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ABSTRACT

The goal of this paper is to study ergodic and rigidity properties of smooth
actions of the discrete Heisenberg group H. We establish the decomposi-
tion of the tangent space of any C'°® compact Riemannian manifold M for
Lyapunov exponents, and show that all Lyapunov exponents for the cen-
tral elements are zero. We obtain that if an H action contains an Anosov
element, then under certain conditions on the eigenvalues of this element,
the action of each central element is of finite order. In particular, there is
no faithful codimension one Anosov Heisenberg group action on any com-
pact manifold, and there is no faithful codimension two Anosov Heisenberg
group action on tori. In addition, we show smooth local rigidity for higher
rank ergodic H actions by toral automorphisms, using a generalization of
the KAM (Kolmogorov—Arnold—Moser) iterative scheme.

0. Introduction

In the past few decades, there has been considerable progress in studying the er-
godic theory and smooth rigidity of higher rank abelian group actions. Smooth
(local) global rigidity for higher rank abelian algebraic actions has been exten-
sively studied; some of the highlights are [DK1], [DK] and [KKH, HW]. We refer
the reader to [Sc] to a systematic introduction of the dynamics of algebraic Z%
actions. A natural question is how to extend these theories to noncommutative
group actions. The discrete Heisenberg group is a 2-step nilpotent group, which
is most close to being abelian. So studying the dynamical properties of discrete
Heisenberg group actions is the first step toward extending what we have known
about Z% actions.

Throughout the paper, we use the symbol H to denote the discrete Heisen-
berg group (see Section 1 for the explicit definition). We first establish a tan-
gent space decomposition into subspaces related to Lyapunov exponents on any
compact manifolds M in Theorem A, which can be viewed as an extension of
the corresponding theorem established for Z? actions in [Hu]. As corollaries
of this theorem, we obtain that the action of central elements of H must have
0 Lyapunov exponents with respect to any H invariant measure, and have 0
topological entropy when the action is C*°. This indicates that the action of
central elements in H cannot be chaotic for any H action on compact manifolds.
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The second part of our work concerns faithfulness of H actions. We show
in Theorem B that if an ‘H action is C", r > 1, and contains an Anosov ele-
ment which has simple eigenvalues on the stable direction with A_ > Aiﬁn{w}
(see (1.4)), then the action of any central element of H is of finite order. In
particular, it is true for any codimension 1 action. For Anosov H actions on
tori, we show further in Theorem D that the action of any central element is
either conjugate to a translation of finite order or conjugate to an affine trans-
formation of order 2 when the action is of codimension one or two. This implies
especially that there is no faithful Anosov H action on T" with n < 5, though
there are faithful Anosov A actions on T™ with n = 6 or n > 8 (see Example 1.4
and Remark 1.5 in Section 1).

Lastly we obtain some rigidity results for H actions on tori. We prove that
all such actions are topologically conjugate to affine ones in Theorem C, using
the results in [AP], [Fr] and [Ma]. Further, we extend an approach for proving
local differentiable rigidity of Heisenberg group action by toral automorphisms,
based on a KAM-type iteration scheme that was first introduced in [DK] and
was later developed in [DK1].

We note that the expansiveness and homoclinic points for Heisenberg al-
gebraic actions have recently been investigated by M. Goll, K. Schmidt, and
E. Verbitskiy in [GSV]. One may consult [GS, Li, OW] for the study of ab-
stract ergodic theory about nilpotent group or amenable group actions. It was
known in the 1970s that if M = R, S* or I = [0, 1], then any nilpotent subgroup
of Diff?(M) must be abelian ([PT]), which implies that there is no faithful C?
action of H on S'. In this century it was discovered out that every finitely
generated, torsion-free nilpotent group has a faithful C! action on M ([FF]).
For the case dim M = 2, there are many faithful analytic Heisenberg group
actions on S?, closed disks, closed annulus and torus ([Pa]). However, Franks
and Handel [FH] showed that a nilpotent group of C*! diffeomorphisms which
are isotopic to the identity and preserve a measure whose support is all of T?
must be abelian.

The paper is organized as follows. We state the results of the paper in Sec-
tion 1. Section 2 contains the proof of Theorem A concerning Lyapunov expo-
nents, while Section 3 contains the proof of Theorem B concerning faithfulness.
Theorems C and D are proved in Section 4. The last section deals with smooth
rigidity: the proof of Theorem E.
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1. Background and statement of results

Let M be a C*° compact manifold. We denote by Diff" (M) the group of C”
diffeomorphisms on M for r > 0. Let H be the discrete Heisenberg group with
generators A, B and C satisfying the relations

(1.1) AC=CA, BC=CB, AB=BAC.

Then for every K € H, there is a unique triple (ni,ng,n3) € Z* such that
K = A™ Bm2(C"s, Clearly, H is a 2-step nilpotent group with center (C). In
this paper, we examine ergodic and rigidity properties of H actions on compact
manifolds.

Let a : H — Diff" (M) be a C" action of H on a C*° compact Riemannian
manifold M, i.e., « : G — Diff" (M) is a group homomorphism. Write f = a(A),
g = a(B), and h = «(C); then

(1.2) fh=hf, gh=hg, and fg=gfh.

Throughout the paper, we always use f, g and h to denote «(A), a(B) and
a(C) respectively, for a fixed H action a.

The Heisenberg group #H naturally has an action on T? since H embeds into
SL(3,Z). We can obtain more general examples such as the following.

Example 1.1: Let

X I, O Y O O I, O X ly-!
A=|o0 X o|, B=|lo v I,|, c=|0 I, 0) ,
0O 0 X O 0 Y 0 O I,

where X,Y € SL(n,Z) with XY =YX, and I,, and O are the n x n identity
and zero matrix, respectively.

It is easy to check that condition (1.1) is satisfied. If M = T3", then A, B
and C induce automorphisms f, g and h on M, respectively, that generate a
Heisenberg group action a.

1.1. DYNAMICAL PROPERTIES OF THE CENTRAL ELEMENT h. A probability
measure p on M is said to be a-invariant if a(k).p = p for every k € H.
We denote by M(M, «) the set of all a-invariant Borel probability measures.
Since H is amenable, M(M,a) = M(M, f)NM(M,g) N M(M,h) # (), where
M(M, f) is the set of f-invariant probability measures (see, e.g., [Zi, Corollary
4.1.7)).



Vol. 228, 2018 DISCRETE HEISENBERG GROUP ACTIONS 937

Let T,M be the tangent space of M at x € M and ¢ € Difo(M); then
¢ induces a map D¢, : TpyM — Ty, M. It is well known that there exists a
measurable set I'y with ul'y =1 for all p € M(M, ¢), such that for all z € T'y,
0 # u € T, M, the limit

.1 n
X(z,u,¢) = lim log || Deju ||
n—oo 1

exists and is called the Lyapunov exponent of u at x.
Let A\i(2,¢) > --+ > Ap(5,4)(2,#) denote all Lyapunov exponents of ¢ at x
with multiplicities m1(z, @), ..., My (5 ¢) (2, @), respectively, and

r(z,)
.M = €P Ei(z,¢)
=1

be the corresponding decomposition of tangent space at © € M.
The first result shows that the Lyapunov space decomposition of H-action is
similar to the case of Z? action:

THEOREM A: There exists an ‘H invariant measurable set I' such that ul' =1
for all p € M(M, ), and there is an H invariant decomposition of the tangent

bundle over T,
r(z,f) r(z,g9)

M= P Ejk), zer,
i=1  j=1
such that if E;j(x) # {0}, then for all 0 # u € E;j(x) and all s,t,r € Z,
(13) lim " log || D(/*g'h" ) 1= shi(x, £) + tA; (2, 9).
n—oo N

By this theorem, we have some immediate corollaries, which indicate that
the action of central elements in H cannot be chaotic for any H action on
compact manifolds. The concept of chaos was first introduced by T. Li and
J. Yorke in [LJ]. Up to today, there are many definitions of chaos based on
different viewpoints. In general, having positive Lyapunov exponents or having
positive topological entropy is regarded as an important feature of chaos for
diffeomorphisms.

COROLLARY A.l1: All Lyapunov exponents of h are zero with respect to any
measure u € M(M,«). In particular, for any n > 0, if h has finitely many
periodic points p of period n, then all eigenvalues of Dh;; have modulus 1.

COROLLARY A.2: Ifthe action o is C*, then the topological entropy hiop(h)=0.
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Remark 1.2: As we mentioned in Introduction, Corollary A.1 and Corollary A.2
indicate that the central elements in H cannot be chaotic for any C'*° H action
on manifolds.

Observe that f?g™ =g"f npn* . We have naturally the following question.

Question 1.3: For any u € M(M,a), is ||[DhZv|| bounded by eV™® for some
€ > 0, or even by a polynomial in n for y-a.e. x7

1.2. EXISTENCE OF A FAITHFUL ANOSOV ‘H ACTION. A group action
a : G — Diff" (M) is called faithful if the map « is injective. We give some
conditions under which an H action cannot be faithful.

A diffeomorphism ¢ on a compact manifold M is called Anosov if the whole
tangent bundle has a uniformly hyperbolic decomposition into T, M = E; @ E¥
invariant under the differential D¢ : TM — T M; that is, there are constants
C > 0and 0 < A <1 such that, for all n > 0,

1DG"[me|| < CA" and  [|Dé™" gy

<CA\",

Vxz € M. For a group action o : G — Diff" (M), if a(G) contains an Anosov
element, then the action « is called Anosov. The following is an example of
an Anosov ‘H action:

Example 1.4: In Example 1.1, if X or Y is a hyperbolic matrix, then f or g is
a hyperbolic diffeomorphisms on M = T3". Hence « is an Anosov action. In
particular, we can take M = T, and

2 1 1
) 12: 07 0= 0 Oa
1 1 0 1 0 0

and then we get an Anosov H action on M = TS.

X=Y=

We say that an Anosov diffeomorphism ¢ has simple eigenvalues on the
stable direction if for every periodic point p of period n, all eigenvalues of
Doyl gy are real and has algebraic multiplicity 1. An Anosov diffeomorphism is
said to be of codimension 1 if either dim E* = 1 or dim E® = 1. Clearly, either
¢ or ¢! has simple eigenvalues on the stable direction if ¢ is of codimension 1.

If D¢;|E5 has eigenvalues A1, A2, ..., Adim Es(¢) On the stable direction, we
denote
(1.4) Al = min Ail, Ay = max [ Al

1<i<dim E*(¢) 1<i<dim E*(¢)
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THEOREM B: Let o : H — Diff" (M), r > 1, be an action of H on compact
manifold M such that a(H) contains an Anosov diffeomorphism that has simple
eigenvalues with A\_ > /\Tm{z’T} on the stable direction. Then h* = id for

some k > 1.
Following from Theorem B, we have immediately

COROLLARY B.1: There is no faithful C", r > 1, Heisenberg group action that
contains an Anosov element with simple eigenvalues with A_ > )\TID{Q’T} on the
stable direction. In particular, there is no faithful C" codimension 1 Anosov

Heisenberg group action on any compact manifold.
Also the proof of Theorem B gives

COROLLARY B.2: ForaC", r > 1, H action on M, if any element is a codimen-
sion 1 Anosov diffeomorphism that has exactly one fixed point, then h? = id.

The next statement is a consequence of Theorem D. We state it here since it
concerns faithfulness.

COROLLARY D.1: There is no faithful C? Anosov Heisenberg group action
on T" with n <5.

As supplements to Corollary D.1, we give the following remark.

Remark 1.5: Example 1.4 indicates that TS does admit faithful Anosov Heisen-
berg group H actions. So the number “5” that appeared in the above corollary
is the best. In fact, it is easy to see that there exist faithful Anosov Heisenberg
group actions on T"™ for any integer n > 8 by using the action in Example 1.4
crossing an Anosov diffeomorphism of a manifold of dimension two or higher.
However, the authors do not know whether such group actions exist on T".

1.3. RIGIDITY OF H ACTION. Let a, @’ be two actions of group G on M. Then
a and o' are said to be topologically conjugate if there is a homeomorphism
T : M — M such that

Toalg)=d(g)oT

for any g € G.

The first two results are about global topological rigidity of an H action on
TXN. Before the statement of Theorem C, we introduce some related notions.
Let T™ = R™/Z" be the n-dimensional torus. For any A € GL(n,Z) and a € R,
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define T4 o : T" — T" by
Taa([2]) = [Az + d]

for any € R™. Such T4, is called an affine transformation on T". Espe-
cially, T4 o is called a linear automorphism of T" induced by A and Tiq,q is
called a translation on T™ by a. All the affine transformations on T" form a
group which is called the affine transformation group of T" and is denoted
by Aff(T™). If A has no eigenvalue with modular 1, then T4 , is an Anosov
diffeomorphism.

THEOREM C: Every Anosov Heisenberg group action on T™ is topologically
conjugate to an affine one.

In some cases, the form of h can be completely determined as the following
theorem shows.

THEOREM D: If f is a codimension 1 Anosov diffeomorphism of a Heisenberg
group action on T™, then h is topologically conjugate to a translation of finite
order. If f is a codimension 2 Anosov diffeomorphism for a Heisenberg group
action on T™, then h is either topologically conjugate to a translation of finite
order or topologically conjugate to an affine transformation T_iq . of order 2 for
some c € T".

For the codimension 1 case, the following example indicates that h in the
above theorem can be non-trivial.

53], (25 (25
3 207 "7 \35)0 T \ass)

Define affine transformations f, g, h on T? by

Example 1.6: Let

A—

f([z]) = [Az],  g([z]) = [Az + 0], and  h([z]) = [z + ]

for all z € R%2. Then fh = hf, gh = hg, fg = gfh, and h®([z]) = [z]. Thus we
get a Heisenberg group action on T? with h being a translation of order 5.

The following example shows that there do exist examples such that h is
conjugate to T_rq,. as shown in Theorem D in the codimension 2 case.
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Example 1.7: Take

Let
-I 0
0o I

A=

3

XO,B:OX,andC’:
0 —-X X 0

where I is the 2 x 2 identity matrix. For any ¢ € R?, let a = —3(A — I)c and
b = —é(B — I)c. Then it is easy to check that the affine transformations

Th,a, Ty and T_jq,. on T* satisfy the relations
Ta,aT id,c=T_ia,cTa,a, TBpT—ia,c=T—id,cTBp and T4 o TBp=TBpT4,aT—id,c-
Thus we get an affine Anosov H action on T* with h being of the form T id,c.

An action « of a finitely generated discrete group G on a manifold M is C*7>¢
locally rigid if any C* perturbation & which is sufficiently C” close to a on a
finite generating set is C* conjugate to a; i.e., there exists a diffeomorphism 7'
of M C* close to identity which conjugates @ to a: Toa(g) = o/(g) o T for any
g €q.

An H action o by automorphisms on T¥ is called an ergodic higher rank
action if it contains two elements hq, he such that a(h{*hy) € SL(N,Z) is
ergodic for all (m,n) # 0 in Z2.

THEOREM E: Let a be an ergodic higher rank H action by automorphisms of
the N-dimensional torus. Then there exists a constant | = l(a, N) € N such
that a is C°b> Jocally rigid.

Remark 1.8: In this paper, we only consider smooth actions of the three-di-
mensional discrete Heisenberg group H. Certainly, some results obtained here
can be easily extended to actions of higher-dimensional ones; for example, hav-
ing 0 Lyapunov exponents still holds for central elements in higher-dimensional
Heisenberg groups, since every central element of which is contained in a three
dimensional Heisenberg subgroup; it seems that a decomposition theorem sim-
ilar to Theorem A can also be established for such actions following the same
ideas in the paper. However, we feel that it is not direct to extend the other
results to actions of general Heisenberg groups. We hope the ideas and results
in the paper may shine some light on the study of smooth actions of higher-
dimensional Heisenberg, nilpotent, or more generally solvable groups.
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2. Lyapunov exponents: Proof of Theorem A and its corollaries

Since g and h are commuting maps, by Theorem A in [Hu] there exists a mea-
surable set ['g with g*h'T'g = Ty, Vs,t € Z, and ul’ = 1, Yu € M(M, g, h), such
that for all = € T'g, there is a (unique) decomposition of the tangent space into

(z,9) r(z;h)

(2.1) T.M= @ D Ejl)

j=1 k=1

such that for all s,¢ € Z and for all 0 # u € E;,(z) when Ejx(x) # 0,

1
(2.2) lim ~log || D(g*h' ) ||= sA; (2, g) + tAu(a, h).

—oo n
Moreover,

D(g°h")2(Ejk(z)) = Eji(g°h'z)
and
Ai(ghte, ) = Nj(x,9),  A(g°h'a, h) = A (2, h).
Let
I = ﬂ fT.

€L
By (1.2) it is clear that fT'y = I'y, gT'y = I'y, and AT’y = T';. So I'y is an
‘H-invariant measurable set and pl'y = 1, Vu € M(M, ).

LEMMA 2.1: For all x € T’y and all 0 # u € Eji(x), we have

X(fz, Dfou, g%) = £X;(2,9) F M2, h), - x(fo, D fou, h¥) = £Xe(w, h).
Proof. By (1.2) we have

| Dg*="Dfou ||=|| Df Dg*"Dhf"u||, || Dh*"Dfou||= || DfDhz"ul.
So there is a constant ¢ > 0 such that for all n > 0,

¢ HDg™" D ull <[ Dg™" D foul| < ¢|| Dg="Dh " ull,
¢ M| Dhz"ull <| DD foull < ¢ Dhz"ul.

Then by (2.2) we get that

1 .
09 x(fz, D fyu, g*1) znlggonloglngi Dfull = £\(z, ) F Me(z, h),
2.3

1
x(fz, Dfpu, k) = lim ~ log||Dh*™ D foul| = £ (x, h),
n—oo N,

which are what we need.
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LEMMA 2.2: For every x € TI'1, every (j,k) with Eji(z) # 0 and every
0 # u € Eji(z), we have x(z,u, h) = 0.

Proof. Assume to the contrary that there exist some xg € I'; and some (jo, ko)
with Ej x, (z0) # 0 and some 0 # up € Ejyr,(xo) such that x(xo,uo,h) # 0.
From Lemma 2.1 we have
X(f:EOa sz()UOa g) :)‘]o ('mOa g) - )‘ko ('mOa h)a
X(fan DfZQU/O) hil) = :l: )\ko (:I;Oa h)

It follows that in the decomposition

r(fzo,9) r(fzo,h)

TyaM = EB @ Ejr(fxo),

j=1 k=1

there is some Ej, 1, (fzo) # 0 such that for all 0 # u € Ej x, (fzo),

X(fanuag) :)‘]o (‘rOag) - Ako(‘rOa h)a
X(fxo,u, h) =g, (20, h).

Then by the induction process, we get that in the decomposition

T(f"z0,9) r(f"zo,h)

TrooeM = @ @ Epn(f"a0),
j=1 k=1
there is some Ej, 1, (f"xo) # 0 such that for all 0 # u € Ej, 1, (f"20),

X(fnfEOa U,g) :)‘]o (:I:Oag) - n)‘ko ('mOa h)a
X(fnSCOv u, h) :>\k0 (SC(), h’)

Since Ak, (20, h) = x(x0,ug, ) # 0, |x(f™xo, u, g)] = 00 as n — oo, contradict-
ing the fact that |x(p, v, 9)| < sup,ecps | Dyl < 00, Vp € 'y, Yo € T, M.

PRroPOSITION 2.3: For all x € 'y, there is a decomposition of the tangent space
into T,M = @;(:zl’g) E;(x,qg) such that for all 0 # u € Ej(x,g),
(i) the spectrum {\;(z,g), m;(z,9), j=1,...,7(x,9)} is H invariant;
(i) D(f¢*h™)sE;(z,9) = E;(f*¢'h "z, 9), Vi =1,...,r(z,q), V s,t,r € Z;
(iii) limy oo ! log | D(g*R")2ul| = tA;(2, g), V t, 1 € Z.
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Proof. By Lemma 2.2, we get that the number r(z,h) = 1 and the decomposi-
tion (2.1) becomes, for all x € T'y,

r(z,9)

T.M = @ Ej(xvg)v

j=1

where
r(x,h)

9)= @ Eji(x) = Bj(x).
k=1

It follows from Lemma 2.2 again that equations (2.3) become

x(fz, Dfyu, ) = £ \(z, 9),
x(fz, D fyu, h*") =0.

So (i) and (ii) hold, and (iii) follows from (2.2).
Exchanging f and g, we get the following similar proposition:

PROPOSITION 2.4: There is an H invariant measurable set I'y with ul's = 1,
Y € M(M, «) such that for all x € T'y there is a decomposition of the tangent
space into T, = @) Ei(x, f) satisfying that for every 0 # u € Ei(z, f),

(i) the spectrum {X\;(z, f), m;(z, f), i =1,...,r(x, )} is H invariant;

('.) (fs thT) ( f) (fsgth’,‘x’f)7 Vi:17"',r(x7f)7vsﬁt7T€Z;
(ili) limp—oo | log [|D(f*h")2ul| = sXi(z, f), V s,r € Z.

PROPOSITION 2.5: There is an ‘H invariant measurable set I's C I'y N I'y with
uls =1Vu € M(M, ) such that for all x € T's there is a decomposition of the
tangent space into

() r(

.M = @EU

i=1 j=1

satisfying that if E;;(x) # 0, then for all 0 # u € E;;(x) and all s,t,r € Z,
. : 1 s r\n _ .
@) Jim L log | DRl =sAiCe. ),
3 1 ™ \n
Jimog [[D(g"h")gull =tA; (@, 9);

(i) D(f* thT)z j(x) = Eij(fg'h"x);
(it)) Ni(fg'h"x, f) = Ni(z, f), A (f*g"h "z, g) = A (2, g).
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Proof. For all x € I'y N Ty, let T, M = @;(:zl’g) Ej(x,g) be the decomposition
given in Proposition 2.3. By Proposition 2.3(ii),
Df.(Ej(x,9)) = Ej(fz,9).

Restricted to {E;(z,9)}, {Df2} is a cocycle on M with respect to f. Thus,
similar to the proof of Proposition 2.3 in [Hu], we obtain an H invariant mea-
surable set I's C I'y Ny with pul's =1 Vu € M(M, «), and a decomposition of
the tangent space into

r(z,f) r(z.9)

T.M = @ @ Eij(:n), x €.

=1 j=1
Clearly E;j(z) = E;(x, f) N Ej(z,g). Thus (i) (ii) and (iii) are direct corollaries
of Proposition 2.3 and Proposition 2.4.

Proof of Theorem A. For any s,t,r € Z and any € > 0, set
AY ={z:30£u€ E;j(z) s.t. x(z,u, f°¢'h") — shi(z, f) — tAj(z,g) > (|A\[+1)e},
AZ ={z:30#u€ E;j(z) s.t. x(z,u, f7g'h") — shi(x, f) — tA\j(x, 9) < (N +1)e},
where A = 6s + 6t + |2 — st|. We need to prove that for all 4 € M(M,a) and
for all e > 0, u(AF) = 0.

Now we prove pu(AL) = 0; the other one can be obtained similarly.

Assume to the contrary that u(Ar) > 0 for some p € M(M,«) and some
€ > 0. Then there exists a sufficiently large constant C' > 0 such that the set

Ao i={z:30#u e Ej(z)
(2.9 st. DU g7l > € jull expr(shi(a, /)
+t\j(x,g) + [Ne)Vn > 0}
satisfies u(Aq ) > 0. Let
0 = p(Ae0).
By (1.2) we have
|D(£g ")zl = DR Df*" Dy Db ull.
Then

||D(fsgthr)inu” _ ||Dh2$tn2Df2san2tnDh§C2T_St)nu” Vn > 0.
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For I > 0, let
Al = {z 17 ullexpn(Xi(z, f) —¢)
< |IDfrull < lullexpn(Xi(x, f) +¢€) Vu € Eyj(x) Vn > 0}
Ai] ={z :l_1||u|| expn(Aj(z,g) —¢)
< |[Dgyull <lullexpn(A;(z, g) +¢€) Vu € Ejj(z) Vn > 0}
A, = {17 |ull exp(=|nle) < || DRGull < ||ull exp(|nle) Vu € Eij(x) Vn € Z}.

Choose [ sufficiently large so that

1
o, i=fg,h

Ay >1-

Let
—in —S n2 —Ssn —S n2
By = AL ng (A N AL N b frer (AL b (AY).
Then p(By) > 1 — %6, and for all z € B, and all 0 # u € Ej;(z), we have
ID(f" g™ )aull <U|Dggul| exp sn(Xi(g™x, ) +€)

(2:5) <1?||ul| exp[tn;(z, g) + snXi(z, f) + (s + t)ne]
and

ID(g™ o h")
(2.6) SITHID(F ) gul| exp(tn (z, ) — tne)

Zl_2||DhSt"2u|| exp[snA;(z, f) + tnX;(x, g) — (t + s)ne].
Since fngin = gtn fsnpstn® it follows from (2.5) and (2.6) that
DR u)| < 14||ul| exp[2( + s)ne] Vn >0, Va € By, V0 # u € E;(x).
Let
Cp = h™*"*(B,) N B,.
Then p(Cy,) > 1— 306. For all z € C,, and all 0 # u € Ey;(x), we have
| DR ul| = D™ Dhy™

§l4||Dh;tn2u||€2(s+t)na

<I8|[uf| et HDme,
Let

D, = h—(2r—st)ng—2tnf—2sn(cn) N h—(2r—st)ng—2tn(Alf) N h—(2r—st)n(Alg) N Aéz
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Then

10 3 4
1-—- - =1- 1-—-
w(Dy) > 266 266 9 > 0,

and so
w(Dyp N Az ) > 0.
For any x € D,, N A, ¢ and any 0 # u € E;;(z), we have
[D(f*g*h")3" ull
:HDh?stn2DfQSan2tnDh:(E2rfst)nu”

Sl8e4(s+t)nsl€25n)\i (m,f)+2snsle2tn)\j (m,g)+2tnsle|27‘75t|ne ||U||
=" ull expnl2si(z, f) + 2tX; (2, 9) + Ae]),

where A\ = 6s + 6t + |2r — st|. In addition, from the definition of A, ¢ in (2.4)
we get that for all © € A, ¢, there is 0 # u € E;;(x) such that

ID(f*g"h")3" ull
(2.8) >CO7 | ul| exp 2n[s)i(z, f) +tAj(z, 9) + | Ne]
=C"exp(n|\e)|jull expn[2s\;i(z, f) + 2tA;(x, g) + | Ne].

Clearly, (2.7) and (2.8) contradict each other if n > (log(I*'1C))/|\|e. Hence we
must have p(A) = 0 for all p € M(M,«) and all ¢ > 0. This completes the
proof of Theorem A.

Proof of Corollary A.1. By taking s =t =0 and r = 1 in (1.3) we know that
the Lyapunov exponent of any 0 # u € E;;(z) is equal to 0 with respect to h,
and so is that of any 0 # u € T, M.

Let p be a periodic point of h of period n, that is, h™(p) = p. Since fh = hf
and gh = hg, we get that both f™(p) and ¢"(p) are periodic orbits of h with
period n. Since there are only finitely many periodic points of h of period n,
we get that

{f°g'h"(p) : s,t,r € Z}

is a finite set. Hence we can define a measure p € M(M, a) supported on the
set. By finiteness and invariance we know that pu({p}) > 0, i.e., p is a generic
point of u. The fact that all Lyapunov exponents of h at p equal zero gives that
the modulus of all eigenvalues of Dh™(p) are equal to one.
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Proof of Corollary A.2. Assume that hiop(h) > 0. Then there is some h invari-
ant probability measure v on M such that the metric entropy h, (h) > 0 by the
variational principle. Consider the probability measure sequence

= O (i)
lil,5]<n
Passing to a subsequence if necessary, suppose v, converges to a probability
measure p in the weak-* topology. Then p is « invariant. Hence by Corol-
lary A.1 all Lyapunov exponents of h are zero with respect to pu. Hence
hyu(h) = 0 by Ledrappier—Young’s formula.

On the other hand, since h commutes with every element in «(#), we have
h(figiy.(h) = hy(h) for all 4, j € Z. Since the entropy map v — h,(h) is affine,
we have h,,_ (h) = h,(h). As the action « is C*, it follows from [NP] that
0= hy(h) > limy,—00 hy, (R) = hy (k) > 0. This is a contradiction.

3. Faithfulness: Proof of Theorem B and its corollaries

Let T be a diffeomorphism on a manifold M with a hyperbolic set A. For any
x € A, the stable manifold of x for T is defined by

We(x,T)={ye M :d(T"z,T"y) — 0 as n — oo},
which is T-invariant. For any € > 0, the local stable manifold W2 (x,T) is
the set
{y € M : d(T"z, T"y) < e for all n > 0}.
It is well known that W2(z,T) C W*(x,T) and
We(a,T) = | T7"W2(T"2,T).
n>0

LEMMA 3.1: Suppose p is a common fixed point of f, g and h, and f is Anosov
and has simple eigenvalues on stable direction with A_ > /\i at p. Then either
h =id or h? =id on W*(p, f).

Proof. Note that the eigenvalue of Dh,, restricted to each stable eigenspace is
+1 by Corollary A.1. We may assume it is 1, otherwise use h? instead of h.
Since f has simple eigenvalues on stable direction, and h commutes with f, we
must have Dhy|gs(p, r) = id, where

E*(p, ) = {v € T,(M) : [Dfp(0)]| < [lv]l}.
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Denote ' = min{r,2}. Take & > 0 small enough such that \_ —& > (A +&)”
and such that for any =,y € W2(p, f) and n € N,

31 Ci(A- —g)"d(z,y) < d(f"(z), ["(y) < Ca(Ay +€)"d(z,y)

for some fixed constants Cq,Cs > 0. It is clear that hW?*(p, f) = W*(p, f) by
hf = fh. So there is ¢’ < e such that hW5 (p, f) C Wi(p, f).

Suppose h(z) # x for some x € W75 (p, f). Let x,, = f*(z). Then by (3.1) we
have

(3.2) d(zn, h(zn)) _ d(f"(x), [ (R(z))) o C1 (A~ —&)"d(z, h(x))
' d(xn,p) d(f*(z),p)  — Ca (A +e)d(z,p)

Note that W5 (p, f) is a C” submanifold tangent to E*(p, f) at p. Take a
local coordinate system on W#*(p) at p. We have

1
h(zn) —p :/ Dhyyi(a,—p) (20 — p)dt
0

1
= <1d + (/ th—i—t(zn—p)dt — ld) > (Z‘n — p).
0

Since h is a C" diffeomorphism and Dh,,

Es(p,f) = id, the equation gives

S CS'*Tn - plr/_l

1
' / th+t(xn7p)dt - ld
0

for some C3 > 0. Hence we get
|h(zn) - $n| < CS|:En 7p|rl'
Note that |h(x,) — zn| = d(zn, h(zy)) and |2, — p| = d(zn,p). So by (3.1)

d(xp, h(zy))
d(xn,p)

for all n > 0, contradicting (3.2) and the fact \_ —e& > (A +&)".
Then we must have h(z) = x for any x € W5(p, f), and then h = id on

W*(p, f) by using the facts W*(p, f) = Unzo f"Wi(p, f) and fh=hf.

< C’gd(zn,p)’“/fl < C3Co (Mg + 5)"(T/71)d(z,p)’"/71

LEMMA 3.2: Suppose p is a periodic point of f with period n and f has only
finitely many periodic points of period n. Then there are m,k € N such that p
is a common fixed point of ", ¢g" and h*.

In particular, if p is the unique fixed point of f, then h(p) = p = g(p).
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Proof. Since fh = hf, h(p) is a periodic point of f with period n. By the
finiteness of the n-periodic point set of f, there is some k such that h*(p) = p.
Then we have

fg"(p) = g" 0" (p) = ¢*(p),
that is, g¥(p) is also a periodic point of f with period n. This implies that
" (p) = g*(p) for some | € N. Taking m = Ik — k, we then complete the proof.
The second part of the lemma is now obvious.

Proof of Theoren B. Without loss of generality, we may suppose f is an Anosov
element that has simple eigenvalues on stable direction with A_ > )\Tin{r’ﬂ. By
spectral decomposition, f has basic sets Q1,...,Q; (see [Bo]). On each basic
set ;, we take a periodic point p; € ;. Assume f™i(p;) = p; for some n; € N.
Then there are m; and k; such that p; is a common fixed point of f™i, g™
and h* by Lemma 3.2. Applying Lemma 3.1 to f™, g% and h"™iki we get
h2nimiki —id on W*(p;, f™). Since M = Ule Ws(ps, fi), we get h2F = id,

where
t
=1

Proof of Corollary B.2. Since f has only one fixed point, we have

by Lemma 3.2. Since dim E;(f) = 1, restricted to E,(f), Df, and Dg, com-
mute. Hence, Df,-Dg, = Dg,-Df,-Dh, implies th|E§(f) = id. By the proof
of Lemma 3.1, we have that A is identity on W#(p, f). From [Ne], we know
that f is transitive. So W#(p, f) is dense in M, and h is identity on M.

4. Affine Anosov action on tori: Proof of Theorems C and D
Before the proof of Theorem C, let us recall two classical results.

THEOREM 4.1 (Adler—Palais [AP]): If R, S € Aff(T") with R being ergodic,
then any homeomorphism ® of T" with ®R = S® is in Aff(T").

THEOREM 4.2 (Franks—Manning [Fr, Ma]): Any Anosov diffeomorphism of T™
is topologically conjugate to a hyperbolic toral automorphism.
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Proof of Theoren C. Suppose k= f"g*ht is Anosov for some r, s,t €Z. Then by
Theorem 4.2, there is a homeomorphism ® of T” such that K=®~1k® c Aff(T").
Since K is topologically transitive and affine, K is ergodic.

Denote F = &1 f®, G = @ 'g® and H = ® 'h®. Then we have FH = HF,
GH = HG, FG = GFH, and K = F'G*H".

Since H'KH = K and K € Aff(T"), H € Aff(T") by Theorem 4.1. Simi-
larly, since F~'KF = KH~* and K, KH~* € Aff(T"), F € Aff(T"); and since
G 'KG=KH" and K, KH" € Aff(T"), G € Aff(T").

LEMMA 4.3: Let A,B,C € GL(n,R) such that AB = BAC,AC = CA and
BC = CB. Suppose A is hyperbolic with stable linear space E* C R™. If the
modular of each eigenvalue of C is equal to 1, then E° is B and C invariant.

Proof. For any v € E°, we have

lim A"Cv = lim CA"v =0

n—00 n—00
by AC = CA, so E? is C invariant. Since the modular of each eigenvalue of C is
equal to 1, the increasing rate of matrix norm ||C"|| is bounded by a polynomial
in n by an easy calculation. Thus we have

lim A"Bv = lim BA"C"v = lim BC"A"v =0
n—oo n— o0

n—00

by AC =CA and AB = BAC. So E* is B invariant.
LEMMA 4.4: Let A, B,C € GL(1,R) such that AB = BAC. Then C = Id.

Proof. Since GL(1,R) is commutative, we have AB = BAC = ABC, which
means that C is identity.

LEMMA 4.5: Let A,B,C € GL(2,R) such that AB = BAC,AC = CA and
BC = CB. If the modular of each eigenvalue of C is equal to 1, then C? = Id.
Proof. Consider A, B,C as matrices in GL(2,C).

CrLAIM 1. The eigenvalues of C are 1 or —1. In fact, assume that C has an
eigenvalue A with A" # 1 for n = 1,2. By AC = CA, we can take a nonzero
vector v € C? such that Cv = Av and Av = v for some v # 0. Then we have

ABv = BACv = MBv and AB%*v = B*AC?*v = A\?yDBuw.

So v, Bv and B2y are three eigenvectors of A with pairwise different eigenvalues,
which is a contradiction. Hence A = 1 or A?> = 1, which means A = 1 or —1.
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CramMm 2. If —1 is an eigenvalue of C, then C? = id. In fact, we can take
v € C? such that Cv = —v and v, Bv are two eigenvectors of A with different
eigenvalues as shown in Claim 1. So, under the base {v, Bv}, C has the form
C=[3""] and C? =1d.

Cram 3. If all eigenvalues of C are 1, then C = id. In fact, if A has two
different eigenvalues, then C is diagonal by AC = CA. So C can only be identity
in this case. Similarly, if B has only simple eigenvalues, then C = id. Thus we
may suppose A, B, C have only eigenvalues Ay, 1, respectively. If A is diagonal,
then A and B are commutative, and then C is identity by AB = BAC. So
we may suppose the eigenspace V) of A corresponding to A is of dimension
1. Fix a nonzero vector v € V). Then CV) = V) by AC = CA. Therefore
ABv = BACv = ABv and we get BV) = V). So Bv = yv. Take a vector w
linearly independent of v. Then, under the base {v, w}, A, B,C have the forms

| Br ﬂ .
0 ~

for some x,y, z € C, which implies C =1Id by AB = BAC.

Az
0 A

1 =z
0 1

A=

3

Proof of Theorem D. From Theorem B, there is a homeomorphism & on T"™
such that

O fo([x]) = [Az+a], @ 'g®([z]) = [Bxr+b] and O hd([z]) = [Cx + (]

for any z € R", where A,B,C € GL(n,Z) and a,b,c € R". It is directly
checked that AB = BAC, AC = CA and BC = CB. Clearly A is hyperbolic. Let
E?® C R™ be the stable linear subspace of A. We assume dim(E®) =1 or 2.

By Lemma 4.3, E° is A, B and C invariant. Since 0 € T" is a common fixed
point of A, B and C, we get that the modular of each eigenvalue of C is 1 by
Corollary A.1. Applying Lemmas 4.4 and 4.5 to A|gs, B|gs and C|g-, we know
that C|g: = Id if dim(E?®) =1 and C|g- = £Id if dim(E?®) = 2. It follows that
C or —C, as automorphism of T, is identity on T" by the density of [E®] in T™.
Hence C or —C is identity as matrix in GL(n,Z). Thus

O hd([2]) = [£x + .

So h is conjugate to either a translation or an affine transformation 714, for
some ¢ € T™, and the formal case occurs if f is a codimensional 1 Anosov
diffeomorphism.
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Clearly, if h is conjugate to T_1q,., then h?> = id. If h is conjugate to a
translation T4 ., then we can get [z + k] = ®~1hk®([z]) = [z] for some k > 0
and for any [z] € T™ by using the fact that h sends a fixed point of f to a fixed
point of f, and f has only a finite number of fixed points.

Remark 4.6: From the proof we see that the integer £ can be chosen as a factor
of the number of the fixed points of f.

5. Smooth Rigidity: Proof of Theorem E

5.1. SETTING UP THE PROBLEM AND THE KAM SCHEME. Before proceeding
to specifics we will show how the general KAM scheme described in [DK, Section
3.3] and [DK1, Section 1.1] is adapted to the H action .

STEP 1. Setting up the linearized equation.
Let o be a small perturbation of a. To prove the existence of a C°° map H
such that @ o H = H o o, we need to solve the nonlinear conjugacy problem

aol—Qoa=—-Ro(I+Q)

where the lift of @ is o + R and the lift of H is I + Q; and the corresponding
linearized conjugacy equation is

(5.1) aoQd—Qoa=—R

for small 2 and R.

Lemma 5.1 shows that obtaining a C'*° conjugacy for one ergodic generator
suffices for the proof of Theorem E. Hence we just need to solve equation (5.1)
for one ergodic generator.

STEP 2. Solving the linearized conjugacy equation for a particular element.

We classify the obstructions for solving the linearized equation (5.1) for an
individual generator (see Lemmas 5.5 and 5.6) and obtain tame estimates for
the solution. This means a finite loss of regularity in the chosen collection of
norms in the Fréchet spaces, such as C" or Sobolev norms.

STEP 3. Constructing projection of the perturbation to the twisted cocycle
space.

First note that R is a twisted cocycle not over « but over & (see Lemma 3.3 of
[DK]), thus (5.1) is not a twisted coboundary equation over the linear action a,
just an approximation. Second, note that even if (5.1) is a twisted coboundary
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over «, it is impossible to produce a C'*° conjugacy for a single ergodic generator
of the action. Therefore, we consider three generators, and reduce the problem
of solving the linearized equation (5.1) to solving simultaneously the following
system:

AoQ—QoA=—Ry,
(5.2) BoQ—-QoB=-Rpg,
CoQ—QoC=—Rg,
where A and B are ergodic generators and C is the center:
A=a(g1), Bw=oag), C:=algs)
and
Ra:=R(q1), Rp:=R(g92), Rc:=R(g3).
As mentioned above, R does not satisfy this twisted cocycle condition:
L(Ra,Re) ¥ CRA — RaoC — (ARc — Re o A) = 0,
(5.3) L(Rp,Re) ¥ CRp — RpoC— (BRe — ReoB) =0,
L(RA,Rp) ¥ RyoB+ AR — Rpo AC — BReo A — BCR, = 0.
However, the difference
L(Ra,Rp), L(Rp,Rc) and L(Ra,Rp)

is quadratically small with respect to R (see Lemma 5.8). More precisely, the
perturbation R can be split into two terms,

R=PR+&(R),

so that PR is in the space of twisted cocycles and the error £(R) is bounded by
the size of L with the fixed loss of regularity (see Lemma 5.7). More precisely,
the system

—PRs=—(Ra—E(Ra)) = AQ — Qo A,
(5.4) —PRp =—(Rp — £(Rp)) = BQ— Qo B,
—PRc = —(Re — E(Re)) =CQ—QoC
has a common solution 2 after subtracting a part quadratically small to R.

STEP 4. Conjugacy transforms the perturbed action into an action quadratically
close to the target.
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The common approximate solution 2 to equations (5.2) above provides a new
perturbation

ath dngfloaoH,

where
H=1+Q,
much closer to « than «; i.e., the new error

RW def =1y _

is expected to be small with respect to the old error R.

STEP 5. The process is iterated and the conjugacy is obtained.

The iteration process is set and is carried out, producing a C*° conjugacy
which works for the action generated by the three generators A, B and C.
Ergodicity assures that it works for all the other elements of the action «.

What is described above highlights the essential features of the KAM scheme
for the H action on the torus. The last two steps can follow Sections 5.2-5.4 in
[DK] word by word without modification. Hence completeness of Steps 2 and 3
admits the conclusion of Theorem E.

At the end of this section, we prove a simple lemma which shows that ob-
taining a C'"*° conjugacy for one ergodic generator suffices for the proof of The-
orem E.

LEMMA 5.1: Let o be a Heisenberg group H action by automorphisms of TV
such that for some a € H the automorphism a(a) is ergodic. Let & be a C*
small perturbation of o such that there exists a C>° map H : TV — T which

is C* close to identity and satisfies
a(a)o H=H oa(a).

Then H conjugates the corresponding maps for all the other elements of the
action; i.e., for all b € H we have

(5.5) a(b) o H = H o «(b).

Proof. Let b be any element in H other than a. If ba = ab, it follows from (5.5)
and commutativity that

afa) ob=boa(a)

where b = a(b) o H~ ' o a(b) ' o H.
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If ba = abc, where c is in the center of H, then similarly we obtain
afa) o (ad)yo H ' oa(b) P o H) = a) o (alac ) o H Y oa) o H

W a(b) o H Y a(acHoa) o H

=ab)o H'a(b™") o (a(a) o H)
= (a(b)o H'a(d™") o H) o a(a).
Here (1) comes from the fact that H also conjugates «(c) and a(c) which is
from previous analysis.
Then the conclusion follows immediately from the following fact (see Lemma
3.2 of [DK]): for any C! small enough map F : TV — TV | if AF = Fo A,
where A € GL(N,Z) and is ergodic, then F = 0.

5.2. SOME NOTATION AND BASIC FACTS.

(1) A result of Kronecker [Kr] states that an integer matrix with all eigen-
values on the unit circle has to have all eigenvalues roots of unity. Then
there exists n € N such that all eigenvalues of C™ are 1. Using the
relation AB = BAC, we obtain AB™ = B"AC™. Hence we can assume
that all eigenvalues of C are 1, otherwise we just turn to A, B"™ and C"
instead of A, B and C.

(2) We denote the dual map of A on Z¥ by A*, which induces a decom-
position of R into expanding, neutral and contracting subspaces. We
denote these subspaces by V1 (A) (the expanding subspace), V2(A) (the
neutral subspace) and V3(A) (the contracting subspace), respectively.
Then we have the splitting

A) P ve(A) P Va(4)
(A

It is clear that all three subspaces V;
lAiv] > Cpllol,  p>1, i>0, veVi(A),

), i =1, 2, 3 are A invariant and
(5.6) |Afv|| > Cp~i|lvl|, p>1, i<0, v € V3(A),.
[A%]| > Clil Mvll, p>1, i#0,  veVa(A)
(3) Forv e ZN, .
[v| = max{[[z1 ()], [lm2(v)]], l73(v)]|}

where ||-|| is the Euclidean norm and 7;(v) are projections of v to sub-
spaces V; (i = 1, 2, 3) from (5.6), that is, to the expanding, neutral,
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and contracting subspaces of RY for A (or B), respectively. It is clear
that the norm |-| and the Euclidean norm are equivalent.

(4) For v € ZN we say v is mostly in i(A) for i = 1, 2, 3 and write v < i(A)
if the projection m;(v) of v to the subspace V; corresponding to A is
sufficiently large:

o] = [[mi(0)][-

The notation v < 1,2(A) will be used for v which is mostly in 1(A) or
mostly in 2(A).

(5) Call n € ZY minimal if n is the lowest point on its A orbit in the sense
that n < 3(A) and An < 1,2(A). There is one such minimal point on
each nontrivial dual A orbit; we choose one on each dual A orbit and
denote it by nmin. Then ny,i, is substantially large both in 1,2(A) and
in 3(4).

(6) In what follows, C' will denote any constant that depends only on the
given linear action o with chosen generators A, B and C and on the di-
mension of the torus; Cy ... will denote any constant that in addition
to the above dependence also depends on parameters z,v, 2, . . ..

(7) Let 6 be a C* function. We then can write

2min-x

where e,, = € are the characters. Then:

. def ~
@) 19lla = sup,|falln|®, a > 0.

(ii) The following relations hold (see, for example, Section 3.1 of [Ll]):
10ll- < Cll0llcr, [10ller < Cllollr+o,

where 0 > N 4+ 1, and r € N.

(iii) For any F € SL(N,Z), (H/O\F)n = é\(FT)fln where F'™ denotes
the transpose of F. We call (F7)~! the dual map on Z". To
simplify the notation in the rest of the paper, whenever there is
no confusion as to which map we refer to, we will denote the dual
map by the same symbol F'.

(8) For a map F with coordinate functions f; (i = 1,..., k) define

def
|7l 2 ma 1o
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For two maps F and G define
def

17, Glla = {1 Flas 1G]la};
| Fllc- and || F,G||cr are defined similarly. For any n € ZV,

(5.7) Fo E (s (Fidn).

5.3. ORBIT GROWTH FOR THE DUAL ACTION. In this section the crucial esti-
mates for the exponential growth along individual orbits of the dual action are
obtained. The following follows directly from the proof of Lemma 4.3 in [DK]:

LEMMA 5.2: Let Q; be ergodic matrices in SL(N,Z), 1 < i < m. Suppose
there exist constants C, 7 > 0 such that for every nonzero vector n € Z~ and
for any k = (ky,...,kyn) € Z™

(5.8) Q1" -~ @unll = C exp{r || K[} Inl| =
Then the following are satisfied.

(a) For any C*° function ¢ on the torus TV and any y € C, the following
sums

def
SK(SO, n,y, Q) :e Z ” ”SO ’“1 anmn
k=(k1,...skm )€K
converge absolutely for any K C Z™, where @ stands for Q1,...,Qmn.

(b) Assume, in addition to the assumptions in (a), that for a vector n € ZN
and for every k = (k1,...,km) € K = K(n) C Z™ we have

(5.9) pi([kIDIQT - - @ nll > [Inll,
where p; is a polynomial. Then

'Sﬂw 4, Q)| < Cayslollallnl| =+

for any a > myQ N+1|log|y||
(c) If the assumption (5.9) is also satisfied for every n € Z~, then the
function

S, 1,Q) ST Sk (e,n.y,Q)en
nezZN

is a C* function if ¢ is. Moreover, the following norm comparison
holds:

15(p, 5, Q)ller < Cryllellcres
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for any r >0 and 0 > N + 2+ [ky o]

COROLLARY 5.3: Suppose Q;, P; € SL(N,Z), 1 < i < m, and suppose
K=K(n)Cczm.

If condition (5.8) is satisfied for any n € Z™ and any k € K(n), then for any

C> map ¢ defined on the torus TV we obtain:

(1) The following sums
def .
Sk(p.n, P;Q) = > Py Pri@om g,
k:(kl,...,km)EK(Tl)

converge absolutely (we recall (5.7) for the definition of ,,, n € ZN),
where P stands for Py, ..., P, and ) stands for Q1,...,Qn.

(2) Assume in addition that for a vector n € Z~ and for every
k= (ki,...,km) € K =K(n) CZ™ we have

pIKDIQY -~ Qb nll = |nll,

where p; is a polynomial. Then

Sk (¢,n, P,Q)| < Capsliglalln) o=+

def
for any a > kpg = Vi1

llog]| P, where
|P|| = max{|[P;] : 1 < i <m).

(3) If the assumption (5.9) is satisfied for every n € Z~ , then the function
def

S(907P7Q) - Z SK(n)(@vnaPaQ)en

nezZN

is a C* function if ¢ is. Moreover, the following norm comparison
holds:

||S((Pa P, Q)HCT < CT,PH()D||C’”+U

for any r >0 and 0 > N 4+ 2 + [kpg].

Proof. Since

Km ~
> |PE PR G g

k=(k1,....km)€K (n)
ki~
k=(k1,....,km)EK(n)
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we get the conclusion immediately from the above lemma.

In the subsequent part we prove the exponential growth along individual
orbits of ergodic elements. It may be viewed as a generalization of Lemma 4.3
in [DK] to higher rank non-abelian actions by toral automorphisms.

LEMMA 5.4: There exist constants C, T > 0 such that for every nonzero vector
v € ZN and for any k = (ky, k2) € Z*\{0},

|AF1 BR2o|| > C exp{r (k1| + [Ka])}v]| 7.

Proof. From the Lyapunov space decomposition in Theorem A, we see that the
proof of Lemma 4.3 in [DK] also applies to this case word by word. At first,
we can show that there exists 7 > 0 such that, for any k= (ki, ko) €Z?\{0},
there exists a Lyapunov space in which the Lyapunov exponent of A B*2 is
greater than 7(|k1 |+ |k2|). Note that A¥1 B*2 is ergodic, which implies that the
projection of v to this space is greater than |lv|| ="V, where v is a constant only
dependent on the decomposition in Theorem A. Then we get the conclusion.

5.4. TWISTED COBOUNDARY EQUATION OVER A MAP ON THE TORUS. Obstruc-
tions to solving a one-cohomology equation for a function over an ergodic toral
automorphism in C* category are sums of Fourier coefficients of the given func-
tion along a dual orbit of the automorphism. This is the content of the Lemma
4.2 in [DK]. The same characterization holds however for a one-cohomology
equation for a map over ergodic toral automorphisms as well due to the esti-
mate in Corollary 5.3. The proofs of the two lemmas below follow closely the
proof of Lemma 4.2 in [DK] for solving a one-cohomology equation for functions.

LEMMA 5.5: Let P and @ be matrices in SL(N,Z) and @ be ergodic. For a
map 6 defined on TV, if there exists a C*° map w which is C° small enough on
TV such that

(5.10) Pu—-wo@ =290,

then the following sums along all nonzero dual orbits are zero, i.e.,

o0

> P g, =0 ¥n#0.

1=—00
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Proof. Since w is C° small enough, equation (5.10) in the dual space has the
form

(5.11) PGy, —Ogn =6, VneZV.
Replacing n by Q'n and applying P~(*1 to the equation, we get that for any

m, £ >0,

L L £
Z P_i@Qin— Z P_(i+1)@Qi+1n = Z P_(H_l)é\Qin,

i=—m i=—m i=—m
which simplifies to
é o~
P"@g-mn — P~ 500, = Y P70 G,
i=—m

Then the conclusion follows immediately if

lim P8y -m, =0 Vn#0,

m— o0

which is a direct consequence of part (1) of Corollary 5.3 with K = K(n) =2
for any n # 0.

Note that kp-1 ¢ is defined in part (2) of Corollary 5.3.

LEMMA 5.6: Let P and @ be ergodic matrices in SL(N,Z). Let  be a C*
map on the torus which is C° small enough, where 0 > N + 2+ kp-1 ¢. If for
all nonzero n € Z the following sums along the dual orbits are zero, i.e.,

(5.12) > P Gg, =0 Wn#0,

1=—00

then the equation

(5.13) Puo—wo@=20
has a C'*° solution w, and the estimate

(5.14) lwller < Collolgres

holds for any r > 0, where C. is a number only dependent on Lyapunov expo-
nents of P.
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Proof. Suppose w is a C* solution C° small enough to (5.13). Then equation
(5.13) in the dual space has the form

(5.15) PGy —Ogn =6, VneZV.

For n = 0, since P is ergodic, we can immediately calculate
Go = (P —1)"'0p.

For n # 0 the dual equation has two solutions,

E=xY P "Vog.,, n#0.
i>0

i<—1

Each sum converges absolutely by part (1) of Corollary 5.3. By assumption

~ _ def ~ o .
(5.12), @} = &, = ©,. This gives a formal solution
w= g Ore, =Y @, en.

We estimate each @, using both of the forms in order to show that w is C'*°.
In the notation of Corollary 5.3 we can write

=S+ (P7'0,n, P71, Q) and @, = —Sx- (P '0,n, P71, Q).
Here
Kt={ieZ:i>0}
and
K- ={ieZ:i<-1}.

If n is mostly contracting, i.e., if n < 3(A), then
(5.16) J4in] > Cp~in)l Vi < —1.
If n is not mostly contracting, i.e., if n < 1,2(A), then
(5.17) |Ain|| > Ci N ||n|| Vi >o0.

Thus the polynomial estimate needed for the application of part (2) of Corol-
lary 5.3 is satisfied in either K+ or K~ for any n € Z". This estimate implies
that (5.14) holds. Finally, this also implies that smallness of C° norm of 6
guarantees C° smallness of w.
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5.5. CONSTRUCTION OF THE PROJECTION.

LEMMA 5.7: Fix 0 = N+3+k4-1,4. There exists 6 > 0 such that for any C'*
maps 0, 1, w on TV that are C° small enough, it is possible to split , 1) and

w as
0=2040+RI, ¢ =ApQ+Ry,
w=AcQ+Rw
for a C*° map 2, so that
RO, Rep, Rw||cr < Cr|| Ry, R, Rs||gr+s
and
1Qller < Crll0, w, Pl gre

for any r > 0, where

def

(5.18) R % At — Ay,

(5.19) Ry ™ Aot — Apw

and

(5.20) Ry 9oB 1+ A — o AC — Bwo A — BCH.

Proof. (1) Construction of  and R6.
Let RO = )", Rb,e, where

def | 2iez A7 0ain, M= Nmin,

RO, <
0, otherwise,

for n # 0 and 7/2\90 f,

Note that n,;, is substantially large both in the expanding and in the con-
tracting direction for A; then both (5.16) and (5.17) hold if n = nyin. The
following estimate is obtained from (3) of Corollary 5.3:

(5.21) IROllcr < Crl|f]|gr+e,  Vr > 0.

Since 6 — R0 satisfies the solvable condition in Lemma 5.6, by using Lemma 5.6
there is a C'*° function ) such that

(5.22) AuQ =60—TRO
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with estimates
12 cr < CH|0 — RO||orte < CH||0||grtze, Vr > 0.

(2) Estimates for RE.
Rewrite (5.20) to get

Ay —1po AC = Bwo A+ BCO — 0o B+ Rs.

Lemma 5.5 shows that the obstructions for Bw o A + BCH — 0 o B + R3 with
respect to AC vanish; therefore for any n # 0 we get

ZAi(iJrl)é\B(AC)in
= Z A_(i+1)BC§(Ac)in + Z A_(H_l)B@A(Ac)in + Z A_(H_l) (1/“2\3)(,46)171

since all the sums involved converge absolutely by (1) of Corollary 5.3. Further-
more, by using the relation
(5.23) B(AC)' = A'B, VieZ,
we obtain from the above relation
ZAf(iH)gAiBn _ ZBA—(z‘H)gAin

(5.24) <ZA(H1)BC§(AC)% _ ZBA“H)@A%)
+ 3 AT BG ey + Y AT (R3) (acin.
Next, we compute the sum ), A_(i-‘rl)BCé\(Ac)in -3 BA=(+1g,. . To do so,

we split it into two sums, >, =>"..,+ > ,~_;, and then use relation (5.18) to
simplify each one. Set

A=A w.
Then for any n # 0, we obtain from the proof of Lemma 5.6
(5.25) D ATEDE iy =@ — AT, = A7 D
i>1
and
(5.26) — > ATEHDA 4, =B

i<—1
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Using relation (5.18) we get

Socjcit €UV Aesain — (Ri)eiain), 121,

(527) é\Ain—C_ié\ciAin: ) N _ .
—i<i<—1 C= Ut (Agsain — (R1)csain), i<—1.

We note that in the two right-side sums the middle terms satisfy the condition
1l < 1.
Using (5.27) for the case of i > 1 we obtain

Z Ai(iJrl)BCé\(Ac)in — Z BAi(iJrl)é\Ain
>0 >0

=3 A HIBCh ey, — Y BAT VG,

i>1 i>1

D) —( —ip a
DS BA D (C G ey — Bain)

i>1
i—1
== BATHICTUY(Res 4y — (Ra)esain)
i>1 j=0
= — Z Z BA_(i—i_l)C_(j-’_l) (chAin - (-/R\l)Cinn)-
Jj20izj+1

Here (1) is from relation (5.23). Of course, to justify the change of order of
summation in the last equality, we must prove the absolute convergence of the
sum. Using the notation in Corollary 5.3 we can write

> A CIBCO ey — Y BATHD 4,

i>0 i>0

=BACSk((A — R1),n,{A,C},{C, A}),

where K = {(j,i) € Z® : i —1 > j > 0}. For any i, j with [j| < |i|, (5.8) in
Lemma 5.2 shows that
CTA'n| > C|j|~N|A'n| > Cyi] =N exp(ralil)|n|
> Coexp{7a(|il +[j])/4}In| =¥,
where C, C7 and (5 are fixed numbers only dependent on A and C; and 7 is

given in Lemma 5.4. This justifies applying part (1) of Corollary 5.3 to show
the absolute convergence of the sum.
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Furthermore, we have

Z Z BC~UH) A=GHDN :ZBC_(j+1)A_j (ZA_(k+1)/A\(Ac)1Akn)

j=0i>j5+1 j=0 k>1
(é) Z BC_(j+1)A_(j+1)LAdA(Ac)jn
j=>0
= Z A_(jH)B@A(AC)m-
j=>0

Here (1) follows from (5.25) and (2) uses relation (5.23) again.
Hence we obtain

ZAi(iJrl)BCé\(Ac)in — Z BAi(iJrl)é\Ain
i>0 i>0

= — ZA_(j+1)B@A(AC)jn + Z Z BA_(i+1)C_(j+1)(Rl)Cinn.
j=0 j20i>j+1

(5.28)

To compute the sum » ;. ; we use (5.27) for the case of i < —1:

Z Ai(iJrl)BCé\(Ac)in - Z BA*(”D@\A%

i<—1 1<—1
=Y BA Q€ O acyin — Oain)
i<—1
= Z Z BA=HVC=HD (Ag; 41 — (Ri)es ain)
i<—1j=i
_ Z ZBA—(iH)C—(jH)(f\CjAm _ (ﬁ)cmm)-
j<—1i<)

Again we need to show the absolute convergence. We can also write

Z Ai(iJrl)BCé\(Ac)in — Z BAi(iJrl)é\Ain

i<—1 i<—1

:BACSK’((A - Rl)? n, {A’C}v {C’ A})a

where K’ = {(j,i) € Z? : i < j < —1}. Then (5.28) shows that the absolute
convergence follows from the same reasoning as in the previous part.



Vol. 228, 2018 DISCRETE HEISENBERG GROUP ACTIONS 967

Furthermore, by using (5.26) and relation (5.23) again we obtain

2: EIBC—0+MAfa+UKmA%

Jj<—11i<j
= Z BC— G+ 4—(G+1D) ( Z A (k+1)AA(AC)]Ak >

j<—1 k<—1
=_ Z Bc—(j+1)A—(j+1)@A(AC)jn
J<—=1
=_ Z A7UD BG4 cacyin
Jj<-1

Hence we obtain

Z Ai(iJrl)BCé\(Ac)in — Z BAi(iJrl)é\Ain

i<—1 i<—1

== > AU BG ey — Y Y BATTICT U (Ri)es ain

j<—1 j<—1i<)

By using (5.24), (5.28) and (5.29) for any n # 0 we obtain
Z Ai(iJrl)é\AiBn — Z BAi(iJrl)é\Ain

:Z Z BA~HDC=GH) (R ey aim

§>04i>j41

— Z ZBA ””C (JJrl)(Rl)CJAZ +ZA Hl)(RB)(AC)

J<—=1:<j

(5.29)

Iterating this equation with respect to B we obtain

ZA H0g . — lim S B LA~ CDG b

{—00

:_ZZ Z B7* A== (Ry ) es g,

k>0j>04i>5+1

+3° 30 BRATEHNC G (Ry ) e ai g,

k20j<-1i<j
_ Z Z Bi(Hl)A*(iH)(é;)(Ac)inn-
k>0 i

Condition (5.8) in Corollary 5.3 is satisfied by Lemma 5.4. Hence the limit
above is 0 from part (1) of Corollary 5.3; and the absolute convergence of the
sum involving (AC)B¥ is justified by the same reasoning. To show the absolute
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convergence of the other two sums involving C? A* B¥ where |j| < |i|, by the same
reason the following inequality is sufficient:

IC7A* B n|| > C|j|~N||A'B*n|| > Cli| ™~ exp{7a,s(li| + [k)}In| =V
1 . _
> Cexp{,ma (il + [k HIn| =Y

1 . . _
> Cexp{  an(lil + || + [k} In| .
Hence by the notation of Corollary 5.3 we obtain
ST ATEG 0 = — Sk, (AC) " Ruyn, B, 471,71}, {C, A, BY)

+ Sk, ((AC) 'Ry, {B~",A™",C"'},{C, A, B})
— B 'Sk, (A" ' R3,n, {B™', A"} {AC, B}),
where
Ky ={(k1,k2,ks) € Z® : k1 > 0, ko > k1 + 1, k3 > 0},
Ky ={(k1, ko, ks) € 2% : ky < —1, kg < k1, ks > 0}
and
K3 ={(k1,k2) € Z* : ko > 0}.
By iterating backwards and applying the same reasoning, we obtain

AT, =Sk ((AC) ' Ry,n, {B~', A7,C7'},{C, A, B})

— Sk ((AC)™ 'Ry, {B~",A™",C7'},{C, A, B})
+ B7'Sk (A ' Rs,n,{B~', A7}, {AC, B}),
where
K| ={(ki,ko,k3) €Z3 :ky >0, ko > k1 + 1, k3 < —1},
Ky ={(k1, ko, k3) €Z3 1 ky < —1, ko < ky, k3 < —1}
and
Ky ={(k1, ko) € Z* : kg < —1}.

Then according to part (3) of Corollary 5.3, the needed estimate for R with
respect to R follows if, in at least one of the union of half-spaces K = U?Zl K;
and K~ = U§:1 K/, the dual action satisfies some polynomial lower bound for

every n = Nmin-
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Write A and B in block diagonal forms as stated in the proof of Corollary
5.3. In case An < 2(A), let ny be the largest projection of n to some neutral
block J’ for A. Then

[n1] = Clin.

Let the Lyapunov exponent of B on this block be v. For all j, i, k the Lyapunov
exponent of C7 A*B¥ on J' is kv. Then if v > 0, on the half-space K+ we obtain

IC? A*B¥n|| >C|3~N[il =N k|~ Nlna|l > Culijk| N |nll Yk >0
and
IC7 A" B n|| =Cj|~Ni| =N exp(kv/2)|n1|| = Culig|~N|n]|

on K~ for k < 0 if v < 0. Thus the polynomial estimate needed for the
application of part (3) of Corollary 5.3 is satisfied for such n.

In case An — 1(A), let nq and no be the largest projections of n to some
blocks J; and Jo with positive Lyapunov exponent A; and negative Lyapunov
exponent g, respectively. Let v1 and v be corresponding Lyapunov exponents
of B on the two blocks. Then

[nall = Clinll,  [nall = Cln.

For all j, i, k the Lyapunov exponent of C7A*B* on J; is x(j, i, k)t = i\; + kv
and is x(J,4, k)~ = iAg + ke on J2. Next, we need to show that
(5.30) {(,d, k) = x (i, k) F = 0y U (.4, k) = x(d, 4, k)~ = 0}
covers either K or K. This boils down to requiring k(5* — x2) = 0. Namely,
for any (4, i) € Z?, (4, i, k) belongs to the union in (5.30) if k(P —32) = 0and
this is true for £ > 0 or for k£ < 0 depending on the sign of Ki — ;\’2 Therefore
we obtain
(5.31) IC7 A B¥n| > Clijk|~|[n]|
in Kt orin K™.

Now choose the half-space in which the estimate (5.31) holds, that is, choose
one of the sums —Sk, + Sk, — Sk, or Sk; — Sk + Sk;. Then the assumptions

of (3) of Corollary 5.3 are satisfied for one of the sums above, and therefore the
estimate for

(5.32) IROllcr < Crl Ry, Ry, Rallro,

for any r > 0 and 0y > N 4+ 2+ [ka,pc], where ka,5c = " 1'|log||A, B, AC|||.
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(3) Estimates for Rw.
By (5.18) and (5.22) we obtain

(5.33) AA(UJ — AcQ) = AC'RQ — Rl.

Define

Rw ™ w - AcQ and Ry ¥y — ApQ.

By applying Lemma 5.6 to equation (5.33) we obtain
(5.34) IRw|lcr < Crl|AcREI — Rillor+e < Crl|R1, Ra, Rsl|cr+otor

for any r > 0.
(4) Estimates for Rt in (5.20).
Substituting w by Ac¢Q + Rw and 1 by ApQ + Ry we get
ARY — R o AC = Rs + BCRO — RO o B+ BRwo A.
Again, Lemma 5.6 implies that

IRY||cr < Cr||Rs + RO o B+ BCRO + BRw o Allrto4
< Cr||R1, Ra, Rs|gr+o+ar+os

(5.35)

where o3 > N +2+ [HA*I,AC]'
Let 6 = 0 + 01 + 03. Then the conclusion follows from (5.21), (5.32), (5.34)
and (5.35).

In fact 6, ¢ and w play the roles of R4, Rp and R¢ in (5.2). The following
lemma shows that R;, Re, R3 cannot be large if o + R is a Heisenberg group
action. It is in fact quadratically small with respect to R.

LEMMA 5.8: If & = o + R is a C™ Heisenberg group action on TV, then for
any r >0

(5.36) Ry, Ry, Rllor < G|, 4, wller (10, ¢, wl|crer

Proof. The estimates for Ry and R, follow the same way as in the proof of
Lemma 4.7 in [DK]. We just need to show the estimate for R3. Note that

Qp00p =Qapodcody,

(A4+0)o(B+v)=(B+1Y)o(C+w)o(A+0).
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Then

0o B+ Ay
=tpo(wo(A+60)+CA+Cl)+ Bwo(A+60)+ BCO+0oB—0o(B+).

Therefore,

R3=00B+ At) —1p o AC — Bwo A — BCO
=tpo(wo(A+6)+CA+CH) —1po AC
+0oB—0o(B+¢)+Bwo(A+0)— Bwo A.

The estimate (5.36) for C" norms follows similarly (see, for example, [La, Ap-
pendix II)):

[Rsllcr <Cpllth,wo (A+0) +COllcrllvh,w o (A+0) + COljgren
+ Col[9, Oll o 19, Ol crer + Crllw, Ol or[lw, O] cren
<Crl|0, 9, wllcr 10,9, wl|crer.
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