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JIEHUA MAI — ENHUI SHI — KESONG YAN — FANPING ZENG

ABSTRACT. The bounded orbit conjecture says that every homeomorphism
on the plane with each of its orbits being bounded must have a fixed
point. Brouwer’s translation theorem asserts that the conjecture is true
for orientation preserving homeomorphisms, but Boyles’ counterexample
shows that it is false for the orientation reversing case. In this paper, we
give a more comprehensible construction of counterexamples to the con-
jecture. Roughly speaking, we construct an orientation reversing homeo-
morphism f on the square J? = [—1,1]? with w(z, f) = {(=1,1),(1,1)}
and a(z, f) = {(=1,—-1),(1,—1)} for each = € (—1,1)2. Then, by a semi-
conjugacy defined by pushing an appropriate part of 8.J2 into (—1,1)2, f
induces a homeomorphism on the plane, which is a counterexample.

1. Introduction

In 1912, Brouwer [2] obtained his translation theorem, which has been a fun-
damental tool in studying surface homeomorphisms nowadays (sec e.g. [7]).
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THEOREM 1.1 (Brouwer translation theorem). If f: R? — R? is an orientation
preserving homeomorphism and has no fixed point, then [ is a translation, that
is each orbit of [ is unbounded.

Some simple modern proofs or extensions of the theorem can be found in
[3]-16], [8]. The following example shows that Brouwer translation theorem does
not hold for orientation reversing homeomorphisms (see [1]).

ExXAMPLE 1.2. Let h: R? — R2 (z,y) — (—x,y) be the reflection across y-
axis. Let g: R?> — R? be defined by g(z,y) = (x,y — |z| + 1) for |z| < 1 and
g(z,y) = (z,y) for || > 1. Then goh is an orientation reversing homeomorphism
and has no fixed point, but each point (x,y) with |z| > 1 is a 2-periodic point;
in particular, the orbit of (z,y) is bounded.

Note that the homeomorphism g o h in Example 1.2 has many points with
an unbounded orbit, say the points in the strip determined by |z| < 1. This
naturally leads to the following conjecture.

CONJECTURE 1.3 (Bounded orbit conjecture). If f: R? — R? is a homeomor-
phism and each orbit of f is bounded, then f has a fixed point.

In 1981, Boyles [1] solved this long outstanding conjecture by constructing
a counterexample. Checking this counterexample carefully, we found that it
is essentially a very clever improvement of Example 1.2. The core idea of the
construction is to force each point in the strip |z| < 1 to move upwards as well
as to the left and right, so that its limit sets lie in the vertical lines |z| = 1. In
order to achieve this construction process, the author divided the strip |z| < 1
into infinitely many irregular blocks, and carefully adjusted the distances of
movements of each block to ensure the convergence of relevant series. These
intricate constructions brought the readers some difficulties in understanding
why such counterexamples do exist.

The aim of the paper is to give a more comprehensible construction of coun-
terexamples. The style of our construction is more topological rather than ge-
ometrical, so that we can avoid the difficulties caused by irregularity of blocks
and possible divergence of series appearing in [1]. In addition, the ideas of our
construction are also available to other problems around plane homeomorphisms
(see e.g. [9]).

In Section 3, we construct an orientation reversing homeomorphism f on the
square J? = [-1,1]2 with w(z, f) = {(=1,1),(1,1)} and a(z, f) = {(-1,-1),
(1,—1)} for each z € (—1,1)? (see Lemma 3.1 for the details). Then by a topolog-
ical semi-conjugacy defined by pushing an appropriate part of 8.J2 into (—1,1)2,
f induces a homeomorphism on the square, and then induces a homeomorphism
on the plane by a topological conjugacy, which meets our requirements. Explic-
itly, we get the following theorem.
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THEOREM 1.4. There exists an orientation reversing fixed point free homeomor-
phism h: R? — R? such that:

(a) The set of all periodic points of h consists of 2-periodic points and is
equal to the subset (—oo, —1] U [1,00) of x-axis.

(b) For each non-periodic point x, the orbit of x is bounded and the limit
sets w(x, h) = a(x,h) = {(-1,0),(1,0)}.

Noting that both the homeomorphism given in [1] and that given in Theo-
rem 1.4 have infinitely many periodic points, the following problem is left.

PROBLEM 1.5. Does there exist an orientation reversing fixed point free home-
omorphism on the plane which has no unbounded orbit and has only finitely
many periodic orbits?

2. Definitions and notations

Let Z, Zy, Z_, and N be the sets of integers, nonnegative integers, non-
positive integers, and positive integers, respectively. For any n € N write
N, = {1,...,n}. For r,s € R, we use (r,s) to denote a point in R?. If r < s,
we also use (7, s) to denote an open interval in R. These will not lead to confu-
sion. For example, if we write (r,s) € X, then (r,s) will be a point; if we write
t € (r,s), then (r,s) will be a set, and hence is an open interval.

Let X be a metric space and f: X — X be a homeomorphism. Let f° be the
identity map of X, and let f® = fo f*~! be the composition map of f and f"~1.
For x € X, the sets O(z, f) = {f"(z) : n € Z}, Oy(x, f) = {f™(x) : n € Z,},
and O_(z, f) = {f™(x) : n € Z_} are called the orbit, positive orbit, and
negative orbit of x, respectively. A point x € X is called a fized point of f if
f(x) =x. We call x € X a periodic point of f if f"(z) = x for some n € N; the
smallest such n is called the period of x under f. A periodic point of period n is
also called an n-periodic point. Denote by P(f) the set of periodic points of f.
For z,y € X, if there is a sequence of positive integers n; < ny < ... such that
f™(xz) — y then we call y an w-limit point of . We denote by w(z, f) the set of
all w-limit points of x and call it the w-limit set of x. If y € w(w, f~1), then we
call y an a-limit point of x. We denote by a(z, f) the set of all a-limit points of
x and call it the a-limit set of x.

Let X and Y be topological spaces, and §: X — X and v: Y — Y be con-
tinuous maps. If there exists a continuous surjection (resp. a homeomorphism)
7n: X — Y such that no 8 = y o, then 8 and v are said to be topologically
semi-conjugate (resp. topologically conjugate), and 7 is called a topological semi-
conjugacy (resp. a topological conjugacy) from S to ~.

The following lemma is well known (see e.g. [9, Lemma 3.2]).
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LEMMA 2.1. Let B: X — X and v: Y — Y with a topological semi-conjugacy
n: X =Y be as above. If both X and Y are compact metric spaces, then:

(a) For any x € X, the w-limit set w(n(z),v) =n(w(z, B)).
(b) If both 8 and v are homeomorphisms, then, for any x € X, the a-limit
set a(n(x),v) = n(a(z, B)).

We always write J = [—1, 1]. For any compact connected manifold M, denote
by OM the boundary, and by 1\04 the interior of M. In particular, we have
aJ ={-1,1}, J= (-1,1),8J> = {-1,1} x JUJ x {=1,1}, and J ? = (—1,1)2.

Define the homeomorphism fy1: J — J by

1
gls+1) H0<s<1,
1 1
foi(s) = s+§ if—§§8§0,
1
2s+1 if—lgsg—g.

Then we define the standard vertical shift fop: J? — J? by

foa(r,s) = (v, for(s)) for any (r,s) € J*.

For any s € J, write J; = J x {s} . A homeomorphism (: J? — J? is said to be
normally rising if

C(Js) = foa2(Js), for any s € J.
Define the level reflection ¥: J?> — J? by
U(r,s) = (—r,s) forany (r,s) € J%
Then W2 is the identity on J2, and for any (r,s) € J?, we have
V foa(r, s) = fo2¥(r,s) = (=7, foi(s)),
that is W o foa = foa o U.

3. Normally rising orientation reversing homeomorphisms on J?

Write v; = (—1,1), vo = (1,1), v3 = (=1, —1), v4 = (1, —1). Then vy, vy, vs
and v, are the four vertices of the square J2.

LEMMA 3.1. There exists a normally rising orientation reversing homeomor-
phism f: J*> — J? such that w(z, f) = {vi,v2} and a(xz, f) = {vs,v4} for any
z €2, and f10J? = U fo)0J2.

PROOF. Take a; =1/4 > as > a3z > ... > 0 such that a,, = 0 as n — oo. Let

Do =J X [0,1/2}7 BOn =J X [an,1/2], Fon =Jx [O,an].
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Then Dy = By, U Fy,, for any n € N, and By C Bga C Bgs C ... and Fp; D
Foo D Fys D ... For any ¢ € Z, let

Di :f(§2(D0)v an :fé2(B0n)7 F’LTL :f82(F0n)
Then D;_1 N D; = fiy(Jo) and D; = B;, U Fy, for any n € N and any i € Z.
Write
Ry =J x [0,1], Ry =J x[1/2,1].
Then Ry = Do U Ry, Ry = U{Dz RS N} U Jq, and \I/fog(Ro) = fQQ(Ro) = R;.
Take by = 1/2 < by < b3 < ... < 1 such that b, — 1 as n — oo. For any
n € N, take a homeomorphism ¢,,: J — J such that

20y, 0
0<<pn(r)—r§7 for any r €7,
2by, 2bn,
on(r)—r=— foranyre[—bn,bn—}.
n n

Then " (=b,) = b, and @ ([—bn, 1]) = [bn, 1].
For any n € N, write k(n) = n(n+1). Then k(n) is an even number, k(1) = 2,
k(2) =6, k(3) = 12, ..., and k(n + 1) = k(n) + 2n + 2. Let

N(n) = {k(n),k(n) +1,...,k(n+1) — 1}.

Then N(n) is a subset of N containing 2n + 2 elements, and {N(n) : n € N} is
a partition of N — {1}.

For any given ¢ € N — {1}, let n(i) = max{m € N: k(m) < i}. Then n(i) is
the number in N such that i € N(n(7)), and we have n(i) = 1 for i = 2,...,5,
n(i) =2fori=6,...,11, n(i) =3 for i = 12,...,19, and so on.

Clearly, we can uniquely define a homeomorphism ®: R; — R; by the fol-
lowing conditions:

(®.1) /(D1 UIRy) =1id, and ®(J,) = J, for any s € [1/2,1].
(®.2) Foranyi € N—{1} and any (r,s) € By, if i is odd then ®(r, s) = (r, 5);
if i is even then ®(r,s) = (@,z3)(7), 5).
(®.3) For any i € N— {1} and any r € J, ®|(({r} x J) N Fy(;)) is linear.
Note that in the above definition of ®: Ry — Ry, we divide R; in the manner
shown by the following equality:

Ri=D;UDyU...UD;U...UJ;
=Dy U an(g) U B2n(2) U...u Fm(z) U Bin(i) U...UJq,
and the definition of ®|B;,,(; is directly given by means of ¢, ;) if 7 is even, and
the definition of ®|F};,(; is given by means of ®|B;_1 ,,;—1) and ®| By ).
Let n = @V fp2|Ry: Ry — R1. Then 7 is a homeomorphism, n|(Do U dRy) =
U foa| (Do U ORy), and n(Js) = fo2(Js) for any s € [0, 1].

CLAIM 1. For any given xo = (T, So) 63 x(0,1/2], lim n?(zg) = v.
1—> 00
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PrROOF OF CLAIM 1. For any i € N, let z; = (r;,s;) = n'(xo). Then r; 63 and
si = fé1(so) — 1 as i — oco. Take a p € N such that zg € Bp,. Then for any
i > k(u), we have n(i) > p and x; € Bjy, C By, ;). Hence, for any odd i > k(u),
we have

n(wi) = PV foa(ri, si) = (=74, 8i41) = (Pn(ir1) (=7i)s Sit1) = (Tit1, Sit1)
with 741 = ©n@i41)(—7i) > —r;, and for any even i > k(u), we have

n(xi) = PV foo(ri, si) = (=7, si41) = (=74, Si41)

with r,41 = —r;, and

0 (z;) = W foo(—7i, 8i11) = P(14, Si2) = (Tit2, Site)

with

(3.1) Tit2 = Pn(it2) (1) > 15
Therefore, for any even i > k(u), we have

(3.2) —1 <7 <Tiga <Tiga <Tige <...<L.

In order to prove lim ry; = 1, consider any given € > 0. Take an m = m(e) €
1—00
N — N(p) such that b,, > 1 —¢ and —b,, < T()- Then rgmy > Tr(u) > —bm.
Consider the point yi(m) = (f bm,sk(m)) € Bi(m),m- Let Brin)y = —bm. For
any ¢ € N, let
Yi(m)+i = (Br(m)+i> Skimy+i) = 1" Yr(m))-

Similar to (3.1), for any even i > k(m), we have

(3.3) Bive = On(i+2)(Bi) > Bi.
Note that n(i) = m and @,y = @ for k(m) <i < k(m+1) = k(m) +2m + 2,

and
2b, 20,
(3.4) om(r)=r+— forany r € | — by, by — —|.
m m
In (3.3) and (3.4), taking ¢ = k(m), k(m) + 2,...,k(m) +2n — 2 and r =
Br(m)s Be(m)+25 - - + s Bre(m)+2n—2, We get

2b,,
Br(m)+2 = Pn(k(m)+2) (Brim)) = Brm) + 0
2b,, 4b,,
Br(m)+4 = Pr(k(m)+4) Br(m)+2) = Brim)+2 + P Br(m) + et

Br(m)+2m = Pr(k(m)+2m) Br(m)+2m—2) = Br(m)+2m—2 +

2mb
= Br(m) + ﬂ:nm = —by +2b, =by,, >1—c¢.
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Define a projection p: J?> — J by p(x) = r for any z = (r,s) € J?, that
is, p(x) is the abscissa of z. Clearly, for any s € [0,1] and any =,y € J, if
p(z) > p(y) then pn?(z) > pn*(y). Thus we have

Th(m)+2m > Br(m)+2m > 1—¢€
since Ty (m) > —bm = B(m), and hence, by (3.2), we have
e>1=rrmyram > 1 = Teem)r2m+2 > 1 — Tipm)42mia > ... > 0.
This means that lim 79; = 1, which with lim s; = 1 implies Zlggo n*(zo) =

1—00 i—00
im (Tgi,SQi) = (1,1) = V2. O
— 00

K2

Since n(ve) = vy, from Claim 1 we get
CLAIM 2. For any given xo = (19, So) Ej x(0,1/2], 4li>m n**(zg) = v1, and
w(zg,n) = {v1,v2}. .
Define the vertical reflection U, : J?> — J? by
U, (r,s) = (r,—s) for any(r,s) € J>.
Then U2 = id, U, fos = f55' ¥, and U, (D;) = D_;_; for any i € Z. Write
Ry =Jx[-1,0, R_o=Jx[-1,-1/2].

Then J2 = RO U R_1, R_1 = ‘IIU(RO) = D_1 U R_g, and R_Q = \IJ,U(R1) =
U{D—i—l NS N} U J_l. Let

C = \IIUT]\IIU|R_1I R_1 — R_Q.
Then ( is a homeomorphism. From Claims 1 and 2 we get
CLAM 3. For any x eJ x[=1/2,0), one has lim (*(x) = vy, lim (¥ (z)
11— 00 71— 00
= v, and w(x,() = {vs,v4}.
We now define f: J2 — J? by
fIRo=1n, fID-1=Ufp|D_1, and flRo=(""
Then f is a normally rising orientation reversing homeomorphism, and f|0J2 =
VU fo2|0J2. Further, for any x 632, there exists i and j € Z such that f(z) cJ
x(0,1/2] and f7(x) cJ x[—1/2,0), and hence we always have
OJ(l‘, f) = w(fl(x)v f) = W(fl(x)ﬂl) = {UlaUQ}v
and
a(z, f) = a(f(2), ) = w(f'(2), 1) = w(f'(2),¢) = {vs, va}.

Lemma 3.1 is proved. O
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4. Homeomorphisms of the plane
which have neither fixed point nor unbounded orbit

In this section, we will use Lemma 3.1 to construct an orientation reversing

homeomorphism on the plane which has neither fixed point nor unbounded orbit.

THEOREM 4.1. There exists an orientation reversing fized point free homeomor-
phism h: R?2 — R? such that:

(a) The set of all periodic points of h consists of 2-periodic points and is
equal to the subset (—oo, —1] U [1,00) of x-azis.

(b) For each non-periodic point x, the orbit of x is bounded and the limit
sets w(x, h) = a(z,h) = {(-1,0),(1,0)}.

PROOF. Let the four vertices vy = (—1,1), va = (1,1), v3 = (=1,—1) and vy =
(1,—1) of J? be as in Lemma 3.1. Write v5 = (—1,0), v = (1,0), v; = (0, 1),
vg = (0,—1), vg = (—=1/2,0), vo = (1/2,0). Then vs, vg, v7, vg are the four
midpoints of the four sides of J2, respectively. Let the level reflection ¥ and the
vertical reflection ¥, be the same as in the proof of Lemma 3.1. Clearly, we can
take a continuous map &: J2 — J? satisfying the following conditions:

(1) £(0,s) =(0,s) for any s € J , and &(r,0) = (r/2,0) for any r € J.

(2) &([ve,va]) = {wo}, &([vr,v2]) = [v7,v2] U [v2,v6] U [vs, v0], and &|[v7, vs]
is an injection.

(3) €U = ¢ and €0, = U,¢.

(4) ¢ J2is an injection, and &( 32) . [vs, V9] — [v0, ve].

Let the homeomorphism f: J2 — J? be as in Lemma 3.1. Define a map g: J? —
J? by g = £fE7L. Note that, if 2 € [vs, v9] U [vg, vg], then £71(x) contains more
than one point, but £ f€~1(x) still contains only one point. Thus g is well defined.
It is easy to check that g is a bijection, and is continuous. Thus g: J? — J2 is
a homeomorphism. Moreover, from the definition g = £f¢~1 we see that ¢ has
the following properties:

(P.A) g is orientation reversing.

(P.B) f and g are topologically semi-conjugate, and £ is a topological semi-
conjugacy from f to g.

(P.C) The set of periodic points of g is P(g) = 0J2U[vs, vo]U[vg, v] = £(0J?),
with g|P(g) = ¥|P(g). Hence, in P(g), only v; and vg are fixed points,
and other points of P(g) are 2-periodic points.

(P.D) For any z € J? — P(g) = 5(32), from Lemmas 3.1 and 2.1 we get

£

&

&
|

=&(wE (@), f)) = &({v1,v2}) = {vg, v0},
afr,g) = f(a(ffl(ﬂf)af)) = 5({”3,114}) = {vg,v0}.
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(P.E) By (P.D) it is easy to see that, for any x € J? — P(g), there exists an
e =e(z) € (0,1/4] such that O(x,g) C [-1+¢,1 —¢]*
We now define a homeomorphism ) : J? o R by (r,s) = (tg(mr/2),
tg(ms/2)) for any (r,s) 6}2, and then define a homeomorphism h: R? — R? by
h =gyp~1. From (P.A)-(P.E) we see that h has the following properties:

(P.F) h is orientation reversing.

(P.G) h and g|(—1,1)? are topologically conjugate, with 1 being a topological
conjugacy from g to h.

(P.H) The set of periodic points of A is

P(h) = $(P(g)N J?) = (—o0, ~1] x {0} U [1,00) x {0},
with h(r,0) = (—r,0) for any (r,0) € P(h). Hence h has no fixed
point, and all points in P(h) are 2-periodic points. Particularly, write
wy = (—1,0), we = (1,0), and let Oz = {w1, wa}. Then O, is a periodic
orbit of h.
(P.I) For any x € R? — (h) ¥(J? — P(g)), by (P.D) it holds that
w(z, h) =¥ (w(z),9)) = ¥({ve, v0}) = {w1, w2} = O,
alz,h) = z/)( (2),9 ) {’Ug,Uo}) = {wy, w2} = Os.
(P.J) For any = € R?, the orbit O(x, h) is bounded.
From (P.F)—(P.J) we see that h has the properties mentioned in Theorem 4.1,

¥
¥

and the proof is complete. O
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