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1 Introduction

For an integer m, the xm map T,, on T = {z € C : |z| = 1} is given by
Tn(z) = 2" for all z € T.

H. Furstenberg proved that under the action of a non-lacunary multiplicative
semigroup of positive integers on T, a nonempty closed invariant subset of T
containing a dense orbit is either finite or the whole T [3, Theorem IV.1]. Here
a multiplicative semigroup of positive integers is called non-lacunary if it is not
contained in any singly generated multiplicative semigroup. In other words a
non-lacunary multiplicative semigroup of positive integers always contains two
positive integers p and ¢ with 98P jrrational (we say that p, ¢ are non-lacunary).

loggq
Furthermore, Furstenberg conjectured the following.

Conjecture 1.1 (Furstenberg’s Conjecture). An ergodic invariant Borel proba-
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bility measure on T under the action of a non-lacunary multiplicative semigroup
of positive integers is either finitely supported or the Lebesque measure.

The first breakthrough of Furstenberg’s conjecture was achieved by R.
Lyons.

Theorem 1.1 [10, Theorem 1]. Suppose p,q > 2 are two relatively prime
integers. If a non-atomic Xp, xq-invariant Borel probability measure p on T
is Tp-exact, then it is the Lebesgue measure. Here p is Tp,-exact means that
(T, %, 1, Tp) has no nontrivial zero entropy factor.

This result was improved by D. J. Rudolph under the assumption that p
and ¢ are coprime and an extra positive entropy condition [12, Theorem 4.9]
and later by A. S. A. Johnson [5, Theorem A] under the assumption that p, q
are non-lacunary and the positive entropy condition.

Theorem 1.2 (Rudolph—Johnson’s Theorem). Suppose p and q are non-
lacunary positive integers greater than 1. If p is an ergodic Xp, Xq-invariant
Borel probability measure on T such that T}, or Ty has positive measure entropy
with respect to u, then u is the Lebesgue measure.

One may consult [6-8] for the extensions of above results to automorphisms
on n-torus with n > 2.
Recently, the first named author obtained the following rigidity theorem.

Theorem 1.3 [4, Theorem 1.5]. Let p be a nonzero integer. The Lebesgue
measure is the unique non-atomic X p-invariant Borel probability measure on T
satisfying one of the following:

(1) It is ergodic and there exist a nonzero integer | and a Folner sequence
Y = {Fn}, in N such that p is x(p’ + )-invariant for all j in some
E C N with upper density Dx(E) (see Definition 2.2) equal to 1;

(2) It is weakly mixing and there exist a nonzero integer | and a Folner se-
quence X = {F,,}°_; in N such that p is x(p’ + )-invariant for all j in
some E C N with Dx(E) > 0;

(3) It is strongly mizing and there exist a nonzero integer | and an infinite
set E C N such that p is x(p? + l)-invariant for all j in E.

Moreover, a xp-invariant Borel probability measure satisfying (2) or (3) is ei-
ther a Dirac measure or the Lebesgue measure.

In this paper, we introduce so-called strongly independent matrices over a
field F, and use strongly independent matrices over the rational field QQ to extend
the above measure rigidity results to endomorphisms on T" = {(z1,...,2,) €
C": |z == |za| =1}
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We say that an n-tuple (B, Ba,..., By,) of n X n matrices over a field F
is strongly independent over F if for any nonzero column vector v in F**!, the
vectors Biv, Bov, ..., Byv are linearly independent over F. A nonzero matrix B
in M, (F) is called strongly independent over F if the n-tuple (I,,, B, ..., B" 1)
is strongly independent over F.

The next main theorem illustrates the existence of an abundance of strongly
independent matrices.

Theorem 1.4. A nonzero matriz B in M, (F) is strongly independent over F
iff the characteristic polynomial of B is irreducible in F|t].

The above shows existence of strongly independent matrices over certain
fields, say, the field of rational numbers Q. However over some fields, there are
no strongly independent matrices.

Theorem 1.5. IfF is an algebraically closed field, then there are no strongly
independent n-tuples in M, (F) for n > 2.

We shall identify R™/Z™ with the n-torus T™ naturally via
R"/Z" > (x1, 22, ..., 2y) + Z" — (ezmml,ezmm, .. ,e%mn) e

for (z1,x2,...,2,) € R". Let A be a matrix in M, (Z). The xA map on T" is
defined by Ty : R"/Z" — R"/Z"

Ta((z1,22,...,2n) + Z") = (x1,22,. .., Tn) A+ Z"
for (z1,x9,...,x,) in R™.

Theorem 1.6. Let A be in My(Z). Suppose that u is a xA-invariant Borel
probability measure on T™ satisfying one of the following:

(1) It is ergodic and there exist an n-tuple (By, Ba,...,By) of matrices in
M, (Z) strongly independent over Q and a Folner sequence ¥ = {Fp,}o0_;

in N such that p is x (AJ + By)-invariant for all j in some E C N with
the upper density Dx,(E) =1 and all i =1,2,...,n;

(2) It is weakly mizing and there exist an n-tuple (By, Ba, ..., By) of matri-
ces in My (Z) strongly independent over Q and a Fplner sequence ¥ =
{Fu}%°_, in N such that p is x(A7 + B;)-invariant for all j in some
E CN with Ds(E) >0 and all i = 1,2,...,n;

(3) It is strongly mizing and there exist an n-tuple (B1, Ba, ..., By) of matri-
ces in My, (Z) strongly independent over Q and an infinite set E C N such
that p is x (A7 + B;)-invariant for all j in E and all i = 1,2,...,n.

Then u is either finitely supported or the Lebesgue measure.
Moreover, a x A-invariant Borel probability measure satisfying (2) or (3) is
either a Dirac measure or the Lebesgue measure.
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Sataev [13] and Einsiedler—Fish [2] independently proved that a multiplica-
tive semigroup of positive integers with positive lower logarithmic density acting
on the circle has measure rigidity, whereas Theorem 1.4 implies that there ex-
ists a multiplicative semigroup of positive integers with zero logarithmic density
acting on the circle which also has measure rigidity [4, Theorem 5.2]. Analo-
gously, we conclude that there exist “very small” semigroups acting on T" such
that the Lebesgue measure is the unique non-atomic invariant measure.

Corollary 1.1. There exist an abelian multiplicative semigroup S C My(Z)
and a matrix B in S such that the Lebesque measure is the unique non-atomic
Borel probability measure on T™ which is both invariant under x A for all A in
S and ergodic under xB.

The paper is organized as follows. We lay down some definitions and nota-
tions in Section 2. Theorem 1.4 and Theorem 1.5 are proved in Section 3. In
Section 4, we characterize mixing properties of Borel probability measures on
T™ in terms of their Fourier coefficients. Finally we establish Theorem 1.6 in
Section 5.

2 Preliminaries

Denote the set of nonnegative integers by N, and the cardinality of a set E by

For a ring R, denote by M,,(R) the ring of n x n square matrices with entries
in R. Denote by GL,,(R) the group of invertible elements in M, (R). For a field
IF, denote by F its algebraic closure. For any A € M, (F), denote by Pa(t) the
characteristic polynomial det(t¢l,, — A) of A in F[¢].

For a nonempty set Z, denote by Z™ the set of row vectors of length n
with coordinates in Z, and by Z™*! the set of column vectors of length n with
coordinates in Z.

Within this paper, a measure on a compact metrizable space X always
means a Borel probability measure. Denote by C(X) the space of complex-
valued continuous functions on X.

Definition 2.1. A Fglner sequence in N is a sequence ¥ = {F,,}°°_; of
nonempty finite subsets of N satisfying

i |Em - m)AFy|

0

for every m' in N. Here A stands for the symmetric difference.

Definition 2.2. Let ¥ = {F,,}°°_; be a sequence of nonempty finite subsets
of N. For a subset E of N, the upper density Dx(E) is given by
— ENE,
Dy (F) :=limsup ‘7m|

m—o0 ’Fm’
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k1
ko

Definition 2.3. For k = | | | € Z"! and z = (21, 20,...,2,) € T, use 2*
kn

kn and the Fourier coefficient fi(k) of a measure p on T"

ki ko
to denote 27" 25% - - 2,

is defined by
o) = [ Fduco)

For a measure p on a compact metrizable space X, if u({z}) > 0 for some
z in X, then x is called an atom for u. A measure with no atoms is called
non-atomic.

For a continuous map T : X — X, a measure p on X is called T-invariant
if u(E) = u(T~'E) for every Borel subset E of X. For A in M,(Z), we call a
measure p on T" X A-invariant if u is T4-invariant.

A T-invariant measure p is called ergodic if every Borel subset E with
T~E = E satisfies u(E) = 0 or 1. A measure p is called weakly mizing if u x p
is an ergodic T x T-invariant measure on X x X, and it is called strongly mizing
if imj_yoo w(T7ENF) = p(E)u(F) for all Borel subsets E, F of X.

3 Existence and Non-existence of Strongly Independent Matrices over
Certain Fields

In this section, we prove Theorems 1.4 and 1.5, which illustrate that the ex-
istence of strongly independent matrices over a field F depends on algebraic
properties of F.

Definition 3.1. For a field F, we call an n-tuple (B, Bs,..., By,) of matrices
in M, (F) strongly independent over T if for any nonzero v in F**1, the vectors
Biv, Bov, ..., Byv are linearly independent over IF. We call a nonzero matrix B
in M,,(F) strongly independent over F if the n-tuple (I,, B, ..., B"!) is strongly
independent over F.

Lemma 3.1. Let By,...,B, € M,(F). The tuple (By,...,By) is strongly
independent over F iff for any nonzero (uy,...,u,) € F" the matriz Z?Zl u; B;
is invertible.

Proof. The tuple (By,..., By,) is strongly independent over F iff for any nonzero

v € F™*! the vectors Byv, ..., B,v are linearly independent, iff for any nonzero
v € F*! and any nonzero (uy, ..., u,) € F" the vector Z?zl ujBjv is nonzero,
iff for any nonzero (u1,...,u,) € F" the matrix Y7, u;B; is invertible. O

Proof of Theorem 1.4. Suppose that Pg(t) is not irreducible in F[t]. We have
Pg(t) = f(t)g(t) for some f,g € F[t] with 1 < deg(f),deg(g) < n — 1. Then
0 = Pp(B) = f(B)g(B) by Hamilton-Cayley Theorem [9, Theorem XIV.3.1],
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whence at least one of f(B) and g(B) is not invertible. By Lemma 3.1 we
conclude that B is not strongly independent over F.
Now assume that Pp(t) is irreducible in F[t]. Denote by D the Jordan

canonical form of B. That is, D € M, (F) and there is some invertible W &
M,,(F) satisfying WB = DW and
D,
D= ,
Dy,

for some positive integer k such that each D; is in M,,, (IF) of the form

i
1N

for some \; € F and positive integer m;. Then Pg(t) = Hle(t — \;)™i, whence
Pp(A\i) = 0 for every 1 < i < k. Since Pp(t) is irreducible in F[t], it follows
that for any nonzero f(t) € F[t] of degree at most n — 1, one has f()\;) # 0 for
every 1 <1 < k.

Let (u1,...,un) be a nonzero vector in F". Then f(t) = > ", u;t!~t € Ft]
is nonzero and has degree at most n — 1. Thus f(\;) # 0 for every 1 <
i < k. It follows that f(D) is invertible, whence uil,, +usB + ... + u, B" ! =
f(B) = W=Lf(D)W is invertible. By Lemma 3.1 we conclude that B is strongly
independent over F.

O

Remark 3.1. Suppose f(t) =" + a1t" ' +--- + a,_1t + a, is an irreducible
polynomial in F[t]. Define B € M, (F) as

[000--- 0 —ay
100--- 0—ap—1
010--- 0 —ap—2

000--- 0 —ay
000---1 —ay |

Then Pgp(t) = f(t) [11, Definition on page 173 and Lemma 7.17]. By Theo-
rem 1.4, the matrix B is strongly independent over F.

For any n > 1, by Eisenstein’s criterion [9, Theorem IV.3.1], there exist
infinitely many monic polynomials of degree n in Z[t|, which are irreducible in
Q]t] (for example " + p for any prime number p in Z). Theorem 1.4 illustrates
that for n > 2 there are infinitely many n-tuples of the form (I,,, B,..., B" 1)
in M, (Z) strongly independent over Q.



Strongly Independent Matrices and Rigidity of x A-invariant Measures on n-torus 159

Next we prove Theorem 1.5 which gives the non-existence of strongly inde-
pendent matrices over algebraically closed fields.
Proof of Theorem 1.5. For any matrices By, Bo, ..., B, in M, (F), taking z =

21
22

: ], the polynomial f(z1,z22,...,2,) = det [Blz Byz - - an} is in F[z1, 29,

Zn

zn). Now f(z1,22,...,2,) = 0 always has a nonzero solution Z in F**! since

[F is algebraically closed and n > 2. O

4 Fourier Coefficients of Ergodic, Weakly Mixing and Strongly Mixing
Measures on T™

In this section we prove Theorem 4.1, characterizing the mixing properties of
measures on T" under x A map via their Fourier coefficients.

Theorem 4.1. Let A € M, (Z) and let ¥ = {F;;,}°°_, be a Folner sequence in
N. The following are true.

(1) A measure p on T™ is an ergodic x A-invariant measure iff

. ; N
Jim T b; ATk +1) = f(k)Al) (4.1)

for all k,1 in Z™*L.

(2) A measure p on T™ is a weakly mizing X A-invariant measure iff

lim D (AT +1) — k) (D) =0 (4.2)

m—o0 ’F | =
J m

for all k,1 in Z™*L.
(3) A measure p on T™ is a strongly mizing x A-invariant measure iff

Jim, Ak +1) = k)l (4.3)

for all k,1 in Z™*1.

To prove Theorem 4.1 we need to make some preparations.

Lemma 4.1. Let A € M,(Z). A measure u on T™ is X A-invariant iff (k) =
[(Ak) for all k in Z"*L.

Proof. A measure y on T" is x A-invariant iff [, f( TAZ ) du(z an
for all f in C(T") [14, Theorem 6.8] iff [, f( TAz ) du(z an for all
f in a dense subset of C(T") iff [1, f(Taz) d,u an for f( ) = 2F

for all k in Z"*! since the linear span of z*’s is dense in C(T”). Note that
Jpn (Taz)* dp(z) = fi(Ak) for all k in Z"<1. O
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Lemma 4.2. Let i be a measure on T™. For any k in Z™ ', if i(k) = 1 then
the support of i
supp(p) C {z e T": zF =1}

Proof. Since fi(k) = 1, by the definition of fi(k), we have

/n Fdu(z) = 1.

Thus [, Re(z¥)du(z) = 1. Therefore,

/ |28 —12du(z) = / (2 — 2Re(2%))du(z) = 0.
T n
Hence, supp(p) C {z € T": 2k =1}. O

Lemma 4.3. Let 1 be a measure on T™. Let an n-tuple (By, Ba,...,By) of
matrices in My (Z) be strongly independent over Q. If there is some nonzero k
in Z™Y such that fi(B;k) = 1 for every 1 <i < n, then u is finitely supported.

Proof. Let L = [Bik ... Bpk] € My(Z). Since Bik, Bok, ..., Byk are linearly
independent over Q, the matrix L is in GL,(Q). Write L as (L; j)1<ij<n and
put M = Zlgz’,jgn |Li ;|. By Lemma 4.2, the support of y, supp(u), is a subset
of NI {z € T": 2B* =1}. That is,

n
supp(p) C ﬂ{az +Z": z€0,1)", 2Bk € Z}
=1
={z+Z": z€[0,1)", 2L € Z"}
C{wL ™t +7Z": we[-M M"NZ"}.
Note that {wL_1 cw € [—M, M]" NZ"} is finite, so is supp(u). O

We need the following Lemma [4, Lemma 4.2] which is a special case of the
mean ergodic theorem for amenable semigroups [1, Theorem 1].

Lemma 4.4. For a compact metrizable space X and a continuous map T :
X — X, if v is an ergodic T-invariant measure on X, then for every Falner
sequence {Fpn,}>°_, in N, one has

1 .
. i
mhm —‘ N EEF foT —/dey
] m

for every f € L?(X,v) (note that the identity holds with respect to L*-norm).
Consequently

] ! ' = v 1%
%@ww% [ 1@ ag@avta) = [ fav | gi (4.4)

for all f,g in L?(X,v).
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Proof of Theorem 4.1. For any Borel subset E of T", write 1 for the charac-
teristic function of FE.

(1) Suppose p is an ergodic x A-invariant measure on T". Applying Lem-
ma 4.4 for X =T", T =Ty and v = u, we have

n}igloo’F | Z/ F(T42)g(2)dp(= /fdu/ngdu (4.5)

for all continuous functions f,g on T™. Letting f(z) = z* and g(z) = 2! for 2
in T” and k,[ in Z™*!, we obtain (4.1), which is the necessity.

Now assume that (4.1) holds for all k,[ in Z"*!,

Let k € Z"*1. Letting [ = 0 in (4.1), we get lim, 0o \Fiinl > jer,, MATk) =
f(k). Replacing k by Ak, we also have

1 4
7 — J+l NOY
a(Ak) = lim |Fm| E (AT k) = W}l_rgo Tl E a(A%k).
JE€EFm JEFm+1

Then

A(AR) — (k)| = lim ——

S ) - 3 )

JEFm+1 JE€EFm
F, 1)AF,
m—00 | Fonl

whence [i(Ak) = (k). By Lemma 4.1, we get that p is x A-invariant.

From (4.1) we see that (4.5) is true for all f(z) = 2z and g(z) = 2! with k,1
in Z™*1. By linearity, (4.5) is also true for all f, g in the linear span V of z* for
all k € Z™*1. Since V is dense in L?(T", i), (4.5) is true for all f, g € L?(T™, ).
For any Borel subset E of T" satisfying TglE = F, taking f = g = 1g in (4.5),
we get u(F) = u(FE)% Hence p is ergodic.

(2) Suppose p is a weakly mixing x A-invariant measure on T", which means
j % is an ergodic Ty x Ts-invariant measure on T?". Let k,l € Z"*!. Taking
f(Z,2") = (") 7F and g(#,2") = (¢)'(2")~" in (4.4) of Lemma 4.4 with
X=T"xT"T =Ty xTy and v = pu X u, we get

o D AR+ D = |ak)Pa@). (4.6)

m—00 |F
JE€EFm

Taking f(2',2") = (¢')¥ and g(2/,2") = (#/)! in (4.4) of Lemma 4.4 with X =
T x T*, T =T X T4 and v = 4 X u, we also get

lim ‘F | > AT+ 1) = p(k)adl). (4.7)

m—0o0
]EFm
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Since

(AT +1) = (k) ()]
= |a(Ak + D)” + | (k)

pW)? = w(Ak + Dak)pd) — A(ATk + Dak) (),

we have
. j ~ ~ 2
Jim o ,F | ATk +1) — k) p(d)|
]EFm
= Jim S AT+ D + k) Plad)?

T m—oo |Fm Py

— (AT + DRV — A(ATk + D (k) A(D)

LELD k) Pa)? + a1 1K) Pa0) 2 ~ [a0Pa0F = o.

This proves the necessity.

Conversely, suppose that (4.2) holds for all k,I € Z"*!.

Note that Tq x T4 = Tgjag(a,4) on T" x T = T?". In order to prove that
X pis an ergodic Ty X T4-invariant measure on T™ x T, by part (1) it suffices
to show that

w5 ([ ) - () = ()

for all &, k",1',1" € Z"*'. Note that

i [1]) = atwic)

for all u,v € Z™!. Thus it suffices to show

lim_ s 3 UK+ DR+ 1) = SRR

m—00
J€EFm

for all ', K", 1", 1" € 7"<1,
Note that

K"

Ak )l

(k")

(ATK + 1) — (k)0

AATK + 1) AR 4+ 17) — (K )il
< [A(ATK + 1) [A(ATR + 1) -

T lA(ATK + 1) — Ak )]

< [A(ATR +1") = p(K) (1)) + |
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for all ¥/, k", I',1" € Z™*!, whence

fim o S AR+ AR 1) = 0 )i )

Mm—00 |Fm EFm

. J // AN YA AT LU
gn;gnmw D AATK %) = kA
j€Fm
+ [A(ATK + 1) = (K 1) )
1 .
<2 lm o D AR +17) = ARACP
+ (AT + 1) = (kA )
(4.2)

0,

where in the second inequality we use (a +b)? < 2(a? +b?) for all real numbers
a,b. This proves the sufficiency.

(3) Suppose p is strongly mixing, which means that lim;_, ,u(T;j ENF) =
w(E)u(F) for all Borel subsets E, F' of T™. Then

lim 1E(Tflz)1p(z)d,u(z):/ 1Edu/ 1pdu

J—00 Tn

for all Borel subsets E, F' of T™. Since the linear combinations of characteristic
functions are dense in L?(T", 1), we have

lim [ f(T%2) /fdu/ gdp

j—)OO Tn

for all f,g € C(T™). In particular, taking f(z) = 2* and g(z) = 2!, we obtain
(4.3) for all k,l in Z™*!. This proves the necessity.

On the other hand, suppose a measure p on T" satisfies (4.3) for all k,l €
Z™ 1. Let | = 0 and replace k by Ak. Then

AAR) = lim A(A7F'R) = Tim (ATR) = (k)
Jj—o0 Jj—00

for all k € Z™!. Hence u is x A-invariant in view of Lemma 4.1. From (4.3)
we have

lim [ f(T%2)g( /n fdu/ngdu

j—)OO Tn

when f(z) = zF and g(z) = 2! for k,1 in Z"*!. Since the linear combinations
of 2F for k € Z™! are dense in L?(T", 1), the above is also true for all f, g €
L?(T", i). In particular it holds for f = 1z and g = 1p for any Borel subsets
E,F of T", that is,

Jlim p(Ty7 B0 F) = p(B)u(F).
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5 Measure Rigidity on T™

In this section we prove Theorem 1.6 and Corollary 1.1. For this we need the
following Lemma [4, Lemma 5.1].

Lemma 5.1. LetT : X — X be a continuous map on a compact metrizable
space X. Then a weakly mizing T-invariant measure p on X with an atom is
always a Dirac measure, i.e. supp(p) is a singleton.

Note that a measure p on T" is the Lebesgue measure iff fi(k) = 0 for all
nonzero k € Z"*1,

Proof of Theorem 1.6. (1) Suppose u is an ergodic X A-invariant measure on
T™ and there exist an n-tuple (By, B, ..., By,) of matrices in M,,(Z) which is
strongly independent over Q and a Fglner sequence ¥ = {F,,}5°_; in N such
that p is x (A7 + B;)-invariant for every 1 <4 < n and j in some £ C N with
Dy (E) = 1. Passing to a subsequence of ¥ if necessary, we may assume that

lim,;, 00 ‘}T’I’}:ﬂ = 1. By Lemma 4.1, we have fi(A’k + B;k) = (k) for all
jeEE,1<i<nandkeZ™!.

Assume that p is not the Lebesgue measure. Then there exists a nonzero
k € Z™! such that (k) # 0.

Since p is an ergodic x A-invariant measure, by Theorem 4.1 (1), we have
li}rlnmﬁoo \FitﬂzjeFm f(A7k + Bik) = u(k)j(B;k) for every 1 < i < n. Note
that

1 o
ol > A7k + Bik)
" jeF,
1 o 1 o
= F > WA’k + Bik) + 7l > Ak + Bik)
" jeFmNE M eFn\E
F.NE|. 1 o .
m ™ eF\E

as m — oo. Hence (k) = [(k)i(B;k) which implies ji(B;k) = 1 for every
1 <i < n. From Lemma 4.3 we get that y is finitely supported.

(2) Suppose p is a weakly mixing x A-invariant measure on T"™ and there
exist an n-tuple (B1, B, ..., B,) of matrices in M, (Z) which is strongly inde-
pendent over Q and a Fglner sequence X = {F,,}%°_; such that p is x (A7 + B;)-
invariant for every 1 < i < n and j in some E C N with Dx(E) > 0. By
Lemma 4.1, we have i(A’k + B;k) = (k) for all j € E, 1 < i < n and
k ezl

Assume that p is not the Lebesgue measure. Then there exists a nonzero
k € Z™! such that (k) # 0.
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Let 1 < ¢ < n. Since p is a weakly mixing X A-invariant measure, by
Theorem 4.1 (2), we have lim,, ‘F—L' > ek \(A7k + Bik) — a(k)a(Bik)|? =
0. Therefore,

1 .
0=limsup —— > |u(A7k + Bik) — fu(k)u(Bik)|?

m—00 |Fm‘ FEFm

1 )
>limsup —=— Y |(A7k + Bik) — p(k)iu(Bik)|?

m—o0 ‘Fm‘ JEFmNE

timsup o 37 (k) — AR)A(BR)P

m—00 ‘ m‘ JEFNE
— |i(k) — (k)i B:k) * D ().
Hence fi(k) — (k) u(Bik) = 0, which implies that ji(B;k) = 1. From Lemma 4.3
we get that p is finitely supported.

(3) Suppose p is a strongly mixing x A-invariant measure on T™ and there
exist an n-tuple (By, B, ..., B,) of matrices in M,,(Z) which is strongly inde-
pendent over Q and an infinite set £ C N such that p is x(A7 + B;)-invariant
for every 1 <i<nand jin F.

Assume that p is not the Lebesgue measure. Then there exists a nonzero
k € Z™' such that fi(k) # 0.

Let 1 < i < n. Since p is a strongly mixing x A-invariant measure, by
Theorem 4.1 (3), we have

lim j(A%k + Bik) = ju(k)j(Bik).

J—00
Owing to p being x (A7 + B;)-invariant for all j € E, by Lemma 4.1 one has
f(Ak + B;k) = (k) for all j € E. Consequently, (k) = fu(k)j(B;k), which
implies [i(B;k) = 1. From Lemma 4.3 we get that u is finitely supported.

Suppose p is a measure on T" satisfying (2) or (3) of Theorem 1.6. If yu is
not a Lebesgue measure, then p is finitely supported. According to Lemma 5.1,
we conclude that p is a Dirac measure on T". O

Proof of Corollary 1.1. Take a nonzero B in M,(Z) with Pg(t) irreducible in
Q[t] (see Remark 3.1). Then B is strongly independent over Q by Theorem 1.4.
The multiplicative semigroup S generated by {B, B/ + Bi}ogign—l,jzl, where
we put BY = I,,, is what we need. ]
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