ (X \ K) ∪ U1 ∪ · · · ∪ Un. �Y ´;�. éx 6= y ∈ Y . ex, y ∈ X, KdX

�Hausdorff5��xÚ y ��X ¥m8©l, l
��Y ¥m8©l. ex ∈ X,

y = ∞. ÏX´ÛÜ;�, ��3x�X¥�m��U÷vU´;�. ù�UÚY \ U

©l
xÚ y. ¤±, Y ´Hausdorff�.

äó2. (X, TX)´ (Y, TY )�È�f�m. ¯¢þ, dTY �½Â, éz�U ∈ TY , ½

öU ∈ TX , ½öU = Y \ K, Ù¥K ´X �;8. ù�, okU ∩ X ∈ TX . qTX ⊂

TY , �X ´Y �f�m. ?�∞�m��Y \ K, Ù¥K ´X �;8; ÏX �;,

�X ∩ (Y \K) = X \K 6= ∅. ù�, X3Y ¥È�.

däó 1Úäó 2, �Y ´X�ü:;z. eyü:;z���5.

�Y1 = X ∪ {∞1}ÚY2 = X ∪ {∞2}´X�ü�ü:;z. ½ÂN�φ : Y1 → Y2

�: φ(x) = x (∀x ∈ X); φ(∞1) =∞2. ?�Y �m8U . eU ⊂ X, Kφ(U) = U´Y2�

m8. eU = Y1 \K (Ù¥K´X�;8), Kφ(U) = Y2 \K�Y2�m8. ù�φ ´m
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N�. ù�φ−1´;Hausdorff�m�m�ëYV�; ?
´Ó�. ü:;z���5�

y.

íØ7.6.

Hausdorff�mX´ÛÜ;���=�§Ó����;Hausdorff�m�mf8.

~f7.4.

¢��R�ü:;zÓ�u�±.

7.2 Stone-Čech;z

�!¥, ·�ò�Ñ Stone-Čech;z�½Â¿?Ø§��35Ú��5.

½Â7.7.

�X´���K�m, Y ´X���;z. XJz�lX�;Hausdorff �mC�ë

YN�ÑU��/*Ü¤lY �C�ëYN�,K¡Y ´X� Stone-Čech;z, ¿P

� β(X).

e¡òy²���K�m� Stone-Čech;z´�3����.

Ún7.8.

�X´���K�m; K�3X�;zY ÷v: z�Xþ�k.ëY¼ê f : X → R

ÑU��/*Ü�Y þ.

y².

� {fα}α∈J ´Xþ�¤kk.ëY¼ê, ùp J´���I8. éz�α ∈ J , - Iα :=

[inf fα(X), sup fα(X)]. ½ÂN�φ : X →
∏

α∈J Iα, x 7→ (fα(x)). ÏX ´���K

�, KX þ�ëY¼ê©l:; =é?Ûx 6= y ∈ X, �3X þ�ëY¼ê f ¦

� f(x) 6= f(y). ù�φ´i\. �Z = φ(X) ⊂
∏

α∈J Iα. dTychonoff ½n, �Z ´

;�. -Y := X t (Z \ φ(X)). ½ÂN� η : Y → Z �: ex ∈ X, -η(x) = φ(x);
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ex ∈ Z \ φ(X), - η(x) = x. ·�D�Y XeÿÀ: U´Y �m8��=� η(U)´Z

�m8. ù�, η : Y → Z´Ó�; AO/, Y ´X���;z. e f : X → R´ëY�,

K�3�Iα, ¦� f = fα. �πα�Z�α©þ�ÝK. Kπα ◦ η=� f�*Ü.

e f1, f2 : Y → RÑ´ f : X → R�*Ü, K {x ∈ Y : f1(x) = f2(x)}´Y 48��

¹X. 
X3Y ¥È�, � f1 = f2. *Ü���5�y.

½n7.9.

Ún 7.8¥�;zY ÷v½Â 7.7¥�5�.

y².

�C´;Hausdorff�m, K§´���K�. ù�, �3���I8 JÚi\φ : C →

[0, 1]J . ?�ëYN� f : X → C. éz�α ∈ J , �πα�[0, 1]J�1α©þ�ÝK. dÚ

n 7.8, éz�α ∈ J , �3 gα : Y → R, Ù*Üπα ◦ φ ◦ f . - η = φ−1 ◦ (gα). K η*Ü


 f . *Ü���5�y²aqÚn 7.8.

½n7.10.

Ún 7.8¥�;zY ´��� (XJY1, Y2´ü�ù��;z, K�½�3Ó�h : Y1 →

Y2÷vh|X = IdX).

y².

�Y1, Y2´X�ü�÷vÚn 7.8¥^��;z. �Ä¹\N� i1 : X → Y1Ú i2 : X →

Y2.� j1 : Y2 → Y1, j2 : Y1 → Y2©O´ i1, i2�*Ü.K j1◦j2 : Y1 → Y1Ú j2◦j1 : Y2 → Y2

Ñ´ð�N� idX : X → X�*Ü. d*Ü���5, � j1 ◦ j2 = idY1 , j2 ◦ j1 = idY2 . ù

� j1´÷v�¦�Ó�.

7.3 lÑ�m� Stone-Čech;z∗

½Â7.11.

�D´����8Ü, U´D�,
f8�¤�����8x. XJU÷v±e5�:
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(1) eA,B ∈ U , KA ∩B ∈ U ;

(2) eA ∈ U�A ⊂ B ⊂ D, KB ∈ U ;

(3) ∅ /∈ U ;

K¡U´Dþ���Èf.

~f7.5.

�X´�ÿÀ�m�x ∈ X; Kx����N�¤��Èf.

½Â7.12.

eU´8ÜDþ���Èf¿�UØý�¹uÙ§Èf�¥, K¡U����Èf.

½n7.13.

�U´8ÜDþ���f8x; KU´Dþ��Èf��=�U´Dþ��Èf¿�

é?¿A ⊂ D, ½öA ∈ U , ½öD \ A ∈ U .

y².

(=⇒) b��3A ⊂ D, ¦�: A /∈ U�D \ A /∈ U ; Ké?¿B ∈ U , kA ∩ B 6= ∅ (ÄK,

òkB ⊂ D \ A ∈ U). �V = {C ⊂ D : �3B ∈ U ,÷v C ⊃ A ∩ B}. N´u�V´È

f�ý�¹U . ù��gñ.

(⇐=) b�UØ´�Èf, K�3ý�¹U�ÈfV . ?�A ∈ V \ U . eD \ A ∈ U ,

KD \ A ∈ V ; ù�V�Èf5gñ. ¤±7kD \ A /∈ U ; ùq�K�gñ.

½n7.14.

�U´8ÜDþäkk��5��f8x; K7�3Dþ����Èf p¦�U ⊂ p.

y². |^ZornÚn, ·��±����Ó�÷v±eü:�38x�¹'X�4�

�A: (1) U ⊂ A; (2) Aäkk��5�. e�3A ∈ U 9B ⊂ D¦�A ⊂ B, K´

�A ∪ {B} Eäkk��5�; dA�4�5, kB ∈ A; ù�A´Èf. 2dA�4

�5�, Ù��Èf; - p = A=�.
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�D´lÑ�m, A ⊂ D, a ∈ D. ·�^ÎÒ β(D)L«8ÜDþ��Èf�N;

^ ÂL«�¹A��Èf�N, = Â = {p ∈ β(D) : A ∈ p}.

e¡·K�y²3�SK.

·K7.15.

�D´lÑ�m�A,B ⊂ D. K:

(1) Â ∩B = Â ∩ B̂;

(2) Â ∪B = Â ∪ B̂;

(3) D̂ \ A = β(D) \ Â;

(4) Â = ∅��=�A = ∅; (5) Â = β(D) ��=�A = D;

(6) Â = B̂��=�A = B.

½Â7.16.

� a´8ÜD¥�:. ¡8xU = {A ⊂ D : a ∈ A}�da½Â�Ì�Èf (N´u�U

´�Èf).

·�^ e(a)L« a¤½Â�Ì�Èf.e¡·�o´D� β(D)±8x {Â : A ⊂ D}

¤)¤�ÿÀ; d·K 7.15(1) �: {Â : A ⊂ D}´Ù¤)¤ÿÀ�ÿÀÄ.

½n7.17.

�D´lÑ�m�A ⊂ D. K:

(1) Â´Qm�48;

(2) β(D)´;Hausdorff�m;

(3) Â = e(A), = p ∈ e(A)��=�A ∈ p;

(4) e : D → β(D)´i\;

(5) e(D)3 β(D)¥È�.

y².

(1) dβ(D)þÿÀ�½Â±9·K 7.15(3)� Â´Qm�4�.
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(2) � p 6= q ∈ β(D). eA ∈ p \ q, KD \A ∈ q. u´, ÂÚ D̂ \ A´©O�¹ p Ú q�Ø

�m8. ¤±, β(D)´Hausdorff�. d·K 7.15(3)��β(D)¥z�48Ñ´/X Âù

��48��. Ïd, �
y²β(D)�;5, ·���éd/X Â�8Ü|¤�äkk

��5��48xA, y²∩A 6= ∅=�. �d, �ÄB = {A : Â ∈ A}. d 7.15(1)á�B

´D�äkk��5��f8x. u´, �â½n 7.14, �3 p ∈ β(D)¦�B ⊂ p. ù�,

p ∈ ∩A.

(3) w,, éz� a ∈ A, k e(a) ∈ A; d (1), � e(A) ⊂ Â. �y���, � p ∈ Â.

e p ∈ B̂,Ù¥B ⊂ D,KB ∈ p. u´, ∅ 6= A∩B ∈ p. ?� a ∈ A∩B;K e(a) ∈ e(A)∩B.

dB�?¿5, � p ∈ e(A).

(4) ÏD´lÑ�, �y e´i\, ��y e´ü�. ¯¢þ, e a 6= b ∈ D, KD \ {a} ∈

e(b) \ e(a); u´ e(a) 6= e(b).

(5) d (3), k e(D) = D̂. dÈf½Â, �β(D) ⊂ D̂. w,, ok D̂ ⊂ β(D). ù�,

e(D) = β(D).

½n7.18.

�D´lÑ�m, K (e, β(D))´D� Stone-Čech;z.

y².

d½n 7.17�, (e, β(D))´D���;z. �Y ´;Hausdorff�m, f : D → Y . éz

� p ∈ β(D), �Ap = {f(A) : A ∈ p}; KAp ´Y �äkk��5��48x. ù�,

∩A 6= ∅. ?� y ∈ ∩A, ¿5½ g(p) = y. ey: f = g ◦ e� gëY.

�x ∈ D; K {x} ∈ e(x). u´, g(e(x)) ∈ {f(x)} = {f(x)}; = g(e(x)) = f(x). ù�,

f = g ◦ e¤á. �y g�ëY5, � p ∈ β(D)�U´ g(p)3Y ¥�m��. dY ��K

5, �3 g(p)�m��V , ¦�V ⊂ U . �A = f−1(V ). ·�ä½A ∈ p; ÄöD \ A ∈ p,

?
 g(p) ∈ f(D \ A). ÏV ´ g(p)�m��, �V ∩ f(D \ A) 6= ∅; ù�A = f−1(V )�

gñ. ¤±, äó¤á, = Â´ p�m��. ·�?�Úä½: g(Â) ⊂ U . ÄK, � q ∈ Â,
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� g(q) /∈ U . ù�, Y \ V ´ g(q)�m��; 
 g(q) ∈ f(A), � (Y \ V ) ∩ f(A) 6= ∅;

ùq�A = f−1(V )�gñ. ù�, g �ëY5�y. d½Â 7.7�: (e, β(D))´D

� Stone-Čech;z.

5.

þ¡½ny²¥ y ∈ ∩A�À��,´?¿�, �¯¢þ�±y²∩A�U´ü:8 (y

²3�SK), ù� y�À�¯¢þ´���.

7.4 lÑ�+�Stone-Čech;z∗

e (S, ·)´��+¿�S��lÑ�m, K¡ (S, ·)��lÑ�+.

½n7.19.

� (S, ·)´�lÑ�+, K β(S)þ�3�����$� ∗÷v±eA^:

(1) é?¿ s, t ∈ S, ¤á s ∗ t = s · t;

(2) éz� q ∈ β(S), N� ρq : β(S)→ β(S), p 7→ p ∗ q ëY;

(3) éz� s ∈ S, N�λs : β(S)→ β(S), q 7→ s ∗ qëY;

(4) (β(S), ∗)���+.

y².

é s ∈ S, ½Â ls : S → S, t 7→ s · t. d½n 7.18, �3ëYN�λs : β(S) → β(S)¦

�λs|S = ls. é q ∈ β(S), ½Â rq : S → S, s 7→ rs(q). 2d½n 7.18, �3ëYN

� ρq : β(S) → β(S), ¦� ρq|S = rq|S. ½Â$� ∗ : β(S)× β(S) → β(S), (p, q) 7→ ρq(p).

d±þ½ÂL§á�: ∗÷v (1), (2), (3)9��5.

ey ∗÷v(ÜÆ. � p, q, r ∈ β(S); Kd (1), (2), (3), ·�k:

(p · q) · r = lim
a→p

(a · q) · r = lim
a→p

lim
b→q

(a · b) · r = lim
a→p

lim
b→q

lim
c→r

(a · b) · c

9

p · (q · r) = lim
a→p

a · (q · r) = lim
a→p

lim
b→q

a · (b · r) = lim
a→p

lim
b→q

lim
c→r

a · (b · c).
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¤±, (p · q) · r = p · (q · r); $� ∗�(Ü5¤á.

e¡�
PÒþ�{B, ·�rþã½n¥½Â�$�“ ∗ ”�P�“ · ”. é s ∈ S

9A ⊂ S, ·�P s−1A = {t ∈ S : s · t ∈ A}.

½n7.20.

� (S, ·)´�lÑ�+�A ⊂ S. K

(1) éz� s ∈ S 9 q ∈ β(S), A ∈ s · q��=� s−1A ∈ q. (2) é?¿ p, q ∈ β(S),

A ∈ p · q��=� {s ∈ S : s−1A ∈ q} ∈ p.

y².

(1)

(=⇒)�A ∈ s · q; K Â´ s · q���.dλs�ëY5, �3B ∈ q, ¤á λ̂s(B) = λs(B̂) ⊂

Â. ù�, ·�kλs(B) ⊂ A; =B ⊂ s−1A. ÏB ∈ q, �dÈf5� s−1A ∈ q.

(⇐=) b� s−1A ∈ q, �A /∈ s · q; KS \ A ∈ s · q. aquþ�Ú�?Ø, �S \ s−1A =

s−1(S \ A) ∈ q. ù�, dÈf5� ∅ = s−1A ∩ (S \ s−1A) ⊂ S. ù��gñ.

(2)

(=⇒) �A ∈ p · q; = p · q ∈ Â. d ρq�ëY5, �3B ∈ p¦� ρ̂q(B) = ρq(B̂) ⊂ Â. ù

�, éz� s ∈ B, k s · q ∈ Â; =A ∈ s · q. u´, d (1) �B ⊂ {s : s−1A ∈ q}. 2�â

Èf5, ·��� {s ∈ S : s−1A ∈ q} ∈ p.

(⇐=) b�A /∈ p · q; KS \ A ∈ p · q. aqþ�Ú�?Ø, � {s ∈ S : S \ s−1A ∈ q} =

{s ∈ S : s−1(S \ A) ∈ q} ∈ p. ù� ∅ /∈ p�gñ.

� (S, ·)���+, e ∈ S. XJ e · e = e, K¡ e´���.

½n7.21.

(β(S), ·)¥�½¹���.

y².

�A = {A ⊂ S : A´��;��A · A ⊂ A}. |^ZornÚn��: A¹k8Ü�¹'X
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e���4��M . ?�x ∈ M . dM�4�5±9 ρx�ëY5, ·�kM · x = M ;

u´, 8ÜY ≡ {y ∈ M : y · x = x}´��48. ´�, Y · Y ⊂ Y . 2dM �4�5,

�Y = M . ù�, x = x · x����.

7.5 Hilbert½nÚSchur½n∗

½n7.22.

�S´lÑ�+, p´ β(S)¥���. eA ∈ p, K7�3S¥�,�S� (xn)∞n=1, ¦�:

FP((xn)) ⊂ A.

y².

·�8B/½ÂS¥S� (xn)∞n=1. �A1 = A,B1 = {x ∈ S : x−1A1 ∈ p}. dA1 ∈ p = p2

9½n 7.20,�B1 ∈ p. ?�x1 ∈ A1∩B1,��A2 = A1∩(x−1
1 A1);KA2 ∈ p. b�én ≥

1, ·�®½ÂxnÚAn+1 ∈ p. �Bn+1 = {x ∈ S : x−1An+1 ∈ p}. 2dAn+1 ∈ p = p2

9½n 7.20, �Bn+1 ∈ p. ?�xn+1 ∈ Bn+1 ∩ An+1, ¿�An+2 = An+1 ∩ (x−1
n+1An+1);

KAn+2 ∈ p. N´�yù���� (xn)∞n=1÷v�¦.

Ún7.23.

�D´lÑ�m, U ´Ùþ��Èf, A1, ..., An´D�n�f8 (n ∈ N). e∪ni=1Ai ∈

U , K7k,� i ∈ {1, ..., n}¦�: Ai ∈ U .

y².

b�éz� i ∈ {1, ..., n}, ÑkAi /∈ U ; d½n 7.13 �, éz� i¤á: S \ Ai ∈ U . ÏU

´Èf, ¤±∩ni=1(D \ Ai) ∈ U ; u´, ∪ni=1Ai = D \ ∩ni=1(D \ Ai) /∈ U . ù��gñ.

½n 7.21, ½n 7.22, ÚÚn 7.23�å%¹e¡½n.

½n7.24.

�S´��+, �S = ∪mi=1Ai, Ù¥m ∈ Z+. K�3,� i ∈ {1, ...,m}9S¥�,�S

� (xn)∞n=1, ¦�: FP((xn)) ⊂ Ai.
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e¡ü�íØ´���.

íØ7.25 (Hilbert½n).

�Z+ = ∪mi=1Ai, Ù¥m ∈ N. Kéz� k ∈ Z+, Ñ�3 i ∈ {1, ...,m}, Z+¥S�(xn)kn=1,

±9Z+¥Ã�8B, ¦�: éz� b ∈ B, ¤á b+ FS((xn)kn=1) ⊂ Ai.

íØ7.26 (Schur½n).

�N = ∪mi=1Ai, Ù¥m ∈ Z+. K�3 i ∈ {1, ...,m}9x, y ∈ Z+, ¦�: {x, y, x+y} ⊂ Ai.

Ò�ö¤�, e¡¯K�´úm�. CÏ���­�?Ð� [13].

¯K7.27.

�Z+ = ∪mi=1Ai, Ù¥m ∈ Z+. ¯: ´Ä�3 i ∈ {1, ...,m}9x, y ∈ Z+, ¦�: {x, y, x+

y, xy} ⊂ Ai ?
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111 8ÙÙÙ NNN������mmm���ÿÿÿÀÀÀ

8.1 :mÿÀÚ;mÿÀ

� (X, TX)Ú (Y, TY )´ü�ÿÀ�m. ·�^C(X, Y )L«lX�Y �ëYN��

N.

½Â8.1.

�½x ∈ X ÚY �m8U . -S(x, U) = {f : f ∈ Y X�f(x) ∈ U}. ·�¡d8

x {S(x, U) : x ∈ X,U ∈ TY })¤�ÿÀ�Y Xþ�:mÿÀ.

SK60.

8x {S(x, U) : x ∈ X,U ∈ TY }�¤Ù)¤ÿÀ�ÿÀfÄ.

·K8.2.

Y Xþ�:mÿÀ�¦ÈÿÀ��.

·K8.3.

:mÿÀe, Y X¥�� (fα)Âñ� f��=�éz�x ∈ X, k fα(x)→ f(x).

d·K 8.3, ·��¡:mÿÀ�:�ÂñÿÀ.

SK61.

�`²: :mÿÀe, C(X, Y )��Ø´Y X�4f8.

½Â8.4.

éuX�;8KÚY �m8U , -S(K,U) = {f : f ∈ Y X�f(K) ⊂ U}. ·�¡d8

x {S(K,U) : K´X¥;8, U ∈ TY })¤�ÿÀ�Y Xþ�;mÿÀ.

SK62.

8x {S(K,U) : K´X¥;8, U ∈ TY }´Ù)¤ÿÀ�ÿÀfÄ.
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½Â8.5.

� (Y, d)´Ýþ�m. éX ¥;8K, ε > 0, 9 f ∈ Y X , -S(K, f, ε) = {g ∈ Y X :

d(g(x), f(x)) < ε, ∀x ∈ K}. ·�¡d8x {S(K, f, ε) : K´X¥;8, f ∈ Y X , ε > 0})

¤�ÿÀ�Y Xþ�;ÂñÿÀ.

SK63.

8x {S(K, f, ε) : K´X¥;8, f ∈ Y X , ε > 0}´Ù)¤ÿÀ�ÿÀfÄ.

·K8.6.

�Y ´Ýþ�m. KY Xþ�;mÿÀÚ;ÂñÿÀ´���.

�A´��8Ü, (Y, d)´��Ýþ�m, (fα)´Y A¥��, � f ∈ Y A. XJéz

� ε > 0, Ñ�3 β, ¦��α > β�, é?¿x¤á |fα(x) − f(x)| < ε, K¡ (fα)��Â

ñ� f . ;ÂñÿÀ�¿Â3e¡·K¥��Ny.

·K8.7.

�Y ´Ýþ�m, (fα)´C(X, Y )¥��, f ∈ C(X, Y ). K3;mÿÀe, (fα)Âñ� f

��=�éX¥z�;8K, k fα|K��Âñ� f |K.

íØ8.8.

�X´;�m, Y ´Ýþ�m, (fα)´C(X, Y )¥��, f ∈ C(X, Y ). K3;mÿÀe,

(fα)Âñ� f��=� fα��Âñ� f .

·K8.9.

�X ´ÿÀ�m, Y ´Ýþ�m; (fα)´C(X, Y )¥��, f ∈ Y X . e (fα)��Âñ

� f , K f ∈ C(X, Y ).

·K8.10.

�X´ÛÜ;�m, Y ´Ýþ�m. K3;mÿÀe, C(X, Y )´Y X�4f8.

y².

� f ∈ Y x uC(X, Y )3;mÿÀ�4�¥; K�3� (fα) ∈ C(X, Y )3;mÿÀe

102



��ÿÀ9ÙA^ 8.2 Ascoli½n

Âñ� f . ?�x ∈ X, dÛÜ;5, �3x�;��K. �â·K 8.7, (fα|K)��Âñ

� fK . 2d·K 8.9, � f |K´ëY�; AO/, f 3x?ëY. dx�?¿5, f ´ëY

�.

8.2 Ascoli½n

½Â8.11.

�X´ÿÀ�m, (Y, d)´Ýþ�m; F ⊂ C(X, Y ); x0 ∈ X. XJéz� ε > 0, Ñ�

3x0���U , ¦�éz� f ∈ F Úz� y ∈ U ¤á d(f(x), f(y)) < ε, K¡N�8F

3x?�ÝëY. XJF 3z�x ∈ X?�ÝëY, K¡F ´�ÝëY�.

½n8.12 (Ascoli½n).

�X ´ÿÀ�m, (Y, d)´Ýþ�m, F ⊂ C(X, Y ). eF ´�ÝëY�¿�éz

�x ∈ X, 4� {f(x) : f ∈ F}´Y �;8, K3;mÿÀe, F �4�´C(X, Y )�;

8.

y².

·�©O^Clp(F )ÚClc(F )L«F 3:mÿÀÚ;mÿÀe�4�. éz�x ∈ X,

-Ix = {f(x) : f ∈ F}; K Ix´Y �;8. 
Clp(F ) ⊂
∏

x∈X Ix, �Clp(F )´Y X3:m

ÿÀe�;8.

äó1. Clp(F )´�ÝëY�. ¯¢þ, ?�x ∈ X Ú ε > 0, dF ��ÝëY5, �

3x���U¦�éz� y ∈ U¤ád(f(x), f(y)) < ε/3 (∀f ∈ F ). ù�, é g ∈ Clp(F )

9 y′ ∈ U , �3 f ′ ∈ F¦� d(g(y′), f ′(y′)) < ε/3� d(g(x), f ′(x)) < ε/3. u´,

d(g(y′), g(x)) ≤ d(g(y′), f ′(y′)) + d(f ′(y′), f ′(x)) + d(f ′(x), g(x)) < ε.

äó2. Clp(F )�:mÿÀÚ;mÿÀ��. w,;mÿÀ':mÿÀ[, ·���y�

��. �Clp(F )¥�� (gα) ::Âñ� g ∈ Clp(F ). ey (gα)3;mÿÀeÂñ� g.

?�X �;8K Ú ε > 0. éx ∈ K, däó 1, �3x���Ux¦�éz� y ∈ Ux,

d(g(x), g(y)) < ε/3 (∀g ∈ Clp(F )). dK�;5, �3x1, · · · , xn ∈ K¦�K ⊂ ∪ni=1Uxi .
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�β÷v�α > β�, d(gα(xi), g(xi)) < ε/3 (∀i = 1, · · · , n). ?� y ∈ K; � y ∈ Uxi , Ù

¥ i ∈ {1, · · · , n}. K�α > β�,

d(gα(y), g(y)) ≤ d(gα(y), gα(xi)) + d(gα(xi), g(xi)) + d(g(xi), g(y)) < ε.

ù�, gα|K��Âñ� g|K .

däó2, �Clp(F )´;�.

8.3 �ÝëYXÚÚHalmos-von Neumann½n∗

½Â8.13.

�G´��+. é a ∈ G, ½ÂLa, Ra : G → G�: La(x) = ax,Ra(x) = xa,∀x ∈ G. ·

�©O¡LaÚRa�+G��²£Úm²£.

½Â8.14.

�G´ÿÀ�m�´+. XJ¦{m : G × G → G, (x, y) 7→ xyÚ�_ τ : G → G, x 7→

x−1 ´ëY�, K¡G´ÿÀ+; XJÿÀ+G��ÿÀ�m´;� (�A/, �Ýþz

�), K¡G´;ÿÀ+ (�A/, �ÝþÿÀ+).

·K8.15.

�G´ÿÀ+. éu a ∈ G, ²£LaÚRaÑ´G�Ó�.

l·K 8.15��, (G,La)Ú (G,Ra)©O�¤�_XÚ.

~f8.1.

'uîªÝþ¤p��ÿÀÚ�þ�\{$�, Rn¤���ÿÀ+.

~f8.2.

�¡Tn := Rn/Zn (n > 0)3ûÿÀe¤�;��+.

~f8.3.

���5+GL(n,R) (n > 0)'uRn2
�f�mÿÀ¤�ÿÀ+.
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~f8.4.

��+O(n,R) (n > 0)'uRn2
�f�mÿÀ¤�;+.

~f8.5.

�T = R/Z��±+. K¦È+TZ+'u¦ÈÿÀ¤�;��ÿÀ+.

~f8.6.

2-?Ú�+3TZ+�f�mÿÀÚ+$�e¤�;��+.

~f8.7.

D� {0, 1}lÑÿÀ. K¦È�mΣ := {0, 1}Z+3? \{$�e¤�;��+.

½Â8.16.

�T : X → X ´;Ýþ�mX þ�Ó�. e {T n : n ∈ Z}´�ÝëY�, K¡X

Ú (X,T )´�ÝëY�.

·K8.17.

�T : X → X´;Ýþ�mXþ�Ó�. eXÚ (X,T )´�ÝëY�:D4�, K§´

4��.

~f8.8.

� 0 < a < b < 1÷v: Ø�3�êm,n¦�ma + nb ∈ Z. KXÚ (T2, L(a,b))´4��

ÝëY�.

~f8.9.

�ΣX~ 8.7, a = (1, 0, 0, · · · ) ∈ Σ. KXÚ (Σ, La)´4��ÝëY�.

½n8.18 (Halmos-von Neumann½n).

�X´;Ýþ�m, T : X → X´Ó�. eXÚ (X,T )´�ÝëY�4��, K§��

�;ÿÀ+þ�²£)¤�XÚÿÀ�Ý.
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y².

�F = {T n : n ∈ Z}. -H ⊂ C(X,X)�F 3;mÿÀe�4�. dAscoli½n, H

3;mÿÀe´;�. ØJ�yH 3N�ÎÜe¤�;��ÿÀ+. �½��D4

:x ∈ X. �φ : H → X, g 7→ g(x). ´�, φ´ëY�. �LT : H → H, g 7→ T ◦ g�H

��²£; Kφ(LTg) = T ◦ g(x) = T (φ(g)). ù�, φ(H)´X�T ØC48. d (X,T )

�4�5, X = φ(H). ¤±, φ´ (H,LT )� (X,T )�ÏfN�. �yφ´ÿÀ�Ý,

��yφ´ü�. eé g1, g2 ∈ H, kφ(g1) = φ(g2); = g1(x) = g2(x). dH ���5,

k g1(g(x)) = g2(g(x)), (∀g ∈ H). 
 {g(x) : g ∈ H} = X, � g1 = g2. ù�, φ´ü

�.

8.4 DistalXÚÚEllis�+∗

�!¥, ·�o´b½T : X → X´;Ýþ�m (X, d)þ�Ó�.

½Â8.19.

eé?¿x 6= y ∈ X, k inf{d(T n(x), T n(y)) : n ∈ Z} > 0, K¡XÚ (X,T )´distal�.

·K8.20.

eXÚ (X,T )´�ÝëY�, K§´ distal�.

~f8.10.

�D := {reiθ : 0 ≤ r ≤ 1, θ ∈ R}´E²¡Sü �±. �ÄÓ� f : D → D, reiθ 7→

rei(θ+r). K�_XÚ (D, f)´ distal
��ÝëY�.

~f8.11.

�α´Ãnê. �ÄÓ� f : T2 → T2, (x, y) 7→ (x + α, y + x). K�_XÚ (T2, f)´4

�distal
��ÝëY�.

·K8.21.

�E(X,T ) ⊂ XX´ {T n : n ∈ Z}3:mÿÀe�4�. KE(X,T ) 3N�EÜe¤�
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�+, ¿�÷v: éz� s ∈ E(X,T ), m¦ ρs : E(X,T ) → E(X,T ), t 7→ tsëY; éz

� s ∈ {T n : n ∈ Z}, �¦λs : E(X,T )→ E(X,T ), t 7→ stëY.

y².

�F = {T n : n ∈ Z}. ?� ξ, η ∈ E(X,T )Ú t ∈ F ; K�3F ¥�� (fα)Ú (gβ)©

OÂñ� ξÚ η. u´, éz�x ∈ X, k tξ(x) = t lim fα(x) = lim tfα(x). 
 tfα ∈ F ,

� tξ ∈ E(X,T ); AO/, gβξ ∈ E(X,T ) (∀β). ù�, ηξ = lim gβξ ∈ E(X,T ). ¤±,

E(X,T )3N�ÎÜe¤��+. m¦ ρs (s ∈ E(X,T ))9�¦λs (s ∈ F )�ëY5l:

mÿÀ½Âá=��.

½Â8.22.

·�¡·K 8.21¥�E(X,T )�ÄåXÚ (X,T )�Ellis�+. e I´E(X,T )¥��4

8�÷vE(X,T )I ⊂ I, K¡ I´E(X,T )���mn�; emn� I38Ü�¹'Xe

��4� (=Ø�3ý¹uI�mn�), K¡ I´4�mn�.

l·K 8.21·�w� (E(X,T ), λT )¤���ÄåXÚ.

·K8.23.

I´E(X,T )�4�mn���=�§´XÚ(E(X,T ), λT )�4�8; AO/, E(X,T )

o�34�mn�.

e¡·K�y²�½n 7.21�y²aq.

·K8.24.

e I´E(X,T )�4�mn�, K§7¹���.

·K8.25.

eXÚ (X,T )´ distal��u´E(X,T )����, Kéz�x ∈ X, kux = x.

y².

� (fα)� {T n : n ∈ Z}¥��� lim fα = u. Ïu2 = u, �u(u(x)) = u(x). ù�,

lim fα(u(x)) = lim fα(x). 
 (X,T )´distal�, �u(x) = x.

107



8 N��m�ÿÀ ��ÿÀ9ÙA^

½n8.26.

eXÚ (X,T )´ distal�, K§´::A�±Ï� (=X´4�8�Ø�¿).

y².

?�x ∈ X. -Y = E(X,T )x; KY ´�¹x�T ØC48. �ÄN�φ : E(X,T ) →

X, ξ → ξ(x); Kφ´XÚ (E(X,T ), λT )� (Y, T |Y )�ÏfN�. d·K 8.23, �� I

�E(X,T )���4�mn�. u´, Ix� (X,T )���4�8. 2d·K 8.24Ú·

K 8.25, �x ∈ Ix. ù�, x´A�±Ï�.

8.5 ÄêÚSê∗

eAÚB´?¿ü�8Ü, KA ∈ B½A /∈ Büö¤á��U¤áÙ�. XJ¤k

8Ü��NE´��8Ü, @o�·��Ä§�f8X := {8Üx : x /∈ x}�, ¬Ñyù

���Ø: eX ∈ X, KkX /∈ X; eX /∈ X, KX ∈ X. �
;�ù���Øu), ·

�Øò¤k8Ü��Nw�8Ü. ún8ÜØ¥, ÃX/¤k8Ü��N0ù��é�

�¡�a; é?¿ü�aAÚB, A ∈ B½A /∈ Büö¤á��U¤áÙ�; eaA´

,�aB���, K¡aA´��8Ü. éu8Ü�f8!�¿$�! S�S'X�

VgÑ�±g,*¿�aþ. ·�ò3��È��¿Âe¦^“8Ü”Ú“a”�Vg.

½Â8.27.

�AÚB´ü�8Ü. XJ�3V� f : A→ B, K¡AÚB´�³�.

´�, �³'X´8Üm��d'X.

½Â8.28.

z�8Ü'u�³'X��da¡���Äê.

·�^ |A|L«8ÜA�Äê.

½Â8.29.
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XJ8ÜA�8ÜB���f8�³, �Ø�B�³, K¡A�Äê�uB�Äê; P

� |A| < |B|.

w,, þ¡�½Â´��û½Â(��L�AÚB�À�Ã').

·K8.30.

�A´����8Ü, 2A´§��8 (=A�¤kf8�¤�8Ü); K |A| < |2A|.

y².

w,A� 2A���f8�³. ��yØ�3A� 2A�÷�=�. ÄK, � f : A→ 2A´

÷�. �Ä8ÜB := {x ∈ A : x 6∈ f(x)}; KB ∈ 2A. ��3 a ∈ A¦� f(a) = B. �ù

��gñ:

a ∈ B ⇐⇒ a /∈ f(a)⇐⇒ a /∈ B.

½Â8.31.

�<´8ÜXþ����S. e a ∈ A ⊂ X÷v: éz� b ∈ A, b 6= a, k a < b, K¡ a

´A����. XJX�z���f8Ñk���, K¡ (X,<)´ûS8.

~f8.12.

'u¢ê��u'X<, (N, <)´ûS�, 
 (Q, <)Ø´ûS�.

e¡�ûSún�ÀJún�d.

ún3 (ûSún).

z�8ÜÑ´�ûS� (=Ùþ�3��ûS).

½Â8.32.

� (A,<)Ú (B,≺)´ü�ûS8. XJ�3V� f : A → B ÷v: é?¿x, y ∈ A,

x < y��=� f(x) ≺ f(y), K¡ (A,<)Ú (B,≺)´SÓ��.

w,, SÓ�´¤kûS8�aþ��d'X.
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½Â8.33.

z�ûS8'uSÓ���da¡���Sê.

e¡·��é¤kSêÚÄê½Â�a�L�.

½Â8.34.

XJ8ÜX¥z��Ñ´X�f8, K¡X´D48. XJD48X'u∈¤�ûS

8, ·�¡ (X,∈)���S�L.

·�^OrdL«¤kS�L�a; ^��F1i1α, β, γ, ...�L«S�L.

Ún8.35.

'uOrdÚ∈, e¡(Ø¤á:

(1) ∅´��S�L.

(2) eα´��S�L� β ∈ α, K β´��S�L.

(3) eα 6= β´S�L�α ⊂ β, Kα ∈ β.

(4) eα, β´S�L, K½öα ⊂ β, ½ö β ⊂ α.

y².

(1) w,.

(2) dS�L�½Â, β ⊂ α; AO/, (β,∈)´ûS�. eyβ´D48. ?�B ∈ β

9 b ∈ B. 5¿�B ∈ α, �B ⊂ α. u´, b ∈ α. Ï (α,∈)´�S8, � b ∈ β. ù�,

B ⊂ β�y.

(3) � γ´β \ α����; Kéz� r ∈ γk r ∈ α; u´ γ ⊂ α. ?� a ∈ α, dD45,

·�k a ⊂ α; ù�, γ /∈ a. q a ∈ β, d�S�½Â, ·�k a ∈ γ. u´, α = γ ∈ β.

(4) w,α ∩ β´��S�L. � γ = α ∩ β; K γ = α½ γ = β; =α ⊂ β½β ⊂ α. Äö,

d(3), γ ∈ α ∩ β = γ. gñ.

5P8.36.

dÚn 8.35� (1)Ú (3)�: eS�L β 6= ∅, K ∅ ∈ β.
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½Â8.37.

�<´8ÜX þ���S, A ⊂ X. ex´A���þ., K¡x´A�þ(.; P

�x = supA. ex´A���e., K¡x´A�e(.; P�x = inf A.

e¡·K�dÚn 8.35��íÑ.

·K8.38. 'uOrdÚ∈, e¡(Ø¤á:

(1) ∈´Ordþ��S.

(2) éz�α, α = {β : β ∈ α}.

(3) eC´��S�L���a, K∩C�´��S�L, � inf C = ∩C ∈ C.

(4) eC´��S�L���a, K∪C�´��S�L, � sup C = ∪C.

(5) eα´��S�L, Kα ∪ {α}�´S�L, �α ∪ {α} = inf {β : α ∈ β}.

�y²ù�!�Ì�½n, ·�kO�ü�Ún.

Ún8.39.

� (X,<)´ûS8, f : X → X´�SN� (a < b =⇒ f(a) < f(b)); K f(x) ≥ x (∀x ∈

X).

y².

b�A := {x ∈ X : f(x) < x} 6= ∅; K�3A ���� a. ù�, f(a) < a. u

´ f(f(a)) < f(a). ¤± f(a) ∈ A. ù� a���5�gñ.

Ún8.40.

� (X,<)´ûS8, x ∈ X. �Y = {y ∈ X : y < x}. K (X,<)� (Y,<)Ø´SÓ��.

y².

b�φ : X → Y ´��SÓ�; Kφ(x) ∈ Y . u´, φ(x) < x. ù�Ún 8.39�gñ.

½n8.41.

eα 6= β, Kα� βØ´SÓ��; z�ûS8T���S�LSÓ�.
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y².

1��(Ø��dÚn 8.40íÑ. ?�ûS8 (X,<). éx ∈ X, -Yx = {y ∈ X :

y < x}. �Ä8ÜZ := {x ∈ X : (Yx, <) SÓ�u,�S�L αx}. e a´X����,

KYa = ∅; ù�, Z 6= ∅. eyZ = X. Äö, � z´X \ Z����. KN�x 7→ αx

´ (Yz, <)�S�L ({αx}x∈Z ,∈)�SÓ�; gñ. ¤±Z = X. ù�, (X,<)�S�

L ({αx}x∈X ,∈)SÓ�.

l½n 8.41��, ¤kS�LT�¤Sê�¤k�L�. e¡·�Ø2«©S�L

Ú§¤�L�Sê.

½Â8.42.

éuSêα, ·�½Âα+ 1 = α ∪ {α}, ¿¡Ù�α��USê. eαØ´?ÛSê��

USê, K¡Ù�4�Sê; ù�, ·�kα = {β : β < α}.

dÚn 8.35, ·�� ∅´���Sê. P 0 := ∅, 1 := 0 + 1 = {∅}, 2 := 1 + 1 =

{∅, {∅}}, 3 := 2 + 1 = {∅, {∅}, {∅, {∅}}}, · · · ; ·�^ω0P1��Ã�Sê (7�ê);

^ω1P1��Ø�êSê. ù�·�k:

0 < 1 < 2 < · · · < ω0 < ω0 + 1 < ω0 + 2 < · · · < ω1 < ω1 + 1 < ω1 + 2 < · · · .

½Â8.43.

XJSêαØ�'§��?ÛSê�³, K¡α´�Ð©Sê.

½n8.44.

eα < β´ü�ØÓ�Ð©Sê, K |α| 6= |β|; z�8ÜÑ���Ð©Sê�³.

y².

dÐ©Sê�½Â, �1��Øä¤á. 1��ØädûSúná=��.

l½n 8.44, ·�w�Ð©SêTÐ�¤¤kÄê��L�. ·�^ℵ0L«ω0�

³, ^ℵ1L«ω1�³, ^ cL«ëYÚ�³ (=g,ê8��8½¢ê8�³). e¡´
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Í¶�CantorëYÚb�:

c = ω1.

Tb�ØU38cÏ1�8ÜØúnXÚ (¡� ZFCúnXÚ)Syý½y�; =§

�ZFCúnXÚÕá.

·K8.45.

�©Ýþ�m�³Ø�LëYÚ�³.

½n8.46 (��8B�n).

�C´��Sê�¤�a�÷v±e^�:

(1) 0 ∈ C,

(2) eα ∈ C, Kα + 1 ∈ C,

(3) eα´�"4�Sê�éz� β < αk β ∈ C, Kα ∈ C;

KC´¤kSê�a.

5P8.47.

·�Ï~±ù���ª¦^��8B�n: �·��éz�Sê½Â�aêÆé� (�

A/, y²��êÆ·K)�, ���y:

(1) éα = 0®½Â (�A/, y²);

(2) XJé¤k< α�SêÑ®½Â (�A/, y²), ÒUéα½Â (�A/, y²);

@oÒU
é¤k�Sê½Â (�A/, y²). Ú½(2)¥Ï~�éα´�UYêÚ4�

Sêü«�¹©O?Ø.

e¡·�^��8B�n­#y²·K 4.45.

·K8.48.

e f : X → X´;8Xþ�ëYN�, K (X, f)�½k4�8.

y².

b�·KØ¤á. éz�Sêα, ·�8B/½Â (X, f)���ØC48Aα. -A0 = X.
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b�éβ < α, Aβ®½Â. eα = γ + 1´��USê, Kdb��3Aγ� f ØCý4

f8K; -Aα = K. eα´4�Sê, K-Aα = ∩β<αAβ; dk��5�, Aα´ fØC

���48. d�EL§, éz�Sêα, ��xα ∈ Aα \ Aα+1. Ï {xα}üüØÓ, ù%

¹X�³�±?¿�. gñ.

8.6 Furstenberg(�½n∗

�!¥, ·�0�'u4� distalXÚ�Furstenberg(�½n.

½Â8.49.

� (X, d)Ú (Y, ρ)´ü�;Ýþ�m; T : X → XÚS : Y → Y ´ü�Ó�; φ : X → Y

´XÚ (Y, S)� (X,T )�*Ü. XJéz� ε > 0, Ñ�3 δ > 0, ¦�: � d(x, y) < δ

�φ(x) = φ(y)�, ¤á d(T n(x), T n(y)) < ε (∀n ∈ Z), K¡φ ´�ÝëY*Ü; ù�, �

¡ (X,T )´ (Y, S)��ÝëY*Ü.

~f8.13.

�α´Ãnê. �ÄÓ� f : T2 → T2, (x, y) 7→ (x + α, y + x)Ú g : T → T, x 7→ x + α;

Kφ : T2 → T, (x, y) 7→ x´�ÝëY*Ü.

SK64.

y²: DistalXÚ��ÝëY*Ü�´ distal�.

½Â8.50.

� θ´�Sê. éz�λ < θ, � (Xλ, Tλ)´;Ýþ�_XÚ; éλ < µ < θ, �φµλ : Xµ →

Xλ´ÏfN��÷vφην = φλνφ
η
λ (∀ ν < λ < η < θ ). ·�¡ (Xλ, Tλ)Úφµλ (λ < µ < θ)

�å�¤
��Ý�XÚ; {P�Xλ (λ < θ).

·K8.51.

� (Xλ, Tλ)Úφµλ (λ < µ < θ)���Ý�XÚ; K8Ü

lim
←−

(Xλ, Tλ)λ<θ := {(xλ) ∈
∏
λ≤θ

Xλ : xν = φµν (xµ),∀ ν < µ < θ}
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´
∏

λ≤θXλ���4f8; T̃θ : lim
←−

(Xλ, Tλ)→ lim
←−

(Xλ, Tλ), (xλ) 7→ (Tλ(xλ)) ´Ó�.

½Â8.52.

·�¡·K 8.51¥��_XÚ (lim
←−

(Xλ, Tλ), T̃θ)´Ý�XÚXλ(λ < θ)�Ý�4�.

SK65.

y²: DistalXÚ�Ý�4��´ distal�.

±e½n�y²�� [2].

½n8.53 (Furstenberg(�½n).

�T : X → X´;Ýþ�mXþ�Ó�. XJ�_XÚ (X,T )´ distal4��, K�3

�êSê θÚÝ�XÚXλ(λ < θ)÷v:

(1) X0 = {1}, (X,T )ÿÀ�Ýu (lim
←−

(Xλ, Tλ)λ<θ, T̃θ);

(2) Xλ+1´Xλ��ÝëY*¿ (∀ λ : λ+ 1 < θ);

(3) e η < θ´4�Sê, KXηÿÀ�Ýu (lim
←−

(Xλ, Tλ)λ<η, T̃η).
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111 9ÙÙÙ Baire½½½nnn

�Ù¥, ·�ò0�Baire½n9Ù3·bnØ¥���A^.

9.1 Baire½n

�!¥, ·�ò0�Baire½nÚÿÀFubini½n.

½Â9.1.

�A´ÿÀ�mX�f8. eA�SÜ��, K¡A´X�DÕ8 (½Ã?È8). eA

´�ê�DÕ8�¿, K¡A´1�j8; Äö, ¡A´1�j8.

½Â9.2.

XJÿÀ�mX�?¿�ê�DÕ8�¿8SÜ��, K¡X´Baire�m.

·K9.3.

éuÿÀ�mX, ±e^��d:

(1) X´Baire�m;

(2) X¥?¿�ê�DÕ48�¿8SÜ��;

(3) X¥?¿�ê�È�m8��E´È��;

(4) X¥?Û��m8Ñ´1�j�.

~f9.1.

knê8QØ´Baire�m; �ê8Z´Baire�m.

½n9.4 (Baire½n).

eX´ÛÜ;Hausdorff�m½��Ýþ�m, KX´Baire�m.

y².

·��éX´ÛÜ;Hausdorff�m�/y², ��Ýþ�m�/aq�y. b�(Ø
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Ø¤á, K�3�ê�DÕ48 {Ai}∞i=1Ú��m8U¦�U ⊂ ∪∞i=1Ai. ÏA1´DÕ�

¿�X´ÛÜ;�, ��3��m8V1÷vV 1 ⊂ U \ A1�V 1´;�. aq/, ÏA2

´DÕ�, ��3��m8V2¦�V 2 ⊂ V1 \ A2�V 2´;�. �daí, ·����

�m8�V1 ⊃ V2 ⊃ V3 ⊃ · · · ¦�: éz� i, V i´;��V i ∩ (∪ij=1Aj) = ∅. d;5,

U ⊃ ∩∞i=1V i 6= ∅. �dVi�½Â, U ∩ (∩∞i=1V i) = ∅. gñ.

½Â9.5.

�A´ÿÀ�mX�f8. eA´�ê�48�¿, K¡A´Fσ8; eA´�ê�m

8��, K¡X´Gδ8.

½n9.6 (ÿÀFubini½n).

�X ´���©Ýþ�m. eR´X þ���'X��¹X × X ���È�Gδ

8, K�3X ���È�Gδ f8A÷v: éz�x ∈ A, ÑkX �È�Gδ 8Ax¤

á {(x, y) : x ∈ A, y ∈ Ax} ⊂ R.

y².

�R ⊃
⋂∞
n=1 Un, Ù¥z�UnÑ´X × X �Èm8. éx ∈ X, -Ln(x) = {y ∈ X :

(x, y) ∈ Un}; ´�Ln(x) ´m8. -Xn = {x ∈ X : Ln(x)´È��}.

·�äó: Xn´X �ÈGδ8. ¯¢þ, �X ����êÈf8 {zi : i ∈ Z+}¿

-Fn = X ×X \ Un. é��ê iÚ�knê r, -

Fn(i, r) = {x ∈ X : (x, y) ∈ Fn, ∀y ∈ B(zi, r)}.

´�, Fn(i, r)´DÕ48¿�X \Xn =
⋃
i∈Z+,r∈Q+

Fn(i, r). ù�, äó�y.

-A =
⋂∞
n=1Xn. dBaire½n, ·��A´ÈGδ��÷v�¦.

9.2 ÿÀD45∗

�!¥, ·�ò�ÑÿÀD45�½Â, ¿?Ø§�:D45�'X. ,�, ·��

ÑÐ�¯a5ÚA��ÝëY5�½Â, ¿éD4XÚïá�©5½n. ��, ·��
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Ñ��f5�½Â¿y²A��ÝëYXÚ���f5.

½Â9.7.

� (X, f)´ÿÀÄåXÚ. eéX ¥?¿ü���m8U ÚV , Ñ�3��ên¦

� fn(U) ∩ V 6= ∅, K¡ (X, f)½ f´ÿÀD4�.

SK66.

�x´ÄåXÚ (X, f)�D4:. eX´Ø¹�á:�Hausdorff�m, Kéz���m

8U , 8Ü {n ∈ N : fn(x) ∈ U} Ñ´Ã��.

·K9.8.

�X´Ã�á:�Hausdorff�m, f : X → X´ëYN�. e (X, f)´:D4�, K§

´ÿÀD4�.

y².

�½��D4:x. ?�X ���m8U ÚV . ÏX Ø¹�á:, dSK 66, �

3 0 < n1 < n2 ¦�: fn1(x) ∈ U � fn2(x) ∈ V . ù� fn2−n1(fn1(x)) ∈ V ; ù%

¹ fn2−n1(U) ∩ V 6= ∅.

·K9.9.

±en^�dµ

(1) (X, f)´ÿÀD4�;

(2) éz���m8U¤á∪∞i=0f
−1(U)3X¥È�;

(3) eV ´��m8� f−1(V ) ⊂ V , KV 3X¥È�.

y².

(1) =⇒ (2) b�é,���m8U , ∪∞i=0f
−1(U)3X¥ØÈ; KV := X \ ∪∞i=0f

−i(U)´

��m8�÷v fn(V ) ∩ U = ∅ (∀n ∈ N). ù� (X, f)�ÿÀD45�gñ.

(2) =⇒ (3) d f−1(V ) ⊂ V , �∪∞i=0f
−i(V ) ⊂ V . �V 3X¥È�.

(3) =⇒ (1)?���m8UÚV . -W = ∪∞i=0f
−i(V );KW´��m8� f−1(W ) ⊂ W.
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�W È�; AO/, U ∩W 6= ∅. u´, �3,� k ∈ N¦� fk(U) ∩ V 6= ∅. ¤±, (X, f)

´ÿÀD4�.

·K9.10.

� f : X → X´���©Ýþ�mXþ�ëYN�. e (X, f)´ÿÀD4�, K§´:

D4�, ¿�D4:8�¤È�Gδ8.

y².

� {Ui}∞i=0´X��|ÿÀÄ; K (X, f)�D4:�8Ü

Tran(X, f) = ∩∞i=0(∪∞j=0f
−j(Ui)).

d·K 9.9(2)ÚBairej½n, Tran(X, f)´ÈGδ8.

·K9.11.

� f : X → X´��Ýþ�m (X, d)þ�ëYN�; (X, f)´ÿÀD4�; v´ (X, f)

���n�±Ï: (n ≥ 1). eXØ¹�á:, K�3 fnØC���48Y ¦�: (1)

Int(Y )3Y ¥È; (2) (Y, fn|Y )ÿÀD4; (3) (Y, fn|Y ) kØÄ:.

y².

�½��D4:u. é 0 ≤ i < n, -Xi = O(f i(u), fn); KX = X0 ∪ · · · ∪ Xn−1, �

z�XiÑ´ fn-ØC�. Ï f(Xi) ⊂ Xi+1 mod n�f
j(v)´ fn�ØÄ: (∀j > 0), �z

�XiÑ¹ fn�ØÄ:. dBaire½n, �3 i0 ∈ {0, · · · , n − 1}¦�U := Int(Xi0) 6= ∅.

-Y = Xi0 .

·�äó: f−n(U) ⊂ Y . ¯¢þ, �x ∈ f−n(U). Ï f−n(U)´m8�XØ¹�á

:, K�3,� j ∈ {0, · · · , n − 1}, 9 0 < k1 < k2 < · · · , ¦� fkin+j(u) → x; AO/,

x ∈ Xj. ù�, � i¿©��, k fn(fkin+j(u)) ∈ Y . dY � fnØC5, k

x = lim
i→∞

fki+1n+j(u) = lim
i→∞

f (ki+1−ki)n(fkin+j(u)) ∈ Y.

äó�y.

119



9 BAIRE½n ��ÿÀ9ÙA^

ÏU´Y �SÜ, ¤± f−n(U) ⊂ U ; = fn(Y \ U) ⊂ Y \ U . XJU3Y ¥ØÈ, K

� i¿©��, f in+i0(u) ∈ Y \ U . ù�Xvk�á:gñ. ¤±, U = Y ; AO/, Y Ø¹

�á:. u´, d·K 9.8, (Y, fn|Y )´ÿÀD4�.

e¡“¯a50�½Â´é“�R�A”lêÆþ�°(£ã.

½Â9.12.

� f : X → X´;Ýþ�m (X, d)þ�ëYN�. XJ�3 ε > 0¦�éz�x ∈ XÚ

z� δ > 0, Ñk y ∈ B(x, δ)Ún ∈ Z+¤á d(fn(x), fn(y)) > ε, K¡XÚ (X, f)´Ð�

¯a� ({¡¯a�); ε¡� (X, f)�¯a~ê.

½Â9.13.

� f : X → X ´;Ýþ�m (X, d)þ�ëYN�, x ∈ X. XJéz� ε > 0Ñ�

3 δ > 0, ¤á diam(fn(B(x, δ))) ≤ ε (∀n ∈ N), K¡x´XÚ (X, f)��ÝëY:.

e (X, f)¹k���ÝëY�D4: (l
¤kD4:Ñ´�ÝëY�), K¡TXÚ´

A��ÝëY�.

·K9.14 (D4XÚ��©5).

� (X, f)´ÿÀD4�;ÝþXÚ; K (X, f)½´¯a�, ½´A��ÝëY�.

y².

�½��D4:x ∈ X. b� (X, f)Ø´¯a�; Kéz� ε > 0, Ñ�3��m8U

¦� diam(fn(U)) ≤ ε (∀n ∈ N). � k ∈ N, ¦� fk(x) ∈ U . dëY5, �3 δ > 0,

¦� f i(B(x, δ)) ≤ ε (∀i = 0, · · · , k)¿� fk(B(x, δ)) ⊂ U . u´, diam(fn(B(x, δ))) ≤

ε (∀n ∈ N). ù�, x´�ÝëY:; = (X, f)´A��ÝëY�.

½Â9.15.

éu;ÝþXÚ (X, f), e�3��ê�n1 < n2 < n3 < · · · ¦� fni��Âñ�ð�N

�, K¡ (X, f)´��f5�.
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·K9.16.

e (X, f)´A��ÝëY�;ÝþXÚ, K§´��f5�.

y².

?� ε > 0. �x´�ÝëY�D4:; K�3x�m��U , ¦�éz� y ∈ U ,

k d(f i(x), f i(y)) < ε (∀i ∈ N). � k ∈ N ¦� fk(x) ∈ U ; K d(f i(x), fkf i(x)) =

d(f i(x), f ifk(x)) < ε (∀i ∈ N). 
 {f i(x) : i ∈ N}3X¥È, � d(y, fk(y)) ≤ ε (∀y ∈ X).

(X, f)���f5�y.

9.3 Li-Yorke·b∗

�!¥, ·�ò�ÑLi-Yorke'X��xÚLi-Yorke·b�½Â.

Ø�AO`², ±e·�o´b½ f : X → X´;Ýþ�m (X, d)þ�ëYN�.

½Â9.17.

é (x, y) ∈ X ×X,

e lim inf d(fn(x), fn(y)) = 0, K¡ (x, y)´ proximalé;

e lim d(fn(x), fn(y)) = 0, K¡ (x, y)´ asymptoticé;

e (x, y)´ proximal�� asymptotic�, K¡Ù�Li-Yorkeé.

·�^PR,AR,ÚLY R©OL« proximal, asymptotic, ÚLi-Yorke'X. �∆n =

{(x, y) : d(x, y) < 1
n
}, ∆ = {(x, x) : x ∈ X}.

Ún9.18.

�Ak,n =
⋂∞
i=k(f × f)−i∆n. K

(1) AR =
⋂∞
n=1(

⋃∞
k=1 Ak,n);

(2) PR =
⋂∞
k=1(

⋃∞
n=1(f × f)−n∆k);

(3) LKR = PR \ AR.
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·K9.19.

� (X, f)´ÿÀD4��XØ¹�á:. KAR´X × X�1�j8; éz�x ∈ X,

AR(x)´X�1�j8.

y².

d·K 9.14, ·�©ü«�/?Ø.

�/1. (X, f)´A��ÝëY�. d·K 9.16, (X, f)´��f5�; AO/, AR = ∆

�AR(x) = x (∀x ∈ X).

�/2. (X, f)´Ð�¯a�. � c > 0�¯a~ê; ��ên÷v 2
n
< c. Ké¤

k� k ∈ Z+ 9x ∈ X, Ak,n(x)SÜ��. ÄK, �3 k0 ∈ N9x0 ∈ X ¦�U :=

Int(Ak0,n(x0)) 6= ∅. ù�, é?¿ y, z ∈ U , k d(f i(y), f i(z)) ≤ 2
n

(∀i ≥ k). dëY5, �

3��m8V ⊂ U¦�diam(f i(V )) ≤ c (∀i ≥ 0). ù�¯a5gñ.

dÚn 9.18, AR(x)ÚARÑ´´1�j� (5¿Ak,n�SÜ��).

½Â9.20.

�S ⊂ X. XJé?¿x 6= y ∈ S, (x, y)Ñ�¤Li-Yorkeé (=S × S \ ∆ ⊂ LY R), K

¡S´ scramble8.

e¡´·bXÚ�1��êÆ½Â.

½Â9.21 (Li-Yorke·b).

XJ (X, f)äk��Ø�ê� scramble8, K¡§´ Li-Yorke·b�.

~f9.2.

~f 2.30Ú 2.299SK 29¥�XÚÑ´Li-Yorke·b�.

9.4 Devaney·b∗

�!�ÑDevaney·b�½Â.
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½Â9.22 (Devaney·b).

XJXÚ (X, f)÷v±en^:

(1) ÿÀD4;

(2) ±Ï:8È�;

(3) Ð�¯a;

K¡ (X, f)´Devaney·b�.

·K9.23.

eXØ¹�á:, KDevaney·b½Â¥�^� (1) + (2)%¹ (3).

y².

ÏX Ø¹�á:, d^� (2), ·���ü�±Ï: v1, v2 ¦�O(v1, f) 6= O(v2, f).

-K1 = O(v1, f), K2 = O(v2, f); -δ = d(K1, K2) > 0 (�½Â 4.32). ?�x ∈ X 9x

m��U . Ø�b� d(x,K1) > δ/2. d^�(2), �3±Ï: p ∈ U ¦� d(x, p) <

δ/8; b� p��´n. dëY5, �3 δ′ > 0, é?¿ y ∈ X, �� d(y,K1) < δ′, Ò

kmax{d(f i(y), K1) : i = 0, · · · , n − 1} < δ/8. �½D4:u ∈ U ; K�3��ê l¦

� d(f l(u), K1) < δ′. � 0 ≤ k < n− 1÷vn | l + k; K

d(f l+k(u), f l+k(p)) = d(fk(f l(u)), p) ≥ d(fk(f l(u)), x)− d(x, p)

≥ d(x,K1)− d(K1, f
k(f l(u)))− d(x, p) > δ/2− δ/8− δ/8 = δ/4.

ù�, ½ö d(f l+k(x), f l+k(u)) > δ/8, ½ö d(f l+k(x), f l+k(p)) > δ/8. ¯a5�y.

~f9.3.

~f 2.30Ú 2.299SK 29¥�XÚÑ´Devaney·b�.

9.5 �-�½n∗

�!0��-�½n: Devaney·b%¹Li-Yorke·b.
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Ún9.24.

�X´Ã�á:����©Ýþ�m, R´Xþ���é¡'X. eA´X���È

�Gδ8¿�éz�x ∈ A, R(x)Ñ�¹��È�Gδf8, K�3X���Ø�êÈ�

f8B¤áB ×B \∆ ⊂ R.

y².

�B = {B ⊂ X : B ×B \∆ ⊂ R}. � {Ui}∞i=1´X�ÿÀÄ. ·�òéz� i, �xi ∈ Ui,

¦� {xi}∞i=1 ∈ B. é i = 1, Ï�A´ÈGδ�, �A ∩ U1 6= ∅; ?�x1 ∈ A. b�é��

ên, ®²�Ð {x1, · · · , xn} ∈ B, Ù¥z�xi ∈ Ui. -Dn = A ∩ (
⋂n
i=1 R(xi)). KDn�

¹ÈGδ8; AO/, Dn ∩Un+1 6= ∅. ?�xn+1 ∈ Dn ∩Un+1; K {x1, · · · , xn+1} ∈ B. ù�,

·�B��
C := {xi}∞i=1 ∈ B.

|^ZornÚn, �38Ü�¹'XeB¥�4��B ⊃ C. ·�ä½: B´Ø�ê

�. ÄK,�B = {zi}∞i=1. KA∩
⋂∞
i=1 R(zi)�¹ÈGδ8;AO/,��x ∈ A∩

⋂∞
i=1R(zi)

¦�x 6= zi (∀i ≥ 1). ù�, B ∪ {x} ∈ B. ù��gñ. Ïd, BØ�ê.

½n9.25 (�-�½n).

� (X, f)´;ÝþXÚ�XØ¹�á:. e (X, f)´ÿÀD4��¹��±Ï:, K§

´Li-Yorke·b�; AO/, e (X, f)´Devaney·b�, K§7´Li-Yorke·b�.

y².

d·K 9.11, ·�Ø�b� (X, f)¹kØÄ: v. �x´�D4:. ÏX Ø¹�á:,

¤±�3 0 < n1 < n2 < · · · ¦� fni(x) → v. Ï v ´ØÄ:, ¤±é?Û��ê j

k fni(f j(x)) → v. ù�é?¿ j 6= j′, f j(x)Ú f j
′
(x)�¤proximalé. u´, dÚ

n 9.18(2), PR�X ×X�ÈGδ8. 2�â·K 9.19ÚÚn 9.18(3), �LY R�¹ÈGδ

8. d½n 9.6ÚÚn 9.24� (X, f)´Li-Yorke·b�.
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9.6 ð��E5y²∗

�!¥, ·�ò0�ð(ué�-�½n��E5y².

±e·�o´b½ f : X → X´;Ýþ�m (X, d)þ�ëYN�¿�X´Ø¹�

á:.

Ún9.26.

� (X, f)´:D4��k��ØÄ: v. �U1, U2 ´X ¥Ø����m8. Kéz

� ε > 0, �3��ê kÚ��m8Vi ⊂ Ui (i = 1, 2)¦� fk(V1 ∪ V2) ⊂ B(v, ε).

y².

�½D4:x ∈ X; K�3n1, n2 ≥ 0¦� fn1(x) ∈ U1, f
n2(x) ∈ U2. Ø��n1 ≤

n2; -m = n2 − n1. � δ > 0 ¦� f i(B(v, δ)) ⊂ B(v, ε), i = 0, · · · ,m. � k > 0

¦� fk+n1(x) ∈ B(v, δ); K fk+n2(x) = fm+l+n1(x) ∈ B(v, ε). dëY5, ©O�

3 fn1(x), fn2(x)�m��V1 ⊂ U1, V2 ⊂ U2¦� fk(V1 ∪ V2) ⊂ B(v, ε).

Ún9.27.

� (X, f)´Ð�¯a�� c > 0´��¯a~ê; U1, U2´X¥Ø����m8. K�3

��m8Vi ⊂ Ui (i = 1, 2)Ú��ên¦� inf{d(fn(x), fn(y)) : x ∈ V1, y ∈ V2} ≥ c/2.

y².

�½u ∈ U1, v ∈ U2. d¯a5, �3w ∈ U19n > 0, ¦� d(fn(u), fn(w)) > c. ù�, ½

ö d(fn(u), fn(v)) > c/2, ½ö d(fn(w), fn(v)) > c/2. Ún(ØdëY5��.

½Â9.28.

�U, V ´X���Ø�m8; c, ε´�~ê. XJ�3��ê p, q¦�

diam(fp(U ∪ V )) ≤ 2ε, inf{d(f q(x), f q(y)) : x ∈ U, y ∈ V } ≥ c/2,

K¡ (U, V )´ (c, ε)-scramblem8é.
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e¡Ún��d8B{�y.

Ún9.29.

�U´X���m8; c, ε´�~ê. XJU¥?¿Ø����m8V,W , Ñ�3��

m8 Ṽ ⊂ V, W̃ ⊂ W ¤� (c, ε)-scramblem8é, KéU¥?¿n ≥ 2�üüØ����

m8 {Ui : i = 1, · · · , n}, Ñ�3��m8Vi ⊂ Ui¦� (Vi, Vj) (i 6= j)�¤ (c, ε)-scramble

m8é.

½n9.30.

� (X, f)´Devaney·b�. K�3Cantor8C ⊂ X ¦�C � (X, f)� scramble8;

AO/, (X, f)´Li-Yorke·b�.

y².

� c > 0´¯a~ê. �½��D4:uÚ±Ï: v; b� v�±Ï� p. d·K 9.11, �

3 fpØC�48Y ¦�U := Int(Y )3Y ¥È�� (Y, fp|Y )´ÿÀD4��¹ØÄ:.

�U1, U2´U �ü�Ø����m8. ?� ε > 0; é (Y, fp|Y )A^Ún 9.26��3�

�m8V1 ⊂ U1, V2 ⊂ U2Ú��êm¦�diam(fm(V1 ∪ V2)) ≤ 2ε. 2A^Ún 9.27, �

3W1 ⊂ V1,W2 ⊂ V2Ún > 0, ¤á inf{d(fn(x), fn(y)) : x ∈ W1, y ∈ W2} ≥ c/2. ù�,

éum8U , Ún 9.29�^�®²÷v.

e¡, ·�éz���ênÚw ∈ {0, 1}n, 8B/½ÂX ���mf8Aw, ¦

� diam(Aw) < 1/n�é?¿w′ 6= w′′, (Aw′ , Aw′′)¤� (c, 1/n)-scramblem8é. én =

1, ÏXØ¹�á:, ¤±�3Ø����m8U0, U1 ⊂ U¦� diam(Ui) ≤ 1 (i = 0, 1).

d1�ã�?Ø, �3��m8A0 ⊂ U0, A1 ⊂ U1 ¦� (A0, A1)�¤ (c, 1)-scramble

m8é. b�én < m 9?¿w ∈ {0, 1}n, Aw ®½Â. ÏX Ø¹�á:, éz

�w ∈ {0, 1}m−1, �3Ø����m8Uw0, Uw1 ⊂ Aw¦�diam(Uwi) < 1/m (i = 0, 1).

dÚn 9.29, �3��m8Aw0 ⊂ Uw0, Aw1 ⊂ Uw1 ¦�é?¿w′ 6= w′′ ∈ {0, 1}m,

(Aw′ , Aw′′)¤� (c, 1/m)-scramblem8é.

éz���ên, -Xn = ∪w∈{0,1}nAw. -C = ∩∞n=1Xn. díØ 5.25, �C´Cantor
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8. dAw�½Â, ��C´ scramble8. ù�·��¤
y².
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Stone-Čech;z, 6.2

Schur½n, 6.5

þ(., 7.5

scramble8, 8.3

T

ÿÀ, 1.1

ÿÀ�m, 1.1

ÿÀÄ, 1.2

ÿÀfÄ, 1.2

ÿÀ�o['�, 1.3

Ó�, 1.5

ÿÀD4:, 1.6

ÝK, 2.3

ÿÀ5�, 3.1

Ó�ØC�, 3.1

Tychonoff ½n, 3.5

ÿÀÆ[��u­�, 4.1

òzëYÚ, 4.5

ÿÀ+, 7.3

137



Ý�XÚ, 7.6

Ý�4�, 7.6

ÿÀL'Z½n, 8.1

ÿÀD4, 8.2

U

UrysohnÚn, 5.3

V

W

��k., 3.3

��, 3.3

���W, 4.2

���K, 5.3

�, 5.5

�Âñ, 5.5

Ã?È8, 8.1

X

��m, 1.6

XÚ, 1.6

�NÝþ, 2.3

ÀJún, 3.4

�u, 7.5

SÓ�, 7.5

Sê, 7.5

S�L, 7.5

138



e(., 7.5

DÕ8, 8.1

Y

{k�ÿÀ, 1.1

�:?ëY, 1.5

Ïf, 2.7

k�CX, 3.1

k��5�, 3.1

k.8, 3.3

��ëY, 3.3, 5.6

��(�, 5.6

��Ä, 5.6

��ÿÀ, 5.6

��Âñ, 7.1

m²£, 7.3

mn�, 7.4

��f5, 8.2

Z

g�5, 1.5

á(N�, 1.5

±Ï:, 1.6

f�mÿÀ, 2.1

f�m, 2.1

fXÚ, 2.2

139



ýfXÚ, 2.2

=£N�, 2.4

�K�m, 3.2

�5�m, 3.2

�», 3.3

f�, 3.3

ZornÚn, 3,4

g,*Ü, 4.5

ªu, 5.5

f�, 5.5

Ì�Èf, 6.3

�²£, 7.3

���, 7.5

ZFCúnXÚ, 7.6

140


