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STRUCTURES OF QUASI-GRAPHS
AND w-LIMIT SETS OF QUASI-GRAPH MAPS

JIEHUA MAI AND ENHUI SHI

ABSTRACT. An arcwise connected compact metric space X is called a quasi-
graph if there is a positive integer N with the following property: for every
arcwise connected subset Y of X, the space Y — Y has at most N arcwise
connected components. If a quasi-graph X contains no Jordan curve, then
X is called a quasi-tree. The structures of quasi-graphs and the dynamics of
quasi-graph maps are investigated in this paper. More precisely, the structures
of quasi-graphs are explicitly described; some criteria for w-limit points of
quasi-graph maps are obtained; for every quasi-graph map f, it is shown that
the pseudo-closure of R(f) in the sense of arcwise connectivity is contained in
w(f); it is shown that P(f) = R(f) for every quasi-tree map f. Here P(f),
R(f) and w(f) are the periodic point set, the recurrent point set and the w-
limit set of f, respectively. These extend some well-known results for interval
dynamics.

1. INTRODUCTION

In the early 1960s, A. N. Sharkovskii established the famous theorem which de-
scribes the coexistence among periods of periodic points of an interval map (see
[27]). Since then, the dynamics of continuous interval maps has been intensively
studied, and many interesting results have been obtained. One may consult [2/[3][25]
for a systematic introduction to some topics of this area. A natural question is to
what extent can these results be generalized beyond the interval? Some simple ex-
amples show that many results on the dynamics of interval maps do not generalize
to spaces of topological dimension > 2. It is thus natural to consider the dynamical
systems on some 1-dimensional continua (a continuum is a compact connected met-
ric space). Great progress has been made in this direction. For the pioneering work
of Blokh on dynamics of graph maps, see [5H8], and for some later related works, see
[2L0, 17 A8 20,21]. Very recently, periodic points, recurrent points and transitivity
of dendrite maps were studied in [IL[1IL[16,29] (a dendrite is a locally connected
continuum containing no Jordan curve). However, many remarkable results for in-
terval maps no longer hold for dendrite maps, unless some further restrictions are
made on the dendrite. In this paper, we aim to find some natural 1-dimensional
spaces to which many results on dynamics of interval maps are extended.

By a quasi-graph, we mean a nondegenerate, compact, arcwise connected metric
space X such that Y — Y has at most N arcwise connected components, for some
fixed positive integer N and for every arcwise connected subset Y of X (see also

Received by the editors February 23, 2013 and, in revised form, July 23, 2014 and December 9,
2014.

2010 Mathematics Subject Classification. Primary 37E99, 54H20.

Key words and phrases. Quasi-graph, graph, periodic point, recurrent point, w-limit point.

The second author is the corresponding author.

©2016 American Mathematical Society
139

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


http://www.ams.org/tran/
http://www.ams.org/tran/
http://dx.doi.org/10.1090/tran/6627

140 JIEHUA MAI AND ENHUI SHI

Definition 2.1). Recall that a topological space is said to be nondegenerate if it
contains at least two points. Clearly every graph is a quasi-graph. A quasi-tree
is a quasi-graph containing no Jordan curve. Trees and the Warsaw circle are
quasi-trees. Since the Warsaw circle is a quasi-graph but not a graph, the class of
quasi-graphs is indeed strictly larger than that of graphs.

We are mainly concerned with the w-limit sets for quasi-graph maps. Let us first
recall some notation and definitions. Given a metric space X, denote by C°(X)
the set of all continuous maps from X to itself. Let f € C°(X). For every x € X,
write O(z, f) = {f™(z) : n=0,1,2,---}, and call it the orbit of x under f. The
w -limit set of x, denoted by w(x, f), is the collection of all limit points of O(z, f).
The set w(f) = Uyex w(z, f) is called the w-limit set of f. A point z € X is
called a periodic point of f if f"(x) = x for some positive integer n. The least
positive integer n with f™(z) = x is called the period of x. The point z is called a
recurrent point of f if © € w(x, f). Tt is called a nonwandering point of f if for every
neighborhood V' of z there is a positive integer n such that f*(V) NV # 0. The
sets of periodic points, recurrent points and nonwandering points of f are denoted
by P(f), R(f) and Q(f) respectively. We use P,(f) to denote the set of all z € X
such that f*(z) = x.

A set A C X is called f-invariant if f(A) = A. The sets P(f), R(f),w(f) and
Q(f) are all f-invariant. Except for Q(f), the other three sets are not closed in
general. The following containments are well known:

(1) P(f) € R(f) Cw(f) € Qf).

Many refinements of ([Il) are known in the case of 1-dimensional dynamical systems.
We list only a few of them which are closely related to the topic of this paper. A. N.
Sharkovskii obtained the following theorem in [28], which is a very useful criterion
for w-limit points of interval maps.

Theorem A. Let f be a continuous map on the interval [0,1]. If every open
interval with left (or right) endpoint v contains at least 2 points of some trajectory,
then v € w(f). A point v € w(f) if and only if every open interval containing v
contains at least 3 points of some trajectory.

The following theorem is due to Sharkovskii (see [28§]).

Theorem B. Let f be a continuous map on the interval [0,1]. Then R(f) C w(f).

The following theorem was proven by Sharkovskii in [26] (see also [15132]).

Theorem C. Let f be a continuous map on the interval [0,1]. Then P(f) = R(f).

One may refer to [4T0,[121[14,24] for other interesting results about w-limit sets
for interval maps.

We remark that an analog of Theorem A was obtained for tree maps by F. P. Zeng
et al. in [33] and for graph maps by N. Chinen in [I3]. Theorem B and Theorem
C were generalized to graph maps by A. M. Blokh in [6] (see also [18,[20,[31]).
Theorem C was generalized to maps on a class of dendrites by J. H. Mai and E. H.
Shi in [I9], and to maps on the Warsaw circle by J. C. Xiong et al. in [30].

The aim of this paper is to generalize Theorem A, Theorem B and Theorem
C to quasi-graph maps. We first study the structures of quasi-graphs in Section
2, and give an explicit description of the structures in Theorem 2.24. Roughly
speaking, a quasi-graph is a union of a graph with finitely many inner rays. For
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example, the Warsaw circle is the union of an arc with a ray. Before going to the
dynamics of quasi-graph maps, we study some basic properties of quasi-graph maps
in Section 3, which are used in the later sections. In Section 4 and in the setting
of quasi-graph maps, we get a criterion (Theorem 4.1) for periodic points and
two criteria (Theorem 4.3 and Theorem 4.4) for w-limit points. These generalize
Theorem A and the corresponding theorems in [33] and [13]. In Section 5, we
consider the recurrent points of quasi-graph maps and give a criterion for them in
Theorem 5.4. To generalize Theorem B to quasi-graphs, we have to introduce a
notion of pseudo-closure in the sense of arcwise connectivity (Definition 5.1). Then
we show in Corollary 5.5 that the pseudo-closure of R(f) in the sense of arcwise
connectivity is contained in w(f). This also generalizes the corresponding theorems
in [6L20] for graph maps. On the basis of the above results, we show in the end
that R(f) = P(f) for any quasi-tree map f. This is a generalization of Theorem C
and the corresponding theorems in [6l30L3T].

Throughout the paper, we use the symbols R, R, Z, Z, and N to respectively
denote the sets of real numbers, nonnegative real numbers, integers, nonnegative
integers, and positive integers. For a set A, denote its cardinality by #(A). All the
maps appearing in this paper are assumed to be continuous. Given a metric space
X, we use B(x,r) to denote the open ball with center x € X and radius r > 0. For
every nonempty subset Xy of X, Xy = dx(Xo) denotes the boundary of Xy in X,

X = Int(Xo, X) denotes the interior of Xg in X, and X = Clos(Xy, X) denotes
the closure of X in X. Set B(Xo,7) = B(x,r).

zeXo

2. QUASI-GRAPHS

An arc is a continuum which is homeomorphic to the closed interval [0,1]. A
graph is a continuum which is a union of finitely many arcs so that any two of these
arcs are either disjoint or intersecting only at one common endpoint. Each of these
arcs is called an edge of the graph; each endpoint of an edge is called a vertex. The
set of vertices of a graph G is denoted by V(G), and the set of edges is denoted
by E(G). The valence of a vertex x is the number of edges incident to z; if the
number is n, then one writes val(z) = val(z, G) = n. A vertex of valence 1 is also
called an endpoint of G; a vertex x with val(z) > 3 is called a branch point of G.
The set of endpoints and the set of branch points of G are denoted by End(G) and
Br(G) respectively. Note that two edges of a graph may meet at a point which is
not a branch point of the graph. If A is a single point set, then set End(4) = A. A
tree is a graph with no subset which is homeomorphic to the unit circle. A star is
either a tree having only one branch point or an arc. One can refer to [2] for more
facts about graphs.

In what follows, we assume that the metric d on a graph G has the following
property: B(z,r) is connected for every r > 0. Clearly, such a metric d always
exists for every graph G.

Definition 2.1. A nondegenerate compact arcwise connected metric space X is
called a quasi-graph if there exists N € N such that Y — Y has at most N arcwise
connected components, for every arcwise connected subset Y of X. Furthermore,
if such N is minimal, i.e., if there exists an arcwise connected subset Yy of X such
that Y — Y, has exactly N arcwise connected components, then N is called the
separation degree of X.
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Let G be a graph with n edges. Then Y — Y has at most 2n arcwise connected
components for every connected subset Y of G. So a graph G must be a quasi-
graph, but not vice versa. A quasi-graph with no subset homeomorphic to the unit
circle is called a quasi-tree. Obviously, a tree is a quasi-tree.

By Definition 2.1, we deduce the following lemma directly.

Lemma 2.2. Let X be a quasi-graph. Then every nondegenerate compact arcwise
connected subspace of X 1is also a quasi-graph.

Example 2.3. Let W = {(¢,sin(1/t)) € R?: 0 <t < 1}. The closure W of W
in R? is called the sin(1/t) - continuum. Clearly, W = EU W, where E = {(0,y) :
—1 <y <1}. Take a € F and take b € W. Suppose that A is an arc in R? such that
ANW = End(A) = {a,b}. Then AU W is a quasi-graph. Specifically, the Warsaw
circle is a quasi-graph. (The Warsaw circle is any continuum ) homeomorphic to
Y U Z where Y is the sin(1/t) -continuum and Z is the union of three segments in
R?, one from (0,—1) to (0, —2), one from (0, —2) to (1,—2), and one from (1, —2)
to (1,sin(1)); see [23] p. 5].)

Suppose that x and y are points in a quasi-graph X. If x # y, then let [z,]
denote an arc in X with endpoints = and y; the notation (z,y), [z,y) and (z,y] is
analogous to similar notation in the interval case. If z = y, then let [z,y] = {z}.
Suppose that A is an arc in X, with two distinct points u,v € A. Let Afu, v] be the
unique subarc of A with endpoints « and v. Let A(u,v] = Alv,u) = Alu,v] — {u}
and let A(u,v) = A(u,v] — {v}. Let Afu,v] = {u} if u=w.

Lemma 2.4. Let xq1, -+, &, be pairwise distinct points in an arcwise connected
space X. Then there exists a tree T in X such that {x1, -+, z,} CT.

Proof. Since X is arcwise connected, there exists an arc A; C X such that End(A4;)
= {x1, z;} for each i = 2,--- ,n. Let To = Ay. Assume that there is a tree T;

with {z1,- -+ ,z;} C T; for some i € {2,--- ,n—1}; then there exists a point y; 1 €
TiNAiy 1 such that A; 1 [2i1, yi1]NT; = {yir1}. Take Ty = TiUA (1 [@ig1, Yiga)-
Then {z1,- -+ ,zi+1} C Ti4+1. By induction, we see that the tree T = T,, is what we
need. [l

Lemma 2.5. Let X be a quasi-graph and let Y be an arcwise connected subset of
X. Then for every € > 0, there exists a tree T = T, in'Y such that Y C B(T, ¢).

Proof. For every € > 0, there exist finitely many points x1,---, 2, in Y such that
Y ¢ B{{z1, -+ ,zn}, €) by the compactness of Y. Then there is a tree T in YV
containing {z1,--- ,z,} by Lemma 2.4. So Y C B(T, ¢). O

Lemma 2.6. Let T be a tree in a quasi-graph X and let N be the separation degree
of X. Then T has at most N endpoints.

Proof. Let Y =T — End(T). Then #(End(T)) = #(Y —Y) < N. O

Example 2.7. For each n € N, we view R” = R" x {0} as a subspace of R"*!,
Define respectively the projections 7, : R"*! — R™ and 7 : R**! — R by 7, (2,t) =
x and 7(x,t) = ¢, for all x € R™ and for all t € R. Let X be a quasi-graph in R",
and let W be a compact connected subset of X which contains more than one point.
Assume that W has only finitely many arcwise connected components Wy, - -+, W,.
For each k € {1,--- ,m} and for each ¢ € N, by Lemma 2.5, there exists a tree T}, ;
in Wy, such that Wy, C B(Ty,;,1/i) and Tj; C Tk +1. Take m — 1 straight line
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segments A; 1, -+, A;im—1 in R™ with length 2/i such that Y; is arcwise connected,
where V; = (U 71 Tk,:) U ( 21:_11141',19)- Let ¢ : Ry — R"™! be a continuous
injection such that ¢ (Ry) N X = {¢(0)}, n(v(t)) = 1/t for all t € [1,00), and
Tn(Y([i,i4+1])) =Y; for all i € N. Set X' = X Utp(Ry). Then it is easy to see that
X'’ is a quasi-graph.

Let S be a tree, let v € S and let n € N. We call S an n -star with center
v if there is a continuous injection ¢ : S — C such that p(v) = 0, and ¢(5) =
{re2kmi/n . c[0,1], k=1,--- ,n}. (Here, i = /—1.)

According to this definition, an arc is a 1-star with either of its endpoints being
center, and is also a 2-star with any of its interior points being center. If S is an
n-star with center v, then (S —End(S))U{v} is called an open n - star with center
.

In the following, we generalize some notions such as valence, endpoint and branch
point from graphs to arcwise connected compact metric spaces.

Definition 2.8. Let X be a compact arcwise connected metric space and let
v € X. The valence of v in X, denoted by val(v) or by val(v, X), is the number
max{n € N : there exists an n-star with center v in X} (val(v) may be oo); v is
called an endpoint of X if val(x) = 1; v is called a branch point of X if val(v) > 3.
We still use the symbols End(X) and Br(X) to denote the endpoint set and the
branch point set of X respectively.

According to Definition 2.8, the point (0, 1) is the unique endpoint of the Warsaw
circle @ (see Example 2.3), and all the other points of @) have valence 2. So ) has
no branch point.

Lemma 2.9. Let X be a quasi-graph and let N be the separation degree of X.
Then

(1) X has no n -star for everyn > N.

(2) For every arc A in X and every point v € A, there exists a subarc A’ of A
such that v is an endpoint of A’ and (A’ — {v}) N Br(X) = 0.

(3) X has at most N endpoints.

(4) X has at most N —2 branch points, and > {val(v)—2: v € Br(X)} < N-2.

Proof. The conclusions (1) and (3) can easily be deduced from Lemma 2.4 and
Lemma 2.6. (2) is a direct corollary of (4). Now we start to prove (4). Let
x1, - ,Zk be any k pairwise distinct branch points of X. By Lemma 2.4, we can
take a tree Y in X such that {z1, .- ,2x} C Y. By adding some arcs adjacent to
x; if necessary, we may assume further that val(x;,Y") = val(x;, X) for each . Since
Y is a tree, we have > {val(v,Y) —2: v € Br(Y)} = fEnd(Y) — 2. This implies
Sfval(z;, X)—2:i=1,2,--- ,k} < N —2 by Lemma 2.6. By the arbitrariness of
k, we get > {val(v) —2: v € Br(X)} < N — 2. Since val(v) —2 > 1, we see that X
has at most N — 2 branch points. O

Let X be a quasi-graph and let z € X. For every ¢ > 0, denote by St(z, €) =
St(x, e, X) the arcwise connected component of B(x, €) containing x. By Lemma
2.9, we immediately have

Lemma 2.10. Let X be a quasi-graph, let © € X and let val(x) = n. Then there
exists an g9 > 0 such that, for all € € (0, g¢], St(z, €) is always an open n -star
with center x. (]
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Lemma 2.11. Let X be a quasi-graph and let N be the separation degree of X.
Then for any two arcwise connected subsets Y and W of X, Y — W has at most
N arcwise connected components.

Proof. Assume to the contrary that Y — W has at least IV + 1 arcwise connected
components Yy, Y7, -+, Yy. Then Y NW # () and W UY; is arcwise connected
from Lemma 2.9 for each ¢ = 0,1,--- , N. Take w € W and take z; € Y;. Let A; be
an arc in W UY; with endpoints w and z;, and let W, = Uf\io (A; = {z;}). Then
W, is an arcwise connected subset of X, and W1 — Wp = {zo, x1, --- , xn} has
N +1 arcwise connected components, which contradicts the fact that the separation
degree of X is N. Hence Y — W has at most N arcwise connected components. [J

Corollary 2.12. Let X be a quasi-graph and let N be the separation degree of X .
Suppose that Y is an arcwise connected subset of X and W is a subset of Y with n
arcwise connected components for somen € N. Then Y —W has at most N +n—1
arcwise connected components.

Proof. By Lemma 2.9 and the arcwise connectivity of Y, it is easy to see that there
are n — 1 arcwise connected sets Ay, ---, A,_1 in Y such that W U (U;:ll A;) is
arcwise connected, W N (U?:_ll (A; — End(4;))) = 0, and A; is either an arc or a
single point set for each ¢ = 1,--- ,n — 1. By Lemma 2.11, Y — (WU (U?;ll Ay))
has at most NV arcwise connected components. Hence Y — W has at most N +n—1
arcwise connected components. (Il

Lemma 2.13. Let X be a compact metric space. Suppose that X; and X5 are
two compact subspaces of X with X1 U Xy = X and X1 N Xs # 0. If Xy and
X5 are both quasi-graphs and X1 N Xo has only finitely many arcwise connected
components, then X is also a quasi-graph.

Proof. Let Ny and Ny be the separation degrees of X7 and X5 respectively. Denote
by W1, - .-, W, the arcwise connected components of W = X; N X5 for some n € N.
Let Y be an arcwise connected subset of X. If Y N X; is not arcwise connected,
then each arcwise connected component of YN X7 has a nonempty intersection with
W. If the number of the arcwise connected components of Y N X is greater than
nNa, then there exist k € {1,--- ,n} and Ny + 1 arcwise connected components
Yo, Y1, , YN, of Y N X5 with Y; N W, # 0 for each . By Lemma 2.9, it is easy
to see that there are pairwise disjoint arcs Ag, A1, -+, An, in Y N Xy such that
A; N W has just one point and A;,N W = A;N W, NY; = End(4;) N W NY; for
eachi=20,1,--- ,Ny. Let Z, = W, U (UﬁVjO(Ai —End(4;))); then Zj is an arcwise
connected set in X5. Clearly, the endpoint of A; not in Wy, is an arcwise connected
component of Z;, — Z, for each i = 0,1,---, No. It follows that Z;, — Z; has at
least Ny 41 arcwise connected components. This contradicts Definition 2.1. So the
number of arcwise connected components of Y N X is not greater than nNs, which
implies that the number of arcwise connected components of Y N X; — (Y N X7) is
not greater than nNoN;. Similarly, the number of arcwise connected components
of Y N Xo — (Y N Xs) is not greater than nN; No. Notice that

Y-Y = YNX;uYnX,) Y
= YNX;—-Y)U(YnXy-Y)
YNX;—(YnX))u¥ NnX,—(YNXy)).
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This implies that the number of arcwise connected components of ¥ — Y is not
greater than 2nN1N,. Hence, X is a quasi-graph. Then the proof is complete. [

The assumption that X; N X5 has only finitely many arcwise connected com-
ponents is crucial for the above lemma. For example, let X = [0,1] x {0} C R2.
For each i = 1,2,3,---, let A; C R? be the segment connecting points (5=, 0)
and (2%1, 2%1), and let B; C R? be the segment connecting points (%,0) and
(551, 3=1)- Set Y = (J;2,(4; U B;) U{(0,0)}. Then X and Y are two arcs under
the relative topology, and X NY has infinitely many components. Clearly, X UY
is not a quasi-graph.

Definition 2.14. Let X be a compact metric space and let L be an arcwise
connected subset of X. Suppose that ¢ : Ry — X is a continuous injection.
Set L = p(Ry). Then L or ¢ is called a quasi-arc, and ¢(0) is called an end-
point of L. We also viewed ¢ as a continuous bijection ¢ : Ry — L. For any
{s,t} C Ry, denote by [s,t] the minimal connected subset of R containing {s,¢}.
Let (s,t] = [t,s) = [s,t] — {t}. Denote x = ¢(s) and y = ¢(t); denote ¢([s,t]),
e((s,1]), o([s,1)), v((s,1)), @([t, 00)) and ¢((t,00)) either by L[s,t], L(s,t], L[s,?),
L(s,t), L[t,00) and L(t,00) respectively, or by L[z,y], L(z,y], Llz,y), L(z,y),
L[y, o0) and L(y, o0) respectively. Set w(L) = w(¢) = N{L[m,00) : m € N}; w(L)
(resp. w(yp)) is said to be the w -limit set of L (resp. ¢).

From the definition, z € w(yp) if and only if there are positive numbers t; <
ty <tz < --- such that ¢, — oo and ¢(t,) — = as n — co. Since L = ¢([0,m]) U
¢([m, 00)) for every m € N, we have that L = LU w(L). It is easy to see that
w(L) must be nonempty and connected by the compactness of X. However, there
are simple examples showing that the w-limit set w(L) of a quasi-arc L may not
be arcwise connected. For example, let Q = Y U Z C R? be the Warsaw circle
defined in Example 2.3. Clearly, Y has two arcwise connected components. Then,
by Example 2.7, we can construct a quasi-graph X’ in R? which contains a quasi-arc
L with w(L) =Y.

If w(L) contains more than one point, then we call L or ¢ an oscillatory quasi-
arc. Obviously, ¢ is nonoscillatory if and only if lim;—, ¢ (t) exists. So no quasi-arc
in a graph is oscillatory.

Clearly, the circle S is a nonoscillatory quasi-arc. We can choose any point of S!
as the endpoint. A o-graph is a graph homeomorphic to the subset X = {e*™|t €
R} U {it]l <t < 2} of the complex plane. One can easily take a bijective map
¢ : Ry — X such that ¢(0) = 2i, (1) =1iand p(t) — 1 as t — co. So the o-graph
is a nonoscillatory quasi-arc. We should note that a point of w(L) may belong to
L, as in the example of the o-graph. It is easy to see that the Warsaw circle is an
oscillatory quasi-arc. Since no continuous injection ¢ : Ry — [0, 1] is surjective, an
arc cannot be a quasi-arc.

Proposition 2.15. Let L be a quasi-arc in a compact metric space X, and let
@ : Ry — L be the corresponding continuous bijection. Suppose that A is an arc in
L. Then exactly one of the following holds.

(a) There are s,t € Ry such that A = ¢([s,t]).

(b) lim ¢y 00 p(t) exists; there are real numbers 0 < ¢y < ¢ < ¢ such that A =
©([e,00) U feo,e1]) and lim ;oo ©(t) = @(co) or w(c1); L is either a circle or a
o-graph; if L is a o-graph, then ¢(0) is the unique endpoint of L.
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Proof. Let W = = *(A). Then W is a closed set in R,. Since no continuous
injection ¢ : [r,00) — A is surjective, W # [r,00) for every r € Ry. Hence, if W
has only one connected component, then W must be a bounded closed interval in
R.. Thus (a) holds.

In the following, we assume that W has at least two components. If each
component of W is bounded, then there exists an infinite increasing sequence
r1 < 19 < rg < --- such that {ri,re,r3,---} C Ry — W, and lim,,cr, = o0.
Now, let Wy = WN[0,r] and let W,, = WN|[ry, r,11] for each n € N. Then o(W;)
is a bounded closed set in A for each ¢ € Z. Thus the arc A is the union of count-
ably many pairwise disjoint proper closed subsets {@(W;) : i € Z}. However, it is
well known that a compact interval cannot be the disjoint union of its countably
many proper closed subsets. So W has an unbounded component, that is, there
is ¢ > 0 such that [c,00) is a connected component of W. Write Wy = [¢, 00).
Since ¢(Wy) € A, there is some v € A — (W) such that lim; ,.o¢(t) = v. Let
¢ = ¢~ 1(v), and let Wy be the connected component of W containing ¢’. Then
©(Wo U W) is a connected closed subset of A.

Assume that A — o(Wo U W7) # (. Then W has more than two connected
components, which implies that A is a union of countably many pairwise disjoint
proper closed subsets. This leads to a contradiction. Hence W has exactly two
connected components Wy and W7, and there exist real numbers 0 < ¢y < ¢; < ¢
such that Wy = [co,¢1] and ¢ € {cp,c1}. So we have that A = ¢([¢,00) U [co, ¢1])
and limyoop(t) = 0 = p(c') € {(co), ple1)}.

If ¢ =0, then L(= ([0, c]) Up([c,00))) is a circle; if ¢/ > 0, then L(= ¢([0, ¢'])U
o([¢, c]) Ugp([e,))) is a o-graph with the unique endpoint ¢ (0). O

Corollary 2.16. Let L be a quasi-arc in a compact metric space X and let ¢ :
Ry — L be the corresponding continuous bijection. Suppose that L' is an arcwise
connected subset of L. If L is neither a circle nor a o-graph, then ¢~ *(L') is an
arcwise connected set in R .

Proof. Assume to the contrary that ¢ ~!(L’) is not arcwise connected; then there is
an arc A in L' such that ¢ ~!(A) is not arcwise connected. By Proposition 2.15, L
is either a circle or a o-graph, which is a contradiction. So ¢ ~!(L’) must be arcwise
connected. ]

Proposition 2.17. Let X be a compact metric space and let L be a quasi-arc in
X. If there are continuous bijections ¢ : Ry — L and ¢ : Ry — L such that
©(0) # 9(0), then L is a circle.

Proof. Let r = ¢~ 1((0)). Then (r) = ¥(0), and r > 0. Let a = 1~1((0)) and
let b = ¥~ 1(p(2r)). Then a > 0, b > 0 and a # b. Let A = 9([a,b]); then A
is an arc in L with endpoints ¢(a) = ¢(0) and ¥(b) = ¢(2r). For any s,t € Ry
with s # t, set ¢ = max{s,t,2r}. Then ¢([0,q]) is an arc in L, and ¢([s,?]) is a
subarc of ¢([0,¢]). Since the only arc with endpoints ¢(0) and ¢(2r) in ([0, ¢])
is ¢([0,27]), and ¢(r) = ¥(0) ¢ A, we have that no subarc of ¢([0,q]) is equal
to A. So ¢([s,t]) # A. It thus follows from Proposition 2.15 that L is either a
circle or a o-graph. However, if L is a o-graph, then ©(0) and ¢(0) should be the
unique endpoint of L by Proposition 2.15. This contradicts the assumption that
©(0) # 1(0). Hence L is a circle. O
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Proposition 2.18. Let L be a quasi-arc in a compact metric space X . If L contains
a 3-star'Y, then L is a o-graph.

Proof. Suppose that the center of Y is w, and the endpoints of Y are vy, vy and
v3. Let ¢ : Ry — L be a continuous bijection, and a; = ¢~ 1(v;) for i = 1,2,3.
Without loss of generality, we may assume that a; < as < as. Let A be the arc in
Y with endpoints v; and vs. Similar to the proof of Proposition 2.17, we see that
©([s,t]) # A for any s,t € Ry. Then L is a o-graph by Proposition 2.15. O

It follows from Proposition 2.18 that no quasi-arc in a compact metric space
contains an n-star with n > 4 or contains more than one 3-star.

From Proposition 2.15, we see that a nonoscillatory quasi-arc can only be a
half-open arc, a circle, or a o-graph. Explicitly, we have the following.

Proposition 2.19. Let L be a nonoscillatory quasi-arc in a compact metric space
X. Suppose that w(L) = {z} for some x € X. Ifx ¢ L, then LU{zx} is an arc and
L is a half-open arc; if x is an endpoint of L, then L is a circle; if x € L, but does
not belong to the endpoint set of L, then L is a o-graph. |

Proposition 2.20. Let L be a quasi-arc in a compact metric space X. Suppose
that L is neither a circle nor a o-graph. If ¢ : Ry — L and ¥ : Ry — L are
two continuous bijections, then ¥~tp : Ry — Ry and =19 : Ry — Ry are two
homeomorphisms which are inverses of each other.

Proof. Since L is neither a circle nor a o-graph, L Uw(L) is an arc when L is
nonoscillatory. In this case, the proposition obviously holds. In the following, we
assume that L is oscillatory. Let h = ¢y~ 1p : Ry — Ry; then h=! = p~1¢. By
Proposition 2.17, L has only one endpoint. Thus ¢(0) = (0), or h(0) = 0. For
every r > 0, let A, = ¢([0,7]). Then A, is an arc in L with endpoints 1(0) = ¢(0)
and ¥(h(r)) = ¢(r). Write J, = ¢ ~1(A,). We have

Claim 1. J, = [0, h(r)].

In fact, if J,. # [0, h(r)], then for any s,t € Ry, we have A, # ¥([s,t]). Thus L is
either a circle or a o-graph by Proposition 2.15, which contradicts the assumption
that L is oscillatory. So J,. = [0, h(r)].

Since ¢l (o : [0,7] = A, is a homeomorphism, and ¥| ;. : J. — A, is also a
homeomorphism by Claim 1, we have

Claim 2. For every r > 0, h([0,7]) = [0,h(r)], and h|jo : [0,7] = [0,h(r)] is a
homeomorphism.

By Claim 2, we get that h : Ry — R, is a homeomorphism. ([l

It follows from Proposition 2.20 that if a quasi-arc L is neither a circle nor a
o-graph, then the continuous bijection ¢ : Ry — L is unique up to a topological
conjugacy.

Definition 2.21. Suppose that L and K are two quasi-arcs in a compact metric
space X with the corresponding bijections ¢ : Ry — L and ¢ : Ry — K respec-
tively. For every r € Ry, denote L, = ¢([r,o0)) and K, = ¥([r,00)). We write
L = K or ¢ = ® if there exists m € Z, such that K,, C w(yp), and we write
L>Koryes=yift KCw(l).
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Obviously we have

Lemma 2.22. Let L, K, ¢, and ¢ be as in Definition 2.21.
(1) If L = K, then L is oscillatory.
(2) For every r € Ry, L, and K, are also quasi-arcs and w(L,) = w(L).
(3) L = K if and only if there is r € Ry such that L, = K.
(4) v Hw(L)NK) ==Y w(L)) is a closed set in R. O

We study quasi-arcs in a quasi-graph in the following.

Lemma 2.23. Let L and K be quasi-arcs in a quasi-graph X and let ¢ : Ry — L
and ¢ : Ry — K be the corresponding continuous bijections respectively. If L # K,
then ¥~ (w(L) N K) is a bounded set in R

Proof. Assume to the contrary that L % K and 1~ !(w(L)) is an unbounded set
in Ry. Then there are {ry, ro, ---} C Ry — 9~ }(w(L)) such that 0 < r; < ry <
r3 < -+ iMoot = 00, and [ry, Tpy1] N Y H(w(L)) # 0 for all n € N. Let N
be the separation degree of quasi-graph X. Since X has at most N — 2 branch
points, there is i € N such that (K, UL,,) NBr(X) = 0. Let J = K,, N L,,, then
J is arcwise connected. By Corollary 2.16, »~1(J) and ¢~1(J) are also arcwise
connected. If p~1(J) is bounded, then there exists s > r; such that Ly N K., = 0,
which implies that

(Ly— L) NK,, =w(L,)NK,, =w(L)NK,,

contains infinitely many arcwise connected components. Since K., N Br(X) = 0,
Ly — L, also has infinitely many arcwise connected components. This contradicts
the definition of quasi-graph. So ¢ ~!(J) is unbounded. Then there are s > r; and
t > ;i n41 such that Ly = K;. Thus Lg N([r;,t)) = 0, which implies that

(Ls = Ls) N([ri, 1)) = w(Ls) N9p([ri, 1)) = w(L) Np([ry, 1))
has at least N +1 arcwise connected components. As 9([r;,t))NB.(X) =0, L,— L,
also has at least N + 1 arcwise connected components. However, this contradicts
the fact that the separation degree of X is N. Hence ¢~ (w(L) N K) must be a
bounded set provided that L + K. ]

Now we prove the main theorem in this section, which explicitly describes the
structures of quasi-graphs.

Theorem 2.24. A continuum X is a quasi-graph if and only if there are a graph
G and n pairwise disjoint oscillatory quasi-arcs Ly,--- , Ly, in X, for somen € Z,
such that

(1) X = GU (U, Li), and End(X) U (U{St(z,20) : € Br(X)}) C G for some
€0 >0,

(2) LiNG = {a;} for each 1 <i < n, where a; is the endpoint of L,

(3) w(L;) CcGU (U;;ll L;) for each 1 <i<mn, and

(4) if w(L;) VL # 0 for some i,j € {1,--- ,n}, then w(L;) D L;.
In addition, if X is a quasi-graph with separation degree N, then the number n
appearing above is less than or equal to N.

Proof. Clearly, if X contains a graph G and n pairwise disjoint oscillatory quasi-
arcs Ly, -+, L, satisfying the conditions (1) to (4), then X is a quasi-graph. We
need only prove the converse direction. Let X be a quasi-graph with separa-
tion degree N. By Lemma 2.9 and Lemma 2.4, there exists a tree Ty in X such
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that End(X)UBr(X) C Ty. By Lemma 2.10, there is an g9 > 0 such that St(z, &)
is an open star for all x € Br(X), and T is still a tree in X, where T' = Ty U
(U{St(z,20) : @ € Br(X)}). If X =T, then Theorem 2.24 holds for G =T and n =
0. In the following, we assume that X # T. By Lemma 2.11, X —T has only finitely
many arcwise connected components Ly, -, L, with some m € {1,---,N}. For
each 1 <i <m, as Br(X) C Ty C T, we see that L; contains no branch points of
X. Thus, for any z,y € L; with « # y, there is a unique arc L;[x,y] in L; with
endpoints z and y. Since X is arcwise connected and Ly, --- , L,, are pairwise dis-
joint, we have L; N T = End(L;) N (End(T) — End(T)) # 0. As End(X) C T, C T,
L; contains more than one point. Since End(7) NBr(X) = (), L; cannot be a circle.
If L; N T contains two points, denoted by a; and b;, then L; must be an arc with
endpoints a; and b;, and T N L; — {a;,b;} = 0. So we may suppose that, for some

n € {0,1,---,m}, L; N T contains only one point a; for each 1 <i <n and L; NT
contains two points for each n+1 <i <m. Let G =TU (U}, ., Li). Then G is a

graph in X, and End(G) C End(T). If n = 0, then X = G, and Theorem 2.24 holds.
Now assume that n € {1,--+ ,m}. Then X = GU (U, L;) and L; NG = {a;} for
each i € {1,---,n}, where a; is an endpoint of G. Thus the conclusions (1) and
(2) of Theorem 2.24 hold.

Claim 1. For each i € {1,--- ,n}, there is a continuous bijection ¢; : Ry — L; such
that ¢;(0) = a; and lim;_, ¢;(t) does not exist.

As the long line is also an arcwise connected space without branch points (see
[22, p. 159]), Claim 1 is not that obvious. So we need to give a proof here.

Proof of Claim 1. Let <; be a linear ordering on L; defined by a; <; = <; y if and
only if z € L;[a;,y) for any x,y € L; — {a;}. If L; has a maximal element, say
b;, then L; = [a;,b;] and b; is an endpoint of X. This contradicts the fact that
L; NEnd(X) = 0. So L; has no maximal element with respect to the ordering
~;. Since X is compact, for every k € N, there is a finite set V}/ in X such that
X = B(V},27%71). Thus, there is a finite set V; in L; such that B(Vy,27%) > L.
It follows that there exists a sequence of points a; <; x1 <; To <; Tz <; -
in L; such that L; C B(L;[a;,xx],27%) for all k € N. Let L, = U2 Lila,, x).
Evidently, there is a continuous bijection ¢; : [0,00) — L} with ¢;(0) = a; and
vi(k) = xy, for all k € N. If L, # L;, then there exists y € L; — L. Since
L has no maximal element, there is 4’ € L; such that y <; 4. Thus we have
L} C Lilas,y] C Lilai,y'). Let § = d(y', Li[a;,y]). Then 6 > 0 by the compactness
of L;la;,y]. Take k € N such that 27% < §. Then y' ¢ B(L;[a;,y],27%), which
contradicts the fact that L; C B(L;[a;, 21],27%) described above. Hence, there must
be L}, = L;. To complete the proof of Claim 1, assume that lim, . ¢;(¢) exists and
write b; = lim; 00 pi(t). If b; € End(G), then L; U {b;} is an arc with endpoints a;
and b;, and L; U{b;} is an arcwise connected component of X — T, which leads to a
contradiction. If b; ¢ End(G), then b; is a branch point of X, and L;NSt(b;,e0) # 0.
However, this contradicts the fact that L; € X — T C X — St(b;,e0). Hence
lim; o i (t) does not exist. This completes the proof of Claim 1.

From Claim 1, we see that L;,---, L, are all oscillatory quasi-arcs. For any
i,j € {l,---,n}, if L, = L, then by (3) of Lemma 2.22, there exists r € R} such
that ¢;([r, 00)) > ¢;([r, 00)). In this case, we replace G, L; and L; by GU;([0, r])U
©;([0,7]), @i([r,00)) and ¢;([r,00)) respectively. If L; # L; and w(L;) N L; # 0,
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then by Lemma 2.23 there is » € Ry such that w(L;) N¢;([r,00)) = 0. In this case,
we may replace G and L; by GU ¢;([0,7]) and ¢;([r, 00)) respectively. So, without
loss of generality, we always assume that Lq,--- , L, possess the following property.

Property A. For any 4,5 € {1,--- ,n}, if w(L;) N L; # 0, then w(L;) D L;.
Claim 2. For every i € {1,--- ,n}, L; & L;.

Proof of Claim 2. Let ¢; : R — L; be as in Claim 1. For every r € Ry, denote
Li[0,7] = ¢i([0,7]) and L;[r,00) = ¢i([r,o0)). Note that G U (Uj=, L;[0,7]) is a
compact set in X and is a graph. If thereis ¢ € {1,--- ,n} such that L; = L;, i.e.,
w(L;) D L;[r,0) for some r € Ry, then we can choose orderly points xg = ¢;(0),

x1 = @i(r+3), 29,23, in L; and positive even integers ko = 2 < k1 < ko < k3 <
- (the order of choice is kg — x¢9 — k1 — x1 — ko — w2 — k3 — 3 — -+ - ) such

h
that a1 € Lilko + 1, k1], d(x1, Li[ks + 1, ko]) < 1/3,
(2.1) Tm+1 € Lilkm + 1, kpmya] and d(@pi1, Tm) < 0 /3, form =1,2,--- |

where
n

(2.2) Om = d(2p, G) with G, = G U ( U 10, km—1])

For m € N, denote &,,, = d(Zp, Tm—1). It follows from (2.2) and (2.1) that

(23) Tm—1 € Gm, Emat1 < ém/g < Em/?)
and
(2.4) B(%m, 0m) NGy = 0.
Thus the sequence xg, z1, T2, x3, -+ converges to a point y in X with
oo

(2.5) d(y, xm) Z ATy, Tpsr) Z Eut1 < 0m/2, for all m € N.

pn=m
By (2.5) and (2.4), we have y ¢ G,, forall m € N. Soy ¢ |o-_, G,, = X, which is
a contradiction. Hence, for every i € {1,--- ,n}, we have L; # L;. This completes
the proof of Claim 2.

According to Claim 2, we see that in the set of quasi-arcs {Li,---,L,}, the
relations = and > are both strict partial orderings (see Munkres [22] p. 69]). Thus,
by adjusting the order of Lq,---, L,, we may assume that the following property
holds.

Property B. When 1 <:<j<n, L; #» Lj.

By Property B and Property A, we see that conditions (3) and (4) of the theorem
hold. This completes the proof of Theorem 2.24. O

Definition 2.25. Let L and K be quasi-arcs in a compact metric space X, neither
of which is a circle or a o-graph, and let ¢ : Ry — L and ¢ : Ry — K be the
corresponding continuous bijections. L and K are said to be eventually same if
there exists {s,t} € Ry such that ¢([s,00)) = 9 ([t,00)). K is said to be eventually
homeomorphic to R if there exists ¢ € Ry such that ], o) @ [t,00) = ([t,00))
is a homeomorphism.

The following two propositions can be easily deduced from Theorem 2.24.
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Proposition 2.26. Let X be a quasi-graph. Suppose that G and Ly,--- , L, are as
in Theorem 2.24. Then for every oscillatory quasi-arc K in X, there always exists
a unique © € {1,--- ,n} such that K and L; are eventually same. ]

Proposition 2.27. Every oscillatory quasi-arc K in a quasi-graph X is eventually
homeomorphic to Ry. ]

Remark 2.28. Proposition 2.27 does not hold for general compact metric spaces. For
example, let X = R?/Z? be the 2-torus, let 7 : R?> — X be the natural projection,
and let J = {(t,rt) € R? : t € R, } where r is an irrational number. Then J is a ray
starting from the origin in R%. Let K = m(J). Then K is a one-way infinite helix
in X and is a quasi-arc. It is obvious that w(K) = X D K and K is not eventually
homeomorphic to R.

Definition 2.29. A nonoscillatory quasi-arc in a compact metric space X is called
a 0-order oscillatory quasi-arc. An oscillatory quasi-arc L is called a k-order os-
cillatory quasi-arc for some k € N if w(L) contains at least one (k — 1)-order
oscillatory quasi-arc, and w(K) contains no (k — 1)-order oscillatory quasi-arc for
every quasi-arc K in w(L).

From this definition, it is easy to see that for any two integers £ > ¢ > 0 and any
k-order oscillatory quasi-arc L, w(L) always contains at least one i-order oscillatory
quasi-arc and cannot contain an oscillatory quasi-arc with order > k.

By Theorem 2.24 and Proposition 2.26, we have

Proposition 2.30. Let X be a quasi-graph with separation degree N. Suppose that
G and Ly, -+, L, are as in Theorem 2.24. Then no oscillatory quasi-arc in X is of
(n+1)-order. In particular, every oscillatory quasi-arc in X has order < N—1. O

Let X be a quasi-graph. From Proposition 2.26, it is easy to see that the num-
ber n appearing in Theorem 2.24 is just the maximal number of pairwise disjoint
oscillatory quasi-arcs in X. We call this number the oscillation degree of X and
denote it by n(X).

Proposition 2.31. Suppose that X is a quasi-graph with oscillation degree n(X) =
n. Then every compact connected set W in X has at most n+ 1 arcwise connected
components.

Proof. Let G, Lq,---, L, and the continuous bijections ¢; : Ry — L;, i =1,--- ,n,
be as in Theorem 2.24. Note that 0 < n < N, where N is the separation degree of
X.

Claim 1. If there exist i € {0,1,--- ,n} and {riy1,- - ,rn} C Ry such that W C
X - U;L:H_l L;(r;,00), then W has at most ¢ + 1 arcwise connected components.

Proof of Claim 1. Let X; = X — Uj_;,, Lj(rj,00). According to Theorem 2.24,
we see that X; is a quasi-graph in X and the maximal number of pairwise disjoint
oscillatory quasi-arcs in X; is i. Since X is a graph, every connected set in X is
also arcwise connected. Then Claim 1 holds for ¢ = 0.

In the following, we assume that ¢ > 0 and W N L;[t,00) # (0 for all ¢t € R.
It follows from (3) and (4) of Theorem 2.24 and the connectivity of W that there
exists r; € Ry such that L;[r;,c0) C W. Note that w(L;) is a connected closed set
contained in W N (G U (U;;ll L;)). Let W/ =W — L;(r;,00). By (3) of Theorem
2.24, we see that W' is a closed set. Let W1 and W5 be the connected components
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of W’ which contain ¢;(r;) and w(L;) respectively. Since d(L;[t1,ts], W') > 0 for
any to > t; > r;, we have W/ = W7 U Wh; that is, W’ has no other connected
components except Wi and Wh. If W7 = W,, ie., W’ is connected, then let
W" = W', If Wy # Wh, then take an arc A in X such that W’ U A is connected
and W' N A = End(A); in this case, let W’ = W' U A. Obviously, W" is a compact
connected set in X;_; = X — U?:z L; (r;,00). By induction, we can assume that
W' has at most ¢ arcwise connected components. Thus, there are two cases: if
W1 = Ws, then W’ and W also have at most ¢ arcwise connected components; if
W1 # Wy, then W’ and W have at most i + 1 arcwise connected components. The
proof of Claim 1 is complete.

Proposition 2.31 follows from Claim 1 immediately. O

Theorem 2.32. A nondegenerate compact arcwise connected metric space X is a
quasi-graph if and only if Y —Y has only finitely many arcwise connected compo-
nents for every arcwise connected set Y in X.

Proof. By Definition 2.1, the necessity is obvious. Now we prove the sufficiency.
Suppose that Y —Y has only finitely many arcwise connected components for every
arcwise connected set Y in X.

Claim 1. If X has only finitely many branch points, and > {val(w) : w € Br(X)} <
00, then X is a quasi-graph.

Proof of Claim 1. Suppose that X has finitely many branch points. Then the end-
point set of X is also finite. Let {v1,---,v,} be the branch point set of X. For
each i = 1,--- ,n, take a star T; with center v; such that val(v;, T;) = val(v;, X).
Then we can take a graph G in X such that (J_, 7;) UEnd(X) C G. It follows
that for every point # € X \ G there are a unique v, € End(G) and a unique arc
[vg, 2] such that [v,, 2]NG = {v, }. Clearly, for any two distinct points z,y € X\ G,
exactly one of the following three cases occurs: [vg,z] C [vy,y]; [vy,y] C [Vs, z];
[Vz, 2] N [vy,y] = 0, by the definition of G. Thus (X \ G) U {v, : x € X \ G} can
be partitioned into finitely many quasi-arcs (must be oscillatory) with endpoints in
End(G). So X is a quasi-graph.

Claim 2. X has only finitely many branch points, and > {val(w) : w € Br(X)} <
0.

Proof of Claim 2. If Claim 2 does not hold, then exactly one of the following two
cases will occur.

Case 1. There exists w € X such that val(w) = oo. In this case, there are infinitely
many arcs A, Ag, - such that they share a common endpoint w: A;NA; = {w}
for any 1 <i < j < o0, and A;11 C B(w,d(v;,w)/2) for all i € N, where v; is the
other endpoint of A; besides w. Let S = (J;2,(4; —{v;}); then S—S = {v; : i € N}.
Thus S — S has infinitely many connected components. This contradicts the initial
assumption. So, Case 1 does not occur.

Case 2. X has infinitely many branch points and each branch point of X has finite
valence. In this case, we claim that

() there is a continuous injection ¢ : Ry — X such that {¢(7): i€ N} CBr(X).
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We postpone the proof of (%) to the next paragraph. Now suppose (x) holds.
Denote L = p(R4), and v; = ¢(i) for all ¢ € Z;. For each i € N, take an arc
A; with an endpoint v; such that A; N (L UBr(X)) = {v;}, and A, N A4; =0
for any 1 < i < j < oco. Let w; be the other endpoint of A; besides v; and let
Y = LU (U2 (4; — {w;})). Then {w; : i € N} C Y —Y. By the previous
assumption, Y — Y has only finitely many arcwise connected components. Thus,
there exist an arcwise connected component W of Y — Y and positive integers
i1 < ip < i3 < --- such that {w;, :n € N} C W. Let Wy = W — {w;,, : n € N}.
Since w;, ¢ Br(X) for every n € N, W is arcwise connected. (Otherwise, take an
arc A in W such that the two endpoints of A belong to different arcwise connected
components of Wi. Then there exists k& € N such that w;, € A — End(A), which
implies that val(w;, ) > 3. This contradicts the fact that w;, ¢ Br(X).) Let
Y) = YUW U{w;, }. Then Y] is arcwise connected, and Y, —Y; =Y —Y —W; —{w;, }.
So, {w;, } is an arcwise connected component of Y; — Y; for each n > 2. This
contradicts the assumption at the beginning of the proof. So, Case 2 does not
occur.

Now we start to prove (). This obviously holds if there exists an arc A in X
such that A contains infinitely many branch points. So, we may assume that there
is no arc in X containing infinitely many branch points. Let {z;}5°; be a sequence
of branch points and let vg = z¢. Fix an arc [vg, z;] for each i. Since val(vy) < oo
and no arc contains infinitely many branch points, there is a star Yy with center
vo such that val(vg, Yy) = val(vg, X) and Yo N Br(X) = {wg}. This implies that
there is an infinite set By C {;}{2; such that [, ¢ [v0, 7] contains an arc [vo, v1]
for some v; # vg. Clearly, we may take v; to be a branch point. Similarly to the
case of vy, we can get a branch point vy # v; and an infinite set By C By such
that [vo,v1] C [vo,v2] C (N,ep,[vo,z]. Going on in this way, we get a sequence of
branch points {v;}$2, and a strictly increasing arc sequence [vg, v1] C [vg, v2] C - - .
This obviously shows the existence of a continuous injection ¢ : Ry — X with
o(Ry) = U2, [vo, vi] and v; = (i) for all i € Zy.

Hence, Claim 2 holds.

It follows from Claim 2 and Claim 1 that X is a quasi-graph. (]

3. SOME BASIC PROPERTIES OF QUASI-GRAPH MAPS

A continuous map from a quasi-graph to itself is called a quasi-graph map. In
this section, we are mainly interested in quasi-graph maps.

Lemma 3.1. Let X be a quasi-graph. Suppose that G is a graph in X and f €
C°(X). Then f(G) contains no oscillatory quasi-arcs.

Proof. Let L be an oscillatory quasi-arc in X, and let ¢ : Ry — L be a continuous
bijection. Take x,y € w(L) with z # y and positive numbers s; < t1 < s9 < tg <
s3 < tz < «-- such that lim, 08, = 00, lim,00@(s,) = x, lim, op(tn) = v,
and ¢([s1,00)) NBr(X) = 0. Let e = d(x,y)/3. Assume that f(G) D L. For every
n € N, take a point x,, € f~(¢(s,)) and take a point y,, € f~(¢(t,)). Since G is
compact and locally connected, for every & > 0, there exist integers j > k > 0 such
that

(i) w(sx) € B(w, ), 9(tx) € B(y,e);

(ii) there exists an arc A = Afxy, z;] in G such that A C B(zy, ).
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So, there is a point wy, € A such that f(wy) = ¢(tx). Noting that d(wy, i) < J and
d(f(wg), f(zr)) = d(e(tr), e(sk)) > &, we know that f is not uniformly continuous.
This is a contradiction. Hence f(G) 2 L. The proof is complete. O

By Lemma 3.1 and Theorem 2.24, we have

Corollary 3.2. Let X be a quasi-graph. Suppose that G is a graph in X and
f € CUX). If f(G) contains more than one point, then f(G) is also a graph in
X. (]

Corollary 3.3. Suppose that L and K are both oscillatory quasi-arcs in a quasi-
graph X, ¢ : Ry — L and v : Ry — K are the corresponding continuous bijections,
and f € CY(X). If f(L) D K, then

(1) for every r > 0, there is t = t(r) > 0 such that f(L[r,00)) D K[t,00), and

(2) flw(L)) D w(K).
Proof. (1) For every r > 0, since L[0,7] is an arc in X, f(L[0,r]) contains no
oscillatory quasi-arcs by Lemma 3.1. Hence, by Theorem 2.24, there is t = ¢(r) > 0
such that f(L[r,00)) D K|t,00).

(2) For every ¢ > 0, take r = r(¢) > 0 such that L{r,00) C B(w(L),¢e). Let
t =1t(r) > 0 be as above. Then

f(B(w(L),e)) > K[t,00) O w(K).

It follows that f(w(L)) D w(K) by the arbitrariness of e. O

Proposition 3.4. Let X be a quasi-graph. Suppose that L is a k-order oscillatory
quasi-arc for some k > 0 and f € C°(X). Then f(L) contains no oscillatory
quasi-arcs with order > k.

Proof. When k = 0, L is a nonoscillatory quasi-arc. So L is a graph (L can only
be an arc, a circle, or a o-graph). By Lemma 3.1, f(L) (and thus f(L)) contains
no oscillatory quasi-arcs. Hence, the proposition holds for & = 0.

In the following, we assume &k > 0. By Definition 2.29, w(L) contains oscillatory
quasi-arcs with order from 0 to k£ — 1, but contains no oscillatory quasi-arcs with
order > k — 1. Let K be a j-order oscillatory quasi-arc contained in f(L). If
j > k, then w(K) contains a k-order oscillatory quasi-arc. From Corollary 3.3,
we have that f(w(L)) D w(K). By Proposition 2.31, w(L) has only finitely many
arcwise connected components. So, w(L) is a union of finitely many oscillatory
quasi-arcs with order < k — 1 and finitely many graphs in X. By induction, we can
assume that the f-image of an oscillatory quasi-arc with order < k — 1 contains
no oscillatory quasi-arc with order > k — 1. This together with Lemma 3.1 implies
that f(w(L)) contains no oscillatory quasi-arcs with order greater than k — 1. We
get a contradiction. So, there must be j < k. The proof is complete. O

Proposition 3.5. Let X be a quasi-graph. Suppose that L and K are k-order
oscillatory quasi-arcs in X for some k> 1, ¢ : Ry — L and ¢ : Ry — K are two
fized continuous bijections, and f € CO(X). If f(L) D K, then there arer, s € R
such that f(L[r,00)) = K[s,00), ¥~ fo|[r,00) : [r,00) — [s,00) is continuous, and
lim 00 ¥ fo(t) = 00. In addition, f(w(L)) = w(K).

Proof. 1t follows from Proposition 2.27, Theorem 2.24 and Proposition 2.26 that
there exists s € Ry such that |[s,00) : [s,00) = K]s,00) is a homeomorphism
and K[s,00) N (w(K)UBr(X)) =0. Let S = o=t f~14(s). Then S is a nonempty
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closed set in Ry. Assume that S is unbounded; then by Lemma 3.1 there are
positive integers t; < s1 < ty < S5 < t3 < 83 < --- such that lim; ,.t; = oo,
lim ;00 ¢(t;) = x for some = € w(L), fo(t;) € K(s,0), and s; € S for all i € N.
Thus lim ;0 fo(t;) = f(x) € w(K), and f(L[t;, s:]) D K(s), fe(t;)], which
imply f(L[t;,00)) D K[s,00), for all ¢ € N. For every € > 0, there is j = j(¢) €
N such that L[t;,00) C B(w(L),e). So we have f(B(w(L),e)) D f(L[ti,0)) D
K|[s,00). It follows that f(w(L)) D K]ls,00). (Otherwise, there exist y € K|[s, 00)
and ¢ > 0 such that d(y, f(w(L))) > ¢. By the uniform continuity of f, there is an
e > 0 such that f(B(w(L),e)) C B(f(w(L)),d). It follows that y ¢ f(B(w(L),¢)),
which leads to a contradiction.) On the other hand, w(L) contains no oscillatory
quasi-arcs with order > k — 1, and K[s,00) is a k-order oscillatory quasi-arc. Thus
we have f(w(L)) 2 K|[s,o00) by Proposition 2.31, Lemma 3.1 and Proposition 3.4.
This is a contradiction. So S is a nonempty bounded closed set in Ry. Set r =
max(S); then f(L[r,c0)) = Kl[s,00). Since ¢ 1|K[s,00) : K[s,00) — [s,00) is
a homeomorphism, =1 fo|[r,00) : [r,00) — [s,00) is continuous. For every s’ €
[s,00), let S" = o=t f~1)([s, s']). Similarly to the above, it can be shown that S’
is a nonempty bounded closed set in R ;. Hence, we have lim;_,, ! fop(t) = .

In addition, for every « € w(L), take {¢1,ta,---} C [r, 00) such that lim; o t; =
oo and lim; soop(t;) = x. Let s; = ¥ 1fp(t;). Then lim; ,o8; = oo and
lim; oo®(s;) = limy oo fe(t;) = f(x), which implies that f(z) € w(K), and
f(w(L)) C w(K). Combining with (2) of Corollary 3.3, we have f(w(L)) = w(K).
This completes the proof of Proposition 3.5. O

4. PERIODIC POINTS AND w-LIMIT POINTS OF QUASI-GRAPH MAPS

In this section, we study the dynamical systems generated by the iteration of
quasi-graph maps and give some criteria to determine when a point is a periodic
point or a w-limit point for a quasi-graph map.

Theorem 4.1. Let X be a quasi-graph, let f € C°(X), and let v € X. If
there are an arc A with an endpoint v and an arcwise connected set W such that
U, fiW) D A—{v}, Ui, (W) B A—{v} for alln € N, and fH(W)NfAW) #
0 for some integers p > X >0, then v € P(f).

Proof. For every subset Z of X, let ¢(Z) denote the number of arcwise connected
components of Z. Let Y = 2, f{(W), let Y,, = JI_, f{(W), and let X,, =Y —Y,
for all n € N. Then we have

p = max{c(Y1), -+, c(Yu)} = e(Yyqa) = e(Viqo) 2 -+ > e(Y).

It follows from Corollary 2.12 that ¢(X,,) < ¢(Y)-(N+¢(Y3)) < u(N+pu), where N
is the separation degree of X. Since there are at most NV pairwise disjoint oscillatory
quasi-arcs and Br(X) contains at most N — 2 points, there exists an integer p/ > p
such that, for all n > p/, the largest number of pairwise disjoint oscillatory quasi-
arcs in Y, is equal to that in Y}/, ¢(Y},) = ¢(Y)) and X, NBr(X) = (. This implies
(X)) > e(Xpg1) > e(Xpq2) > ---. Hence, there is an integer p” > 1’ such that
(X)) =c(Xur) foralln > g, Let kg = ¢(Y"). Take ko—1 arcs Ay,--- , Ag,—1in X
such that YU (Ufi;l A;) is arcwise connected and Y N (Ufi;l(Al —End(4;))) = 0.
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Noting that ¢(Y,,» U (Ufi;l A;)) < ce(Yyur)+ko—1, we get from Corollary 2.12 that
C(XH//) = C(Y — YH”)

ko—1 ko—1

=e((vu(lJ 40) = e u (U 4)

< N—I—C(YHH) —l—k}o -2

< N+2u-—2.
Set k = ¢(X,). Forn > p”, let Ly, - -, Lyi be the arcwise connected components
of X;,. Since X, 41 C X, we may assume that L(,41); C Ly; for each i =1,--- k.

In addition, we may as well assume that L, NA # () and (Uf:2 L) N(A—{v}) =
0.

Claim 1. For each i = 1,--- , k, there are an integer m = m; > p”, a continuous
injection ¢; : Ry — Ly and real numbers 0 = 7, < 7(my1)i < Tmy2)i < -+ such
that lim,eoTni = 00, and @;((rpi, 00)) C Ln; C @i([rni, 00)) for all n > m.

Proof of Claim 1. Note that L,; is an arcwise connected set containing no branch
points of X for all n > p”. If L,; contains an oscillatory quasi-arc, then set
m = m; = ¢’ and set r,,,; = 0. By Theorem 2.24, we see that there is a continuous
injection ¢; : Ry — Ly,; such that ¢;((0,00)) C Ly C 9i([0,00)). For n > m,
since the largest number of pairwise disjoint oscillatory quasi-arcs in X, is equal
to that in X,,, Ly; also contains an oscillatory quasi-arc. Hence, there is r,; € R
such that ¢;((rpi,00)) C Lni C ©i([rni,0)). As Lini1)i C Lni, we know that
F(nt1)i = Tni- Since (Vo Lypi = 0, limy, 007 = 00.

If L,,»; contains no oscillatory quasi-arcs, then m is an arc and L,»; D m—
End(L,;). As ﬂzozu,, L,; =0, it is easy to see that there exists m > p” such that,
for every n > m, L,,; — L,; contains at most one connected component, and there
exist a continuous injection ¢; : Ry — Ly,; and real numbers 0 = 7, < 71y <

T(m42)i < - satisfying the conditions of the claim.

Thus the proof of Claim 1 is complete.

Let ¢ = max{mq,---,my}. By Claim 1, for every n > ¢ and every \ €
{1,--- ,k}, L,y is either a quasi-arc or a quasi-arc without its endpoint. For any

i,j € {1,---,k}, define Ly; = Lg; if there is n’ > ¢ such that f(L,;) D Ly
for every n > ¢q. It is easy to see that = so defined is a transitive relation on
{Lg1, -+, Lgx}. Suppose that L, is a;-orderly oscillatory. Then a; = 0. We may
as well assume that ap > ap_1 > -+ > as > a1. By Propositions 3.4 and 3.5, we
have

Claim 2. If Ly; = Lgj;, then a; > a;.
Claim 3. If Ly; = Lgj and Ly; = Lg; with j # 7/, then a; > max{a;,a; }.
Noting that f(X,) D X,41 for all n > ¢, we have

Claim 4. For every j € {1,---,k}, there exists at least one ¢ € {1, -+ k} such
that Lqi = qu.
When Lg; = Lgj;, we say that Lg; can flow to Lg; under f, or Lg; can be filled
Claim 2, Claim 3 and Claim 4 show that if some L4; flows to two different L
and Lgj, then it can only flow to the one with lower oscillatory order, and it can
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only be filled with some L,y with equal or greater oscillatory order. In the end,
there must be some Lg;» which cannot be filled with any Lg~. This leads to a
contradiction. Hence, we have

Claim 5. If Ly; = Lgj and Ly; = Lyr, then j = j’ and a; = a;.
By Claim 4 and Claim 5, we have

Claim 6. There is a unique bijection ¢ : {1,--- ,k} — {1,--- ,k} such that L, =
Lg; if and only if j = ((i), for all ¢ € {1,--- , k}.

It is known by Claim 6 that there exists A € {1,---,k} such that ¢*(1) = 1.
Thus we have

Claim 7. For every n > g, there is n’ > ¢ such that f*(L,1) D L.

From Claim 7, we have v € L,1 C f*Lpn1). Since diam(L,;) — 0 and
diam(f*(L,1)) — 0 as n — oo, we have f(v) = v. The proof of Theorem 4.1
is complete. O

Corollary 4.2. Let X be a quasi-graph. Suppose that W is an arcwise connected
closed set in X, v e W, f € CYX), andY =,—, f"(W). If Y NSt(v,e) # O for
every € > 0, and f*(W) N fANW) # 0 for some integers > X\ >0, thenv €Y.

Proof. By the conditions of the corollary, we see that Y has at most p arcwise
connected components, and there exists an arc A in X with v being one of its
endpoints and with A — {v} C Y. For every n € N, write V,, = J;_, f{(W). If
A—{v} €Y, for every n € N, then v is a periodic point of order m for some m € N
by Theorem 4.1, which implies that v = f™(v) € f™(W) C Y. If there is some
n € N such that A — {v} C Y, then we also have v € Y;, C Y by the closedness of
Y. O

Theorem 4.3. Let X be a quasi-graph, let f € C°(X), and let v € X. If there is
an arc A in X with v being one of its endpoints, such that for every x € A — {v}
there exist y, € Alzx,v) and ny, € N such that [ (y,) € Alz,v), then v € w(f).
Furthermore, if v € w(f)\ P(f), then there exist w € A —{v} and positive integers
my < mg <mg <--- such that {f™ (w) :i € N} C A—{v} and lim;_, o f™ (w) =
.

Proof. If v € P(f), then v € w(f). So we may assume that v ¢ P(f) in what
follows. For any z,y € A, if y € A(z,v), then we write z < y < v. Thus we get
naturally a linear ordering < on A. Assume that Br(X)NA—{v} = 0. (Otherwise,
take a subarc of A instead of A.)

Claim 1. For any wy € A—{v}, there exist {xg,yo, w1} C A—{v} and my; € N such
that wo < 2o < yo < w1, d(wi,v) < d(wo,v)/2, and f™* (Alzo, yo]) = Alwy, v].

Proof of Claim 1. Set W = Afwo,v], Y = U;e, f{(W), Y, = Ui, f{(W), and
p = min{n, : x € W}. Then f#(W)NW # @, and thus Y has at most p arcwise
connected components. So there exists u € A(wg,v) such that Afu,v) C Y by the
conditions of the theorem. Then it follows from Theorem 4.1 and the assumption
v ¢ P(f) that there exists m € N such that A[u,v) C Y,,. Since Y;, is closed,
Alu,v] C Yy, If for every i € {1,--- ,m} and every z € W N f~%(v) there is g;,, > 0
such that fi(B(x,e:) N W) N Afu,v] = {v}, then there is u’ € Afu,v) such that
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Alu',v) N'Y,, = 0, which is a contradiction. Hence there exists m; € N, and
z € WnN f~™(v) such that

(4.1) ™ (B(z,e) NW) N Alu,v) #0  for every € > 0.

Take g9 > 0 such that g9 + diam(f™ (B(z,£0))) < d({z,wo},v)/2. By (4.1),
we know that there exist {zo,yo} C B(z,€0) N W and wy € Alu,v) such that
{f™(z0), f™ (y0)} = {w1,v} and f™ (A[xo, yo]) = A[wr,v]. The proof of Claim 1
is complete.

According to Claim 1, there exist {w;,x;,y; : i € Z+} C A — {v} and integers
0=mp <mp <mg <mg < --- such that wg < xp <yg <w; <z <y <wy <
To < yo <wg < -y lim;od(w;,v) =0 and

fran T (Alzg, yi]) = Alwigq,v] foralli e Zy.

Take an arbitrary point w from (\;2, f~ ™ (A[z;,v:]). Then w together with my,
meo, mg - - - meets the requirements of the theorem. Thus the proof of Theorem 4.3
is complete. ([l

Theorem 4.4. Let X be a quasi-graph, let f € C°(X), and let v € X with val(v) =
k. If for every n € N, there exist y, € St(v,1/n) and positive integers my, < may, <
oo < My, such that {f™m(y,):i=1,--+ ,k} CSt(v,1/n), then v € w(f).

Proof. Take ¢ > 0 such that St(v,c) N Br(X) — {v} = 0. Let mg, = 0. Write
Yin = f™"(yn). We may as well assume that {y,, : ¢ = 0,--- |k, and n €
N} C St(v,c). Suppose that wq,---,wy are k endpoints of St(v,c). Let M =
{n € N: there are A € {1,--- ,k}andi # j € {0, -+, k} with {yin, yjn} C [wr,v)}.
If M is an infinite set, then Theorem 4.4 holds by Theorem 4.3. So, we assume
that M is a finite set in what follows. For convenience, we may further assume
that M = (. Thus, for every n € N, we have v € {y;, : j = 0,---,k} and
[wi, v) N{yjn : 4 =0,---,k} contains just one point for every i € {1,--- ,k}.

Let My = {n € N: v # yg,}. If M is an infinite set, then v € R(f) C w(f) by
the fact that {yg, : » € M1} C O(v, f), and the theorem holds. So we may assume
that M is a finite set. For convenience, we may further assume that M; = (3, that
is, yrn = v for every n € N. In addition, we may also assume that y;_1), € [w;, )
for alli € {1,--- ,k} and for all n € N.

If v € R(f), then the theorem holds. Now assume that v ¢ R(f). Then
d(v,O(f(v), f)) > 0. We may as well assume that ¢ < d(v,O0(f(v), f)). Let
Win = Mkp — Min. Then for every n € N and every i € {0,--- ,k — 1}, there
iS jin € 0, -+, k — 1] such that f*" ([yin,v]) D [wj,, ,v]. It follows that, for every
n € N, there exist i, € {0,--- ,k—1} and p,, € N such that f#([y;, n,v]) D [w;,,v].
Thus, we get

Claim 1. There is ¢ € {0,--- ,k — 1} such that for any ug € [wy,v) there exist
{z0,v0,u1} C [wy,v) and By € N satisfying x¢ € [uo,%0), Yo € (%0, v), d(u1,v) <
d(ug,v)/2, and [P ([zo,y0]) = [u1,v].

Similarly to the proof of Theorem 4.3, it can be deduced from Claim 1 that
v € w(f). Thus Theorem 4.4 is proved. ]
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According to Theorem 4.3 and Theorem 4.4, we have

Corollary 4.5. Let X be a quasi-graph. Suppose that f € C°(X) and v € X —
U{w(L) : L is an oscillatory quasi-arc in X} with val(v) = k. Then the following
three items are equivalent.
(i) v € w(f).
(ii) At least one of the following two items holds:
(a) v € P()).
(b) For every e > 0, there exist an arc A in B(v,e) with v being an endpoint
and a point © € A — {v} with O(f(z), f)N A —{v} # 0.
(iii) For every e > 0, there exist an x € B(v,e) and positive integers my < mg <
- < my such that {f™(x):i=1,---,k} C B(v,e). O

By Corollary 4.5, we have

Corollary 4.6. Let X be a quasi-graph, let f € C%(X), and let Ly,--- , L, be as
in Theorem 2.24. Suppose that each oscillatory quasi-arc L; is of k;-order, ky, =

kmi1 =+ =ky for somem € {1,--- ,n}, andv € J_, L;. Then val(v) =2 and
the conditions (i), (ii) and (iii) in Corollary 4.5 are equivalent. O
Theorem 4.7. Suppose that G is a graph, f € C°(GQ), and v € G with val(v) = k.
Then the conditions (i), (ii) and (iii) in Corollary 4.5 are equivalent. O

We remark that Chinen proved in [I3] that conditions (iii) and (i) of Theorem
4.7 are equivalent, and part (b) of condition (ii) implies (i).

For a quasi-graph map f : X — X, each of Theorem 4.3 and Theorem 4.4 gives
a sufficient condition for a point v to be in w(f). However, these conditions are not
necessary in general as the following example shows.

Example 4.8. Suppose that S' = {ei? : § € R} is the unit circle in the complex
plane C. Let H = {(e?™ 1/t): t € [1,00)} be a helical curve in C x R. Then H =
HUS!. Let A be an arc in Cx R such that ANH = End(A) = {(1+0i, 1), (1+0i,0)}.
Then X = AU H is a quasi-graph. Let p: C x R — R, (s,t) ~ t, be the natural
projection. Obviously, there exists a homeomorphism h : X — X satisfying the
following two conditions:

(i) Fix(h) = A.

(ii) For every x € H — A, p(h(x)) < p(z).

It is easy to show that w(h) C S'U A, w(h) — A # 0, and for every point
v € w(h) — A(C St — A) there always exists g, > 0 such that {n € Z : h"(y) €
St(v,e,)} = {0} for every y € St(v,¢e,).

The following corollary can be deduced immediately from Theorem 4.7, which
was given by Blokh in [6] (see also [20]).

Corollary 4.9. Let G be a graph and let f € C°(GQ). Then the set of accumulation
points of Q(f) is contained in the w -limit set of f, and hence w(f) is a closed set
in G. |

From Corollary 4.9, we know that P(f) C R(f) C w(f) = w(f) for every graph
map f. However, it does not hold for general quasi-graph maps as the following
example shows.

Example 4.10. Let J = [—1,1]. Suppose that Ay = {0} xJ, 4,, = {(¢, cos(7/t)) €
R?:1/(n+1) <t <1/n}foralln € N,and Y = |J;°, A;. ThenY is homeomorphic
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to the sin(1/t)-continuum. Take an arc A in R? such that ANY = End(A) =
{(0,—-1),(1,-1)}. Let X =Y U A. Then X is a Warsaw circle. Set ag = —1,a1 =
0,a2 =1/4,a3 = 1/2, and ag = 1. For each i € Z, let ; : J — J be the map such
that ¢;(ag) = —1,¢i(as) = 1,pi(as) = 0,p0(a1) = po(az) = 1, pi(a1) = pi(az) =

1—27", and g;|[aj_1, a;] is linear for each j =1,--- ,4 (see Figure 1).

1
1-27%

I

I

I

I

I

1

-1 174 172 1

?;
-1

FIicURrE 1

For every i € Z, define a homeomorphism h; : A; — J by
hi(r,s) = s, for all (r,s) € A;.
Define a map f : X — X by f(x) = x for every x € A and f|A; = h; *¢;h; for
every i € Zy. Then f is continuous. It is easy to verify that h;l(()) € Pi(f)NA4;
for all i € N, hy'(0) = lim; o h; *(0) € P(f) N Ay, and hy*(0) ¢ w(f). Hence,
the closures of R(f) and P(f) are not contained in w(f), the set of accumulation
points of Q(f) is not contained in the w-limit set of f, and w(f) is not a closed set.

5. RECURRENT POINTS OF QUASI-GRAPH MAPS
As a slight modification of the notion of limit points, we introduce the following.

Definition 5.1. Let X be a metric space. A point v in X is said to be a connectivity
limit point (resp. arcwise connectivity limit point) of a point sequence x1,zg,- - in
X if for every € > 0 and every m € N there exists a connected set (resp. arcwise
connected set) W, such that v € W, C B(v,e) and W, N {xm, Tmt1,- -} # 0.
Similarly, a point v in X is said to be a connectivity limit point (resp. arcwise
connectivity limit point) of a subset Y of X if for every £ > 0 there exists a connected
set (resp. arcwise connected set) W, such that v € W, C B(v,e) and YNW,.—{v} #

Obviously, if X is a locally connected (resp. locally arcwise connected) space,
then there is no difference between the notion of connectivity limit point (resp.
arcwise connectivity limit point) and the notion of limit point. Specifically, this is
the case when X is a graph.
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A point sequence x1,xo,--- is said to be connectedly (resp. arcwise connect-
edly) convergent if there exists a unique limit point of the sequence in the sense of
connectivity (resp. arcwise connectivity).

A connectivity (resp. arcwise connectivity) limit point of a set Y is also called
a connectivity (resp. arcwise connectivity) accumulation point of Y. Denote by
Clp(Y) (resp. Aclp(Y)) the set of all accumulation points of ¥ in the sense of
connectivity (resp. arcwise connectivity). Write

Cpclos(Y) =Y UCIp(Y) and Acpclos(Y) =Y U Aclp(Y).

The set Cpclos(Y') (resp. Acpclos(Y)) is called the pseudo-closure in the sense of
connectivity (resp. arcwise connectivity) of Y. If Acpclos(Y) =Y, then Y is called
a pseudo-closed set in the sense of arcwise connectivity. Obviously, for any Y C X,
Acpclos(Y) is always pseudo-closed in the sense of arcwise connectivity.

In Example 4.8, observe that for every v € w(h)— A, there is an z € X such that

the sequence z, h(z), h?(x),- - is contained in the oscillatory quasi-arc H, and v is
a limit point of this sequence. But there is no y € X such that v is a connectivity
limit point of the sequence y, h(y), h%(y),---. So, for a general quasi-graph map f,

“(a) or (b)” in Corollary 4.5 (ii) is only a sufficient condition but not a necessary
condition for v € w(f).

Definition 5.2. Let X be a quasi-graph. Suppose that L is an oscillatory quasi-
arc in X and ¢ : Ry — L is the corresponding continuous bijection. A point
sequence T1,xg,x3, -+ in X is said to be cofinal with L if there exist m € N and
positive numbers tg < t; < to < --- such that z,,+; = ¢(t;) for all i € Z, and

Obviously, we have

Lemma 5.3. Let L be an oscillatory quasi-arc in a quasi-graph X and let' Y be
an arcwise connected set in X. If 'Y has an infinite point sequence cofinal with L,
then Y D L[z, ) for some x € L. O

Theorem 5.4. Let X be a quasi-graph and let f € C°(X). Then for every v € X
the following three items are equivalent:

(i) v € R(f).

(ii) There is 9 > 0 such that, for every ¢ € (0,e0], B(v,e) N O(f(v), f) =
St(v,e) NO(f(v), f) # 0.

(iii) v is an arcwise connected limit point of the point sequence v, f(v), f2(v),---.

Proof. (ii)=-(iii)=-(i) is obvious.

Suppose that the graph G, the quasi-arcs Li,---,L,, and the corresponding
bijections ¢; : Ry — L;,i=1,--- ,n, are as in Theorem 2.24 and its proof. If (i)=
(ii) does not hold, then there exist v € R(f) — P(f), po € {1,--- ,n}, and integers
my < mg < mg < --- greater than n such that f™(v), f™2(v), f™*(v),--- is co-
final with L,, and lim,;_,o f™(v) = v. For every i € Z., denote v; = f*(v). For
j=1,---,n, by Lemma 3.1, there exists u; € {1,---,n} such that the sequence

Uy —j> Umy—j> Ums—j» -+ has a convergent subsequence cofinal with L. For con-
venience, we may as well assume that the sequence vy, —j, Umy,—j, Vmg—j, - - - itself
is cofinal with L, and converges to a point v_;. Obviously, f/(v_;) = v and
v_j € w(f). Let k; be the oscillatory order of quasi-arc L, for j =1,---,n, and

let £ be the oscillatory order of quasi-arc L. It follows from Proposition 3.4 that
kj > k. If k;j > k, then use v_; in place of v. Thus, we may as well assume that
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kj =kfor j=1,---,n. So, for 0 <14 < j < n, we get from Proposition 3.5 and
Corollary 3.2 that there exists a graph G;; in X such that

(5.1) fjii(L,uj) C Ly, UG-

Since {p0, pi1, -+ s pn} C {1,--- ,n}, there are 0 < iy < jo < n with pj; = p;,. Let
q = jo — io. By (5.1), we have p, = p0 and

(5.2) fUL,,) C Ly, UGog.

Because f?(L,,) contains a SeqUeNce Uy, , Umy, Umg, -+ cofinal with L, , there is

w € Ly, such that f9(L,,) D Ly,(w,00). Thus f9(w(Ly,)) = w(Ly,|w,00)) =
w(Ly,) by Proposition 3.5, which together with v € w(L,,) implies that O(v, f?) C
w(Ly,) and O(v, f) C Y, where ¥ = Ug;& “(w(Ly,))- On the other hand, by
Definition 2.29 and Proposition 3.4, we know that Y contains no quasi-arc with

order > k—1. So Y cannot contain the sequence vy, , Vm,, Umg, - - - cofinal with the
k-order quasi-arc L,,,, which contradicts the initial assumption. Hence (i) implies
(ii). This completes the proof of Theorem 5.4. O

Theorem 5.4 shows that if v is a recurrent point of f on a quasi-graph X, then
the orbit O(v, f) can only pass through the “arcwise connected component neigh-
borhood” St(v,¢) of v (not an oscillatory quasi-arc of X) to return to a sufficiently
small neighborhood of v.

By Theorem 5.4 and Theorem 4.3, we immediately get

Corollary 5.5. Let X be a quasi-graph, let f € C°(X), and let v € X. If for every
e >0, St(v,e) NR(f) # 0, then v € w(f), that is, the pseudo-closure in the sense
of arcwise connectivity of R(f) is contained in w(f).

Let X be a quasi-graph. Denote w(X) = U{w(L) : L is an oscillatory quasi-arc
in X}. From Corollary 5.5, we get the following corollary whose special case was
given by Blokh in [6] (see also [20]).

Corollary 5.6. Let X be a quasi-graph and let f € C°(X). Then R(f) —w(X) C
w(f). Specifically, if f is a graph map, then R(f) C w(f). O

It is well known that P(f) = R(f) if f is an interval map (see [1526132]), a tree
map (see [6L3T]), or a Warsaw circle map (see [30]). In the following, we will prove
that P(f) = R(f) when f is a quasi-tree map. First, we have

Proposition 5.7. Let X be a metric space, let f € C°(X), and let v € R(f).
Suppose that there is no Jordan curve containing v in X, there exists an arc A with
v being an endpoint and with O(v, f)N AN B(v,e) —{v} # 0 for every ¢ > 0, and
there is no 3-star in X with center in A — {v}. Then v € P(f).

Proof. Let w be the endpoint of A other than v. For every i € Z,, denote v; =
fi(v). If v ¢ P(f), then there exists ¢ € (0,d(w,v)/2] such that B(v,2¢) N P(f) =
(), and there exist integers n > k > 0 such that vy € B(v,e) N A — {v} and
Up € A(Uv Uk) C B(?), 5)‘ Let Y = (Ufio fki(A[v7 vk])) U (Ufio fi(n_k)([vkv Un])) UA.
Then Y is arcwise connected. For every x € A(v, vg], let Y1 and Y, be the arcwise
connected components of Y containing v and w respectively. Since X has no Jordan
curve containing v and has no 3-star with center in A — {v}, we have that Y1 # Yao
and they are the only two arcwise connected components of Y — {z}. Let Y,, be

the arcwise connected component of Y — {v} containing w.
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Claim 1. For every ¢ € N, we have vjpy € Yy, 2.

In fact, if Claim 1 does not hold, then there exists i € N such that v;, €
Yoz U{vr} and vigqr € Yy 1. For j = 1,2, let

X; ={z € Alv,vg] : f*(z) € Yy}

Then v € X5, vy € X1, and X; and X5 are both open subsets of Afv,vi| (with
respect to the topology of Afv,v;]). Thus Afv,v] — X1 — Xa # 0 and f*(y) = y for
every y € Alv, vi]—X1—Xs. This contradicts the assumption that Afv, vy P(f) C
B(v,2e) N P(f) = 0. So Claim 1 holds.

By Claim 1, we get

Claim 2. For every i € N, v, € V0.
Similarly to the proof of Claim 1, we get from Claim 2 that
Claim 3. For every i € N and every = € A[v,vy], f*(z) € Y.
Similarly to Claim 3, we have
Claim 4. For every j € N and every = € Alvy,vy], f1 %) (z) € Y.

Applying Claim 3 and Claim 4 to = € [vg,v,], e = n — k and j = k, we obtain
simultaneously that f*("=%)(z) € Y, and f*"~*)(z) € Y;;. Thisis a contradiction.
Hence we must have v € P(f). The proof is complete. O

By Proposition 5.7 and Theorem 5.4, we immediately get
Proposition 5.8. Let X be a quasi-graph. Suppose that Go = |J{C : C is a Jordan

curve in X} and f € C°(X). Then R(f) — Go C P(f), and hence R(f) — Gy =
P(f) — Go. Specifically, if the oscillatory quasi-arcs Ly,--+ , Ly, in X are as in

Theorem 2.24, then R(f)N (U, Li) C P(f), and hence R(f)N (U}, L) = P(f)N
(Uizy La).- g

Theorem 5.9. If f is a quasi-tree map, then R(f) = P(f). O

Noting that the Warsaw circle is a quasi-tree, we immediately get the following
corollary, which was first given by Xiong et al. in [30].

Corollary 5.10. Let f be a continuous self-map on the Warsaw circle. Then

R(f) = P(f). O
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