Lecture Notes on Group Theory, Lie Algebras and Beyond
RS ZAREO H M 376 B

by Rui-Dong Zhu
RER

Abstract

This is an article based on my lecture notes on Groups and Lie algebras.
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Figure 1: Square vs Rhombus

0 Introduction and Preparation

0.1 A rough idea about group and symmetries

Let us think about a simple question: why is a square (1 /7f) more special than a rhombus (%
JE)? (See Figure m) A naive way to answer this question is that a square is a special case of the
rhombi with four angles equal to 90°. An equivalent but more sophisticated answer is that a square
is a special rhombus that is invariant under a 90° rotation around its center. That is to say the

square is more symmetric.

There are eight symmetry transformations that keep the square invariant. They are rotations of
0° (doing nothing!), 90°, 180° and 270°, and reflections about four axes shown as dashed lines (a, b,
c and d) in Figure m One can easily confirm that any two such transformations combined together
again act as another symmetry transformation of the square listed here. This (the set of all these

eight transformations) is a typical example of the group, and it is known as the dihedral group (—
I{AF¥) Dihs.

The set of symmetry transformations of the rhombus, on the other hand, has only four elements.
Rotations of 0° and 180°, and two reflections about the dashed lines ¢ and d' in Figure m This is
in fact also a dihedral group, Dihy.

When we deform the rhombus to be a square at the end, the symmetry group Dihy of the
rhombus will be a subset of the full symmetry group Dihg of the square. However, as mentioned
in the beginning, by adding a 90° rotation to Dih,, we should be able to recover Dihg. Indeed, for
example, the reflection about b can be generated as a (clockwise) rotation of 90° followed by the
reflection about d. In this way, we see that by simply adding one element in the set of symmetry
transformation, the whole set is enlarged by four elements (in this case). This is associated to the
closedness ([4]41:) of the mathematical concept, group. In this article, we wish to present various

different (both fundamental and applicational) aspects of the group.



Figure 2: A typical Rubik’s cube.

0.2 An Example for Fun: Rubik’s Cube

A Rubik’s cube is usually a cube that allows one to rotate its parts (see Figure E) The goal of
playing Rubik’s cube is to “solve” it, i.e. to restore its original state (with each surface in only one

color, see Figure H)

Of course, as shown in Figure E, one can rotate a face of the Rubik’s cube by any degree, but
to achieve the finial goal of solving the Rubik’s cube, we only consider operations that keep its
cubic shape. These operations also form a group, and this group is characterized by keeping the
shape of the cube invariant. It is said that there are about 4 x 10! different patterns in Rubik’s
cube, so without any knowledge of the group theory, it is almost impossible to understand how to
solve Rubik’s cube. In particular, if we accidentally break a Rubik’s cube, and after putting all
the pieces back, we want to confirm if the cube can be solved to the original form (Figure H) In
fact, if we assemble pieces completely in a random way, then we will only have a 1/12 chance to
obtain a solvable Rubik’s cube. The confirmation of the solvability of a random cube involves a lot
of knowledge of representation theory, and we wish to explain this idea through this lecture course.

This example of fun will be repeatedly used in this course to explain various kinds of basic concepts.

0.3 Preliminary 1: Symmetry and its use in Physics

Example 0.1 (Hydrogen atom, &J5 1) Let us recall how we solve the spectrum of a hydrogen

atom, or more precisely the electron moving around a proton. The Hamiltonian of this system reads

H=——V- — (0.1)



Figure 3: A solved Rubik’s cube.

MeMp
Me+mp

coordinates (7,0, ¢), we obtain the following equation

R (10 (,0 1 0(. 0 1 02 e?
{_% (7’_25 (r 5) + r2sin 0 0 <sm9%) * r? Sin208g02) B 47T607’:| v(r.0,9) = E(r,0,¢),
(0.2)

where m =

~ 0.9995m, is the reduced mass of the system. After changing to the spherical

to solve for the energy eigenstate. This equation can be solved by separating the variables,
U(r,0,) = P(r)Y(0,¢), (0.3)
where Y (0, ¢) satisfies
(ﬁ% (sin 9%) + @;—;) Y(6,p) =AY (0,0). (0.4)
The eigenvalue A is known to take a discrete value
A=—L(L+1), for’L€N. (0.5)

A detailed derivation of this constraint can be found in Appendix Igl The function Y (6, ¢) here is
known as the spherical harmonic, which is labeled by two integers, L and m € [—L, L] C Z and is
denoted by Y"(0, ). It further satisfies

Let us define
0 , 0 0
L,=—i—, L,=e"+—+i — . )
Z@gp’ r=e < 89+ZC0t98g0> (0.7)
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It is not hard to check that L,, L satisfy the following commutation relations,
(Lo Ls] = +Ls, [Li,L]=2L., (0.8)
and that (@) is translated to
(% (Ll +L L)+ Lg) o) = —A A m) | (0.9)

by identifying Y7 (6, o) as the eigenstate |L, m) of the Casimir operator C := £ (L4 L_ + L_L,)+L2.
We also have

L, |\,m)=m|\m). (0.10)
One can instead define
L L_ L_—L
L, = % L,= T+ (0.11)

then the commutation relations for L,, L, and L, read
L., L, =L, [Ls L, =Ly, |[Ly,L;]=0L,. (0.12)

The above algebraic relations define an algebra known as s0(3), and the exponential of these oper-
ators generates rotations in 3D Euclidean space. We will discuss more details on this later. Let us

derive the constraint on A in this algebraic approach. We note that
L,(Ly|A\,m))=(m=£1)(Ls|\,m)), [L+,C]=0, (0.13)

and thus L. connect different states in a single multiplet (£ E4%; EEMHENEIFSNES). A
multiplet labeled by discrete parameters in Physics usually only has a finite number of states. Let
us consider a multiplet with largest value of L, denoted as m,., € Z and its minimal value denoted

as My € Z. By definition,

LN\ mpaz) =0, L_ |\ mpmn) =0. (0.14)

One can evaluate that
A= —Mar(Minazr + 1) = =M (Mpin — 1). (0.15)
We easily see from the above equalities that L = myee and my, = —Migee (following from

Mmin g mmaz) .

The spectrum of the hydrogen atom can then be solved from the equation

{_5_2 (%% <T2%) s 1)) ¢ } P(r) = EP(r). (0.16)

2m r 4meqr

We remark that the algebraic approach simplified the problem a lot compared to the analysis done
in Appendix @

Q: What will happen if L is not an integer? Why m has to be an integer?
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Example 0.2 (3D harmonic oscillator, =#EJE#E 1) The Hamiltonian of a 3D harmonic oscillator
is given by

n’? 2 mw? 2 2 2
HgD——%v +T(£L‘ +y" +z ) (017)

It can be decomposed into three copies of the 1D harmonic oscillator

Hip=———"—+—2x°. (O.18)

A well-known method to solve the 1D oscillator is to define the generation and annihilation operator

a= % <@x + \/%ax> . al = % (@x — \/%aﬁ) , (0.19)

and then the 1D Hamiltonian can be rewritten into

as

1
Hip = hwa'a + §ﬁw. (0.20)
The creation and annihilation operator satisfy
[a,a’] = 1. (0.21)

The algebra spanned by them is known as the Heisenberg algebra. Energy eigenstates of the 1D

oscillator system take the form
|n) = (aT)n 0y, meN, (0.22)

with energy eigenvalue

E, = (n + %) hw. (0.23)

The spectrum of the 3D harmonic oscillator is labeled by three independent integers, (n, j, k),

, 3
E(n,j,k) = (n + 9+ k + 5) hw. (024)

Now we take an alternative way to solve the problem, i.e. by rewriting the Hamiltonian in the
spherical coordinates.

{ : (12 (ﬁ%) B M) + m—uﬁrﬂ P(r) = EP(r). (0.25)

“om \r20r r2 2

Changing the variable to u = 2vr?, and setting P(r) = (2vr?)%/2e="* P(r), we obtain

m2w? omE

TRt T

(Syuag + (12v + 8vL — 8vu)d, + 2uvu — 4vlL — 61/) P(u) =0, (0.26)



and by further choosing 2 = %, the above equation is simplified to
3 E L 3\ -
P4+ (L+=—u)dy+——=—==)Pu)=0. 0.27
(w02 (245~ 0t 5 - 5 - ) P (0.27)

"N

This is a differential equation known as the generalized Laguerre (i /RK) equation, whose solution

is non-singular only when

E L 3
We thus see
3

Let us count the number of states in these two different coordinate systems. In the Cartesian
coordinates, three non-negative integers sum to a given number N, and the number of states is
given by the partition of N into 3 parts, p3(N + 3). While in the spherical coordinates, it can be
computed as
[V /2]
> (2N —2i)+1) = (2N + 1 —2[N/2])(|N/2] +1). (0.30)
i=0
In both case of N =2M and N =2M + 1 for M € N, the above expression is simplified to
[V /2]
N+1)(N+2
Z(Q(N—Qi)+1)=( il )2( +2) (0.31)

=0

The number of parts py(N) in general is computed using the recursive relation
pk(N) = pk(N — k?) —|—pk_1(N — 1), <032)
together with px(n) = 0 if n < 0. We have

po(N+2) =N +1. (0.33)

The generating function of p3(N + 3) is

> ps(N+3)¢" = a _1q)3, (0.34)
and we see that
ps(N +3) = (N+1)(N—|—2)' (0.35)

2
Q: Any different proof?

One main goal of this lecture is to understand this decomposition in a more convenient and

algebraic way.



Example 0.3 (3D rotation as SO(3), =#£jjg#%) As mentioned before, rotations in 3D are gener-
ated by the product of exp (01 L), exp (f2L,) and exp (05L,), where L, ,, . satisfy the commutation
relation () Let us express these operators more explicitly as an action on the Cartesian co-

ordinates (z,y,z)". On such a three-vector, L, , . can be written (represented) as 3 x 3 matrices,

e.g.

0 0 01 0 -1 0
L= 00 -1 |, L,= 0O 00 ], L.=]11 0 0 (0.36)

0 -1 0 0 0 0 0

Q: Confirm the commutation relations () for the above matrices.
More precisely, we have
cosfy —sinf; O 1 0 0
B = | ging, cost; 0 |, e”le=| 0 costy —sind, |, (0.37)
0 0 1 0 sinfy cosf,

cosf; 0 sinb,
efsly = 0 1 0 : (0.38)

—sinf; 0 cosb,
They respectively correspond to a clockwise rotation around the z, x and y axes. We observe that

(eeLgc,y,z)t — e_eLx,y,z' (()39)

Since an arbitrary 3D rotation can be expressed as a product of these matrices, we conclude that

any 3D rotation O expressed in the form of a 3 x 3 matrix satisfies

O'=0"" (0.40)
Similarly, we see that

detO = 1. (0.41)

These two conditions () and () turned out to be the characteristic properties of the 3D
rotation group, which is known in mathematics as the SO(3) group. When the condition () is
removed, then the group will also contain reflection operations, and this 3D rotation & reflection

group is called O(3) group in mathematics.

0.4 Preliminary 2: Important Facts in Linear Algebra

The linear algebra (Z:40%%) deals with linear problems in the nature. Something linear means it

is compatible with the addition and scalar product operation. For example, a linear map(Z¢4:
51,
T: Vs W, (0.42)
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satisfies
Tu+v)=T(u)+T(v), T(a-u)=al(u), (0.43)

for Yu,v € V, and Ya € R. Of course, to consider such a linear map, we need a linear structure,
i.e. the addition and scalar product, defined on the space V and W. This leads to the concept of a

linear space, or a vector space:

Definition 0.4 (Vector space, [A] & %3[H]) A vector space, V = {¢}, is a set of elements, called
vectors, equipped with the addition operation + and real (or resp. complex) scalar product -. These
two operations (binary maps) satisfy (for Y&, 7, € V and a,b € R (resp. a,b € C)):
o Associativity(Z5&H): 4+ (04 W) = (4 + 0) + 0,
o Comuutativity (3Z#f3): @ + 7 =7 + 4,

« Identity element(®{77T): there exists a (unique) element, called the zero vector 0 in this

case, s.t. 0+u=u+0=u,

o Inverse element (i JT): for each vector w, there exists an element to be its inverse element

denoted as —, s.t. @ + (—i) =0,
o Distributivity (43 lidf#): a(d + 0) = ad + av and (a + b)d = at + b,
« Compatibility of scalar product: a(bi) = (ab)i,
o Identity in the scalar product: 1-4 = .
In this lecture, we mainly consider vector spaces of the form V' = R"™ and V = C". Therefore,
vectors take the form

U1

U2

<y
|

(0.44)

We want to further consider linear maps between two vector spaces, say from V = F" to W = F™,
where we denoted the field (1) as F, which can be chosen to be R or C accordingly. These linear

maps are realized as matrices, which are denoted as

My My ... My,
Myy Moy ... My,

M = (M;jh<icmi<jn = . . . (0.45)
Myp1 My ... My,

11



It acts on the vector as

w=M -7, (0.46)
with
w; = Z Mi,jvj' <O47)
j=1
It is straightforward to check the linearity of this map, since
Similarly, we can extend this definition of multiplication to that between matrices,
M-N=(M-N)y), (M-N)i;=>Y MiN, (0.49)
k=1

where only the multiplication of m x n matrix onto n x n’ matrix is allowed. The addition between

two matrices with the same size can be defined as
(M + Ma), ; = (Ma)i; + (Ma)y;. (0.50)
These operations again are linear, i.e.

(My+ M) - N =M -N+My-N, M-(N,+Np)=M-N,+M-Ny, (0.51)
M- (aN)=aM - N, (0.52)
for Va € F.

Let us denote the space of all m x n matrices as M, ,, and it is easy to see that this is also
a vector space (but equipped with an additional operation, matrix multiplication, if m = n). The
vector space V' = [F" can be viewed as M, ; or M ,,.

Squared matrices, i.e. M, ,,, are more interesting, as it sometimes is possible to define the inverse

to the matrix multiplication, i.e. matrix satisfying
Mt M=M-M"=1I,m, (0.53)

where I, stands for the n x n identity matrix. It is easy to show the uniqueness of the inverse
element: suppose there are two different inverse elements to M denoted as M~ and M’~!, then we

have

M*t=M"' M -M™1'=M" (0.54)

12



To see the condition for the existence of the inverse matrix, we define the concept of the determinant.
In order to define it, we need to consider the permutation of the set of numbers (1,2,3,...,n). A

permutation(‘F#t) is a shuffle of these numbers, for example, the map
50 (1,2,3,4) — (2,4,1,3), (0.55)

is a typical permutation. These permutations, as we will see later, actually form a group, called the
symmetry group &,,, and they can be generated by combining the permutations interchanging the

i-th and the 7 + 1-th number, o0;’s. e.g. s can be realized as
5 = 020307. <O56)

We can assign a signature sgn(c) = (—1)2:#e to each permutation operator, o. The determinant

of an n X n matrix is then defined as

detM = Z sgn (o) M; »i).- (0.57)

O'EGn

The most frequently used cases are n = 2 and n = 3, where we have for n = 2,
det (M) = M11M22 - M12M217 <058)
and for n = 3,

det (M) = My Moo Mss — My M3 Moz — Myg Moy M3y + Mo Mszy Moo
+ Mg Moy Mzy — Mz Msy Mas. (0.59)

In general, we can define a smaller (sub)-matrix of M with its i-th row and j-th column knocked
out, MV,
M,y 1<a<i, 1<b<y,
y M, 1<a<n, 1<b<y,
(]\/[V”) , = +1b == J (0.60)
“ Ma,bJrl 1§a<273<b§n7
Moytipr1 <a<n, j<b<n.

The determinant of an n x n matrix can recursively be determined from those of (n — 1) x (n — 1)

matrices,

det (M) = Y (—1)"7M; jdet (M) . (0.61)

1<i,j<n
An extremely interesting property of the determinant is that

det (M1 My) = det (M;) det (My) . (0.62)

13



Let us try to check the above identity for n = 2: note that

then we have

det (MyMy) = ((M1)11(M2)11 + (M1)12(Ma)21) (M1)21(Ma)12 + (M1)22(M2)22)
— (M1)11(M3)12 + (M1)12(Ma)a2) ((M1)21(Ma)11 + (Mi)az(Mz)21)
= (M1)11(M1)22 (M2)11(Ma)az — (M) 12(Ma)a1)
+(M1)12(M1)a1 ((Ma)12(M3)a1 — (Ma)11(M2)22)
= det(M;)det(My). (0.67)

Another important quantity characterizing the matrices is called the trace(i7F). It is defined as

the sum of all diagonal elements,
tr(M) = M. (0.68)
i=1

One may further define functions of variables in matrix value, f(M). We need to utilize the
Taylor expansion (ZZ#JESF) of f(x),

f(z) = Z anz", (0.69)

then we define

FOM) =Y "a,M". (0.70)
The most useful functions are
o0 1 .
exp (M) =) — M, (0.71)
n=0

and

sin(M) =) (_—W_M?”“, cos(M) =) (D" o (0.72)

We remark that properties of the corresponding number-valued function do not necessarily become
the properties of the matrix-valued function. For example, for x,y € C we have

exp(z +y) = exp(x) exp(y), (0.73)

14



while for My, My € M, ,,
exp (M + My) # exp (M) exp (M) . (0.74)

Instead we have the Baker-Campbell-Hausdorff formula:

exp (My) exp (Ms) = exp (M1 Myt S (M, My 4 = (M, [M, Ma]] — — [My, [My, My]] + . ) |

2 12 12
(0.75)
The following identity connects the determinant and the trace of the matrices,
det (exp(M)) = exp (tr(M)). (0.76)

It directly follows that if the determinant of exp(M) is 1, then M itself is traceless, i.e. its trace is

Zero.

Let us work out the exponential of
0 1
.= _ 0.77
(1) o

1, = 1
n]I 2n+1
)" 2X2+;(2n+1)!u

_ ( coshu sinhu > . (0.78)

sinhu coshw

Note that 02 = 549, so we have

NE

exp (uo,) = o

Il
=)

n

We also remark that the logarithm can be defined through,

log(1+x) = i (_Bnﬂxn, (0.79)
therefore
R S G DR
log(M) == S (M -T)". (0.80)

n=1

direct sum (EAf1) The direct product of two matrices M; and Ms, denoted as M; & My, is

schematically given by

M
MI@M2:< ' @>, (0.81)



where Q is zero matrix with proper size. When both M; and M, are square matrices (say respectively

n x n and m X m matrices), we certainly have
tr(M; @ My) = tr(My) + tr(Ms). (0.82)
The direct sum of matrices acts on the direct sum of two vectors ; and vy as
(My & My) (U; @ 1) := (M) & (MaTs). (0.83)

If the components of ¥; and v, are given by

V11 V21
. V12 . Va2
V1 = . N Vg = . N (084)
U1in Vom
we can write
V11
V12
U1 @ Uy = (()85)
V21
Va2
Vom

direct product (Ef!) In the context of physics, the direct product is sometimes more useful.

It also satisfies

(Ml & MZ) (171 (029 UQ) - (Mlﬁl) & (MQUQ) (086)
We define
(A & B)ij;k:l = AijBkh (087)

We can relabel the set of (,7) indices into a single index, and re-express A ® B as a matrix and

@® b as a vector. For example, if both A and B are 2 x 2 matrices, and d, gbeing 2-component

16



vectors, then

dop o [ AnB | AiB
AnB | AnB

A1 By A By
A11By; A1 Boo

A1aB11 A1aBio
A19Bo1 A12Boas

_ (0.89)
A9 By A9 Big | AgeBiy A B
A9 By Ag1Bag | AgaBar A Bay

In particular, we see that
tr(A ® B) = tr(A)tr(B). (0.90)

1 Abstract Algebra

1.1 Basic concepts

Definition 1.1 (Group, #f) A group G refers to a set of elements equipped with an operation
(we denote it as - here) that combines two elements and map them to another element in the set.

That is to say,
aYbeG=a-beq. (1.1)

The operation is required to satisfy the following properties:

e (a-b)-c=a-(b-c) (associativity, ZEE1H)

o There exists an element e € G s.t. Ya € G, (e-a) = (a-e) = a. e is usually called the unit

element or identity element (E{IT) .

1 1

« For Ya € G, there exists an element, usually denoted as ™!, s.t. a-a™' =a~!-a = e (inverse

element, i 70) .

Remark Uniqueness of the identity element: say there are two identity elements e and €', then

e=ce¢-e =¢€.

Example 1.1.1 The set of all integers, Z, form a group under the action of addition +. The

identity element is 0, and the inverse element of a is usually denoted as —a.

17



5% 3
Figure 4: The labeling of all the faces of Rubik’s cube.

Example 1.1.2 All the bijections from any set X to itself form a group under the action of
composition of such maps. This group is usually called the symmetric group (5fFREE) of X. The
symmetric group of degree n is defined for X = {1,2,3,...,n}, and is denoted as &,,.

Example 1.1.3 (JEJ’) Operations rotating one of the faces of the Rubik’s cube by 90°, 180°,
270° or 360° form a group that keeps the cube invariant. Let us call this group Rubik’s group in
this article. The identity element is doing nothing to the cube, and the inverse element is a rotation

with the same angle but in the opposite direction.

Figure @ shows how we label the faces of Rubik’s cube, and Figure B tells us the relative positions
of surfaces with labels on them. We adopt the traditional coloring of Rubik’s cube in our figures.
The rotations (with 90° clockwisely) will be named after the related surface in this lecture (we will
always start from the solved cube and fix the angle we look), for example the rotation of the 3-rd

surface acts on the solved cube as in Figure B

Example 1.1.4 (A toy model of Rubik’s cube) Figure B shows a toy model of Rubik’s cube that
we want to consider in this article. It is similar to a Rubik’s cube projected to 2D. We are allowed to
rotate it by § and we can also perform a cyclic permutation on three right-hand-side boxes, whose

action from the solved puzzle (Figure H) is shown in Figure E

Definition 1.2 (Abelian Group, FifDI/REE) An Abelian group is a group satisfying the following
commutativity (3H#afdt) .

a-b=>b-a. (1.2)

Example 1.2.1 The group of integers Z is an Abelian group.

18



Figure 5: An developed representation (fEH-[&) of Rubik’s cube with labels on each surface.

Figure 6: Rubik’s cube after the rotation of the 3-rd surface acted on the solved cube.

Figure 7: A toy puzzle.



Figure 8: The cyclic move (permutation) allowed in our toy.

Example 1.2.2 The set of all 2 x 2 matrices with real entries and determinant 1, SLy(R), forms

a group under the multiplication of matrices. However it is not an Abelian group, as we can see

0 1 1 0 0 -1 1 0 0 1 0 1
-1 0 0 —1 -1 0 0 -1 -1 0 10
Example 1.2.3 Let us examine if the Rubik’s group is Abelian. We start from the following

solved shape:

(1.4)

and perform a 90 ° (clockwise) rotation (denoted as R) on the green face (the 4-th face), a 90 °
(clockwise) rotation (denoted as U) on the white face (the 6-th face), and a 90 ° (counter-clockwise)

rotation on the 4-th face (corresponding to R~! to obtain

AR A4

(1.5)

20



We see that it is far different from the shape obtained from the rotationon the 6-th face,

Ll [/ [/
y AR AR 4

(1.6)

That is to say,
R'WR#U, (1.7)

so Rubik’s group is not Abelian.

Definition 1.3 (Semigroup, (##) A semigroup G is a set of elements closed under the action -,

and satisfies the associativity. i.e.

a,b€EG=a-b€G, (a-b)-c=a-(b-c)for a,b,ccq. (1.8)

Example 1.3.1 The set of all natural numbers, N, is a semigroup under the action of addition
+. The set of all positive integers, Z,, is also a semigroup under the same action. They are also

semigroups under the operation of multiplication x.

Remark As we have seen in the above example, a semigroup can have identity element(s), or it
can also be consistent to have no identity. In general, we can have one-sided identity elements in a
semigroup, that is element e satisfying e - a = a for Ya € G, or a- e = a for Ya € G. The element
satisfying both of these properties is called a two-sided identity element. The two-sided element, if
exists, will be unique in the semigroup, on the other hand, one can have more than one one-sided
identity elements.

Example 1.3.2 All functions (say in the form f : R — R), {f}, form a semigroup with the
composition of functions, fog e {f} for f,g € {f}.

Example 1.3.3 All constant functions, f. that is the function mapping all variables into a constant
¢, form a semigroup. One can further add an element, say f.(x) = d,0, into this semigroup, and it
becomes a new semigroup. We can see that f, is a right identity element, f.o f, = f. for "c € R,
while f, o f. = 0.0 is a constant function depending on the input of c. Of course we can easily think

of many such right identities in this example.
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Definition 1.4 (Monoid, Z3#f. B#f) A monoid M is a semigroup equipped with a two-sided

identity element.

Example 1.4.1 The set of all natural numbers, N, is a monoid both in the sense of addition +

and multiplication x. The identity for the multiplication x is 1.

Example 1.4.2 The set of all 2 x 2 matrices with real entries, My »(R), is a monoid under the

multiplication of matrices. It is, however, a group under the addition of matrices.

Definition 1.5 (Ring, ¥f) A ring R is a set of elements equipped with two (binary) operations,
symbolically denoted as 4+ and -. R is an Abelian group under the action of +, and a monoid under

the action of -. Furthermore, we require the distributivity (4>#df#) of the multiplication.
a-(b+c)=a-b+a-c, (a+b)-c=a-c+b-c (1.9)

That is to say, the multiplication - is bilinear.

Example 1.5.1 The set of all integers, Z, forms a ring.

Example 1.5.2 The set of all 2 x 2 matrices with real entries, My 5(R), is a ring under the action

of addition of matrices and multiplication of matrices.

Example 1.5.3 (Field, 1) A field, also mentioned before as an abstract concept of the sets such
as R and C, is a ring but also Abelian under the multiplication -, and has identity element and
inverse elements of the multiplication. A famous field beyond the real and complex numbers is the
quaternion (PY7C%Y), usually denoted as H. It was originally discovered by an Irish mathematician,
Hamilton, and similar to C that can be thought as a two-dimensional space, H is a four-dimensional
space spanned by four basis vectors, 1, i, j and k. A general quaternion number, h € H, is

parameterized by four real numbers, a,b,c,d € R,

h =a+ bi+ cj + dk. (1.10)

These basis satisfy
i’ = =k =ijk = —1. (1.11)

From this, we have
ij = —ijk* = —(ijk)k = k. (1.12)
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Definition 1.6 (Subgroup, T-#f) A subgroup, H, of a given group G is a subset (T-£) of G that

also forms a group itself.

Example 1.6.1 H, = {e} and Hy,; = G are all subgroups of G. H is often called the trivial (-
JL) subgroup of G.

Proposition 1.6.2 The unit element in a subgroup, H, of G is the same as the unit element in

G. The inverse of any element in H is also equal to the inverse of that element in G.

Proof: Denote the unit element in H as exy and the unit element in GG as e. Then we have
ey -e=ey, ey-eyg=ey, (1.13)
respectively following from the property of the identity of e (in G) and ey (in H). That is to say
eg-€=ey-eq. (1.14)

By multiplying the inverse element e;ll in G, we obtain e-e = e-eg = e = eg. Let us further

denote the inverse element of a € H in H as a~' to distinguish it with the inverse element a=! in

G. Since ey = e, now we know that
it a=alta=e (1.15)

1

By further using a - a=! = e, we see that a=! = a~!. O

Example 1.6.3 (JEJi) Rotating only one face of Rubik’s cube gives a subgroup of Rubik’s group.
Definition 1.7 (Subring, 1-2f) A subring is a subset of the ring that preserves the ring structure.

Definition 1.8 (Generator, 4= 7C) The set of generators is defined as a subset of a given group
(or resp. ring) that is not contained in any subgroup (resp. subring) other than the entire group

(resp. ring). The number of elements in the set of generators is called the rank of the group (resp.

ring).

Definition 1.9 (Conjugate, %) For two elements h and A’ in the group G satisfying
W =ghg™t, for'ge G, (1.16)

then we call them conjugate to each other.

23



Proposition 1.9.1 One can define classes of elements such that all elements related by the con-

jugate relation are sorted into one class. We usually call it a conjugacy class, and denote it as

Cl(g).

Definition 1.10 (Homomorphism, [F]£%) Given two groups, G and H. If there exists a map from
G to H, ¢ : G — H, which preserves the group structure, then we call this map a homomorphism

between G and H. More precisely, it satisfies (for Yg;, g2 € Q)

©(g1 - g2) = w(g1) - ©(g2), (1.17)

and @(e) is the unit element in H.

Example 1.10.1 The trivial (embedding) map from the integer numbers Z to real numbers R
is a homomorphism, while the embedding of the nature numbers N in the integers Z is NOT a

homomorphism, as N is not a group under +/- operation.

Example 1.10.2 It is also possible to construct a homomorphism from the symmetry group of
a rhombus, i.e. Dihy, to the symmetry group of a square, i.e. Dihg. We simply map the reflection

about the ¢’ (resp. d') axis to the reflection about ¢ (resp. d) axis in the square.

Definition 1.11 (Kernel, [A]&#. #) In a homomorphism ¢ : G — H, the set of all elements
in G' that are mapped to the identity element ey in H is called the kernel of this map ¢, and is
usually denoted as Kere.

Note that the kernel Kery forms a subgroup in G.

Definition 1.12 (Isomorphism, [F]#4) If a homomorphism, ¢ : G — H is also a bijection (X{5f)
map (that is to say, there is a one-to-one correspondence between all the elements in G and H),
then we call ¢ an isomorphism between G and H. With such a bijection map, we say that G is

isomorphic to H and denote this relation as G ~ H.

2

Example 1.12.1 The group {e, o} satisfying ¢- 0 = 0 -e = 0, ¢ = ¢, 0% = e is isomorphic to

Zs ={0,1} equipped with the addition mod 2.

Example 1.12.2 The symmetry of a rectangle ({:7577¥) is isomorphic to that of the rhombus.
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,,,,,,,,,, - - b/

More precisely, we can list the group action of these two groups respectively consisted of

{67 CryTaly ,rb’} and {67 CryTes Td’}~

€ Cr Ta | Ty (& Cr Te | Tq

e e Cr | Ta | Ty e e Cr | Ter | T
Cr Cr € Ty | Tg Cr Cr € Ta | Te
Ta Tq Ty (& Cr Ter Ter Ta € Cr
Ty Ty Ta Cr € Tq Tq T Cr €

The isomorphism map can be constructed as

€€, Cr = Cr, Ta > Ter, Ty = Tqr- (118)

Definition 1.13 (Normal subgroup, 1E#{ T-#f or Invariant subgroup, A28 7#f) Given a subgroup
H of G, we denote gHg™* = {ghg~t|h € H}. When H = gHg*, for "g € G, we call such a subgroup
H a normal subgroup (or an invariant subgroup) of G.

Corollary 1.13.1 The kernel of H, Keryp, is a normal subgroup in G (with ¢ : G — H).

Definition 1.14 (Quotient group, W&#f) Let H be a normal subgroup of G. The quotient of G
by H, denoted as G/H, is defined as the set {gH|g € G}. A group structure can be defined on this

set as

(gH)o (dH) = (g9-4')H. (1.19)

Remark The representative g for gH is of course not unique. Say ¢1H = g.H and giH = ghH,
then we have

(91 92)H = g1(92H) = g1 (95 H). (1.20)
Due to the invariant property of H, gbH = Hg), and thus
(91-92)H = g1Hgy = (91 H) gy = g1 Hgy = (g1 - 92) H. (1.21)

We thus see that the group structure does not depend on the choice of the representatives of the

quotient group.
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Remark Do not confuse the notation of the quotient group G/H with the complement set (%}
) of H in G, G\ H. The latter represents the set of elements that are in G but not in H, i.e. if
g€ G\ H, then g e G, but g ¢ H.

Proposition 1.14.1 Given a homomorphism map ¢ : G — H, ¢(G) ~ G/Kerp. ¢(G) is often
called the image of ¢, and denoted as Imep.

Proof Let us construct the following map 7 : G/Kerp — ¢(G),

m(gKerp) = ¢(g). (1.22)

We need to show that this map preserves the group structure and it is one-to-one. The first property

is almost obvious,

m(gKerp) - m(g'Kerp) = p(g) - 0(g") = ¢(g-9') = 7 ((g - 9 )Kerp) = 7 ((gKer)p o (¢'Ker)) . (1.23)

Now let us show the second property and given gKery = ¢g'Keryp, then ¢’ = g- h for h € Kerp. We

thus have

o(g) =wlg-h) =e(g)-@(h) = v(g) -ex = v(g), (1.24)

and vice versa. That is the map is independent of the choice of the representatives, and is an injec-

tion. It is also obviously a surjection, so the map 7 is a bijection, and therefore is an isomorphism.

Example 1.14.2 Let us take G = Z and H = 27 = {2i},cz. Of course, H is a subgroup of G and
since GG is abelian (under the action of addition), any subgroup of G becomes a normal subgroup.
The quotient G/H has elements in the form {¢g+2i|g,7 € Z}, and it only has two different elements,
i.e. when g =2n for n € Z, g + 27 = 27, and when g =2n + 1 for n € Z, g + 2Z = {27 + 1} (the
set of all odd integers). We thus see that G/H = Z/27Z = Z, = {0, 1}.

Example 1.14.3 Let us consider the projection map, ¢ : G® H — H with g® h — h. It is easy
to see that the kernel of this map is given by Kerp = G ey := {g®eg|g € G} ~ G. Then we can
define the quotient group G ® H/Kerp = {h(G ® ey) = G® h|lh € H} ~ H = Imep.

Definition 1.15 (Left action on a set, fEEES FRYATT/EH) We say a group G acts on a set X

from the left when for each element g € GG, there exists a map,
0y X = X, (1.25)
s.t. for Vg, h € G,
Pg © Pr = P(g-h)- (1.26)
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For Vz € X, we usually use the following short notation to denote ¢, (z),

gz = @4(z). (1.27)

Example 1.15.1 Consider the set of all column vectors, R?, whose typical element looks like

(Z) a,beR, (1.28)

then the set of all real 2 x 2 matrices, M 5(R), naturally acts on R? from the left, i.e. for v € R?
and M € My,(R), we have Mv € R%

Deginition 1.16 (automorphism, H [FA|/fs)) When we have an isomorphism ¢ : G — G from a

group G to itself, we call it an automorphism.

1.2 Representation Theory (FRit)

Going beyond the defining set of an algebraic conecpt, such as a group or a ring etc., we may extract
out the abstract algebraic relations that characterize the underlying group or ring, and realize these
relations in a more general space. This is basically the idea of the representation theory. As we
will see later in this lecture, there exists many different ways to realize the same algebraic relations.
Very often, there are some central elements behind the algebra, and taking different representations

of the algebra gives different values to the central elements.

Definition 1.17 (representation, 3£7~K) A representation of a group G is a homomorphism from
G to (usually) a group of square matrices M, denoted as R: G — M. It follows from the property
of the homomorphism that R(g-h) = R(g)R(h) for Yg,h € G.

Remark: From the above definition, we always use a finite-size matrix to represent each element in
the group G. However, this is not always necessary or even possible for any given GG. Strictly speak-
ing, the representations defined here are mathematically called finite-dimensional representations.

Indeed it is known that there are groups without any non-trivial finite-dimensional representation.

Remark: First note that the identity element e of G is mapped the identity matrix, I, in M.
Then note that from the very definition of group, there is always an inverse element g~! for any
g € G and it satisfies

R(g")R(g) = R(e) =1 = R(g)R(g™"). (1.29)
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That is to say, R(g) is invertible for Yg € G. The set of all n x n invertible matrices is called the
general linear group (—MZMERE) of degree n, and is denoted as GL(n). One can set M in the
above definition to be GL(n) for 'n without losing any generality. Futhermore, depending on the
real or complex nature of all the elements in the matrices, one may further specify the general linear
group to be GL(n,R) or GL(n,C).

Example 1.17.1 (Jf£77) In the case of Rubik’s cube, we first need to construct the representation
space (F7n%3[A]), which is spanned by all the allowed configurations in Rubik’s cube:

(1.30)

We assign to each configuration a vector, say (1,0,0,...), (0,1,0,...), (0,0,1,...) and so on, of

dimension equal to the number of configurations (in this case roughly 4 x 10'?).

Definition 1.18 (trivial representation, - ;L3&7/K) A trivial representation maps I all the ele-
ments of a group G to the identity matrix, so I(g-h) =1-1=1= I(g)I(h) is trivially satisfied for
v

g,h € G.

Remark: Of course, it is always possible to construct a trivial representation (with arbitrary

matrix size) for any group G.

Example 1.18.1 (Jif/7) The trivial representation of Rubik’s group is constructed on the follow-

ing cube (without distinguishing different colors in the original Rubik’s cube).

Y i i
//
// (1.31)
//

Definition 1.19 (dimension, Z4£#%{) The dimension of a representation is defined as the order of

matrices used in the representation.
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Definition 1.20 (faithful representation, 553E7~K) When the representation is isomorphic, then

we call it a faithful representation of the group G.

Let us depict the core idea of the representation theory with some simple examples.

Example 1.20.1 The first example is Zy = {0,1}. 0 is the identity element for the addition

operation, and we also have 1 + 1 = (0. This relation can be represented by a map Ry to two 2 x 2

0r—><10>, 1»—>(01>, (1.32)
0 1 10

and the multiplication of matrices is identified as the group action. The dimension of this represen-

matrices, i.e.

tation R is two, and one can confirm that it is also a faithful representation. We can also construct
a one-dimensional representation, Ry : Zs — R, that maps both 0 and 1 into the real number 1.

Ry clearly is not a faithful representaiton, as it is a trivial representation.

Example 1.20.2* The second example we look into, which is more interesting, is the symmetric
group. The symmetric group can be generated by the set of adjacent transpositions o; = (i,7 + 1)
that permutates the i-th and (i 4+ 1)-th elements (with N + 1 identified with 1). These generators
satisfy

ol =1, o0i0;=00;for|i—j|>1, (0001)° =1 (1.33)

7

The last relation can be confirmed with the explicit action,
;0,41 = (Z+2,Z,Z+ 1), (134)

that is a cyclic permutation of three elements. The relations () are known as special cases of

the Coxeter group, where several constraints of the form
(O’iO'j)mij = ]_, (135)

are imposed on the set {o;} and m;; = 1, and if m;; # 0 for some i # j, then m;; > 2. We denote

the symmetric group acting on n labels as G,,.

A very important concept in the context of the symmetric group is the partition. A partition
(F&K3f45) is a set of positive integer numbers, say A := {\}Y,, satisfying \; > A\ for i =
1,2,...,N — 1. A partition is often graphically expressed as a Young diagram, with the number
of boxes in each row of the diagram equal to the integer A\;. An example for A = {5,4,4,2,2,1} is
shown in Figure Q We further define the object named A-tableau, which is defined by assigning the
number 1,2,...,|A| = 37, \; to each box of A (see Figure @) One can symmetrize the numbers
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Figure 9: The Young diagram for A = {5,4,4,2,2,1}.

Figure 10: A A-tableau associated to A = {4, 3,1}.

assigned to each line, that is to say, when we consider the symmetric group &) acting on the set
of numbers {1,2,...,|\|}, for example the subgroup that only shuffles among {1,2,4,5} does not
change the A-tableau shown in Figure . One can easily see that the set of all Ad-tableaux associated
to a given Young diagram A forms a vector space that the symmetric group naturally acts on. More
practically, since there are [A|! ways to assign {1,2,...,|\|} into a Young diagram \, we can use a
|A|!-dimensional vector space for the representation space, and then we can express the symmetric

group &, in the form of matrices.

The conjugacy classes of the symmetric group is also labeled by Young diagrams. Let us see
how it works in several examples. In the simplest case of Gy = Z,, there are only two elements and
thus two conjugacy classes. Let us proceed to the case of G3 generated by {1, 02}. We have 6 = 3!

elements in total, 1, o1, 09, 0109, 02071, 010201. Note that oy0109 = 010901 as we have
3
01 (0'20'10'2) 0109 = (0'10'2) =1. (136)

We can write down a table to show the group action in Gs.

1 o1 09 0109 0901 010901
1 1 01 092 0109 09201 010201
01 01 1 0109 02 010201 0201
092 (o)) 0201 1 010201 01 0102
0109 01029 010201 g1 0201 1 g9
09201 09201 g9 010201 1 0109 01
010901 010201 0102 0201 01 09 1
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(a) (b) () (d) (e) (f)

Figure 11: Six different Young tableaux, but (a) is equivalent to (c), (b) is equivalent to (e), and
(d) is equivalent to (f).

This kind of table is known as the Clayley table (#£3£). The identity operator always forms a single
conjugacy class by itself. We note that e.g. (010901)02(020109) = 01, S0 {01, 09, 010901} form a
conjugacy class. We also have 01(0102)01 = 0901 and 010901(0102)020109 = 0109, S0 the remaining
conjugacy class is {0109,0901}. As we have two conjugacy classes for Gy and three for &3, it is
not hard to map the conjugacy classes to the partitions of n. One can further check this claim for

larger n’s.

Let us give a concrete example for A = (2,1). There are 3! = 6 different assignments of the

three numbers, but there are only three inequivalent A-tableaux (see Figure )

We construct the representation on the 6-dim vector space with

(a) — (1,0,0,0,0,0)", (b) — (0,1,0,0,0,0)",
(¢) = (0,0,1,0,0,0)", (d)+~ (0,0,0,1,0,0)",
(e) = (0,0,0,0,1,0)", (f)+ (0,0,0,0,0,1)". (1.37)

Let us denote ey for each of the above basis vector. For example we can use the notation {(1,2), (3)}
for the Young tableau (a) in Figure @ We further define

=) seu(mexy, (1.38)
Tely

where C) is the stabilization subgroup of & that keeps each A-tableau invariant, i.e. the numbers
in each row of the A-tableau are kept. In the case of {(1,2),(3)}, C\ = {01} consists only one element
that exchanges 1 and 2. On the subspace spanned by {e;}, we obtain an irreducible representation

of the symmetric group. Let us change the basis of the subspace to
ea,@ — (L,0,0),  ews e = (0,1,0),  epgw — (0,0,1), (1.39)
and write down the action of o; as
-1

o1 0 (1.40)
0

— o O
o = O
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and that of o5 as

01 0
s 10 0 |. (1.41)
0 0 —1
One can easily check that
0 -1 0
0@l =0w2— | 0 0 =1 [, (1.42)
1 0 0
which satisfies
0519 = id. (1.43)

We remark that (1,2),(3) for example is not mapped to (3, 1), (2) under the action of o(31). The

number has different meaning the these two different labeling.

Remark: The representation constructed here labeled by A = (|A]) of &)y is always a trivial

representation.

Remark: (similarity transformation) Given a representation R of G, one can define a class of

representations via
Ru(g) := M'R(g)M, (1.44)

as long as M is an invertible matrix with the same size as the representation R. We call this
the similarity transformation of the original representation R. Since we are not interested in such
similarity representations, we will only consider a representative of such a class of representations

in what follows.

Definition 1.21 (irreducible representation, /~A] 23 R) An irreducible representation is defined
as a representation that does not have a subspace of the representation space on which the action

of the group closes.

Example 1.21.1 Let us start with Z, = {0, 1}. It is not difficult to construct a three-dimensional

representation,

100 00 1
0—~|[o0o10], 1010 (1.45)
001 100
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If we perform a similarity transformation with

1 00
M=1]10011, (1.46)
010
we will have
1 00 010
O— | 010 |, 1~ 1 00 (1.47)
0 01 0 01

We see that this representation is nothing but a direct sum of a trivial representation and the

faithful representation ([L.32), so it is not irreducible.

In fact the faithful representation Rs () is also reducible, since we can diagonalize

01
(01) s

without changing the identity operator by using the matrix

M:(Zﬁ V2 ) (1.49)

V2 V2

Therefore, after a similarity transformation, we obtain a new 2-dimensional representation, R,

OH<1O>, 1.—><1 O). (1.50)
01 0 -1

We see that there are two irreducible representations in the representation theory of Gy = Zsy: one
is the trivial representation (we denote it by R(9) in terms of the Young diagram), and another is
R1,1) that maps

01, 1— —1, (1.51)

with the group action mapped to the multiplication of integers.

We note that the representation labeled by A = (1,1) constructed in the basis of () is
simply the 2-dim representation (), and we need to further decompose it to the direct sum of

lower-dimensional representations.

Example 1.21.3* &3 represented on ([1.39) is an irreducible representation, but on the 6-dim

vector space (13/) it is not an irreducible representation, since the action of &3 closes on the

subspace of ([1.39). It is well-known that all the irreducible representations of the symmetric group

can be mapped to such an irreducible representation labeled by some A-tableau.
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Decomposition of reducible representation One of the main purposes to study group theory
in physics is to decompose a composite representation of into irreducible representations. A well-

known example is the decomposition of the (tensor) product of an up spin and a down spin,

1

Mol =smel+hen))+ % Mol =), (1.52)

N |

where the original state is a reducible representation belongs to the composite of two spin-1/2
representations, and the first term on the right-hand side belongs to the spin-1 representation,

while the last term belongs to the spin-0 representation.

In Example 1.21.1 described above, we constructed a three-dimensional representation, and let
us denote it as 3z,. Similarly if we denote the trivial representation and the two-dimensional faithful
representation () respectively as 1z, and 2z,, then we know that

32, =27, ® 1z,. (1.53)

2 Finite (Discrete) Groups

Definition 2.1 (order, ;) The number of elements in a group, G, is called the order of this

group, and is usually denoted as |G|.

Definition 2.2 (finite group, AFR#f) A group with finite order is called a finite group. Conse-

quently, its elements can be labeled by a discrete parameter.

Example 2.2.1 Z, = {0,1,...,n — 1} equipped with the addition + mod n for "n € Z, is one

of the most known finite group. It is obviously also an Abelian group. This group is usually called
the cyclic group ({E¥AEE).

Example 2.2.2 The symmetric groups are also finite groups. Gy is of order N — 1.

Example 2.2.3 The rotation group of degree 0°, 90°, 180° and 270° appearing in the very be-
ginning of this article is a finite group. Of course, the dihedral group Dihg that contains the above
rotation group as a subgroup is also a finite group. The rotation group mentioned here is isomorphic
to Z4.

Example 2.2.4 The rotation group on a 2D plane with arbitrary rotation angle can be represented

as {e?|0 € R} and the multiplication of this group is simply given by the product of the complex

0 01

numbers, e, i.e. e . 02 = ¢/%1+02) Tt ig apparently not a finite group, and it is usually named
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the U(1) group, or equivalently the SO(2) group. However, the sets of rotations by 6 = 2wk/n (for
k=0,1,...,n—1) form subgroups of U(1). They are isomorphic to Z, and are thus finite groups.

Example 2.2.5: Abelian finite groups In an Abelian finite group G, since it is finite, we must
have ¢g" = 1 for some n € N and for each g € G. n usually differs for different g € G. Furthermore,
for a given g, {e, g, g?,...,9" '} forms a subgroup of G, and is isomorphic to Z,. In general, Abelian

finite groups can be decomposed as a direct sum G ~ @LGI /.

Definition 2.3 (stablizer subgroup, [& % T-#f) Let G be a group act from the left on the set X.

Given an element x € X, we define the stabiizer subgroup of x in G as
G, = {g € Glgz = z}. (2.1)
When G, = G, we call x the fixed point (A Zfj5) under the action of G.

Definition 2.4 (setwise stabilizer, 824 [H E 7-HE or little group, /NE) The subgroup that pre-
serves a subset S of X is called the setwise stabilizer of 5, i.e.

Gs:={g€Glgres, "z eS8} (2.2)
In the context of physics, this subgroup is often called the little group.

Let us describe the finite subgroups of O(3) (3D rotation group + reflections) here. They can

be classified by listing the subsets of 3-vectors that have non-trivial stabilizers.

Example 2.4.1 Let us consider the set of points

onk . 2nk \'
(cosi,sini,o), for k=0,1,...,n— 1. (2.3)
n n

Connecting the neighboring points with straight lines, we obtain a regular n-gon (1F n jIff) on
the z-y plane. The stabilizer subgroup of a regular n-gon is called the dihedral group (—H{&#Hf)
Dihy,,. There are 2n elements in this group: n of them are rotations and n of them are reflections.

Let us give the explicit matrix expressions of the elements in Dihg as an example. There are three

rotations,
1 00 Cos %” — sin %’T 0 Cos %” — sin 4?” 0
L= 010 |, Lz?w = | sin 2% COS %’T 0|, L%ﬁ = | sin 4?” COS 4?” 0|, (24)
0 01 0 0 1 0 0 1
and three reflections
1 0 0 CoS %’T sin %’T 0 COS %’T sin %’T 0
Ri=|10 —-10], Ry=| sin¥ —cos? , Ry= | sin¥ —cos?® 0 [. (2.5)
0 0 1 0 0 1 0 0 1



The dihedral group in general is generated by a rotation operator and a reflection operator. We
remark that the n-gon can be put on any 2D sub-plane (containing the origin) of the 3D space.
However, since an arbitrary sub-plane can be obtained from the z-y plane via a proper roation g,
the symmetry group of an n-gon on that plane is a conjugate of the dihedral group explicitly written

down above, i.e.

g (Dihy,) g™t (2.6)

Our classification will be up to this kind of conjugacy classes.

Example 2.4.2 Dihg. The symmetry group of a regular triangle is known as the dihedral group
of order 6, Dihg. It contains the rotation of %’r and %”, and the reflection with respect to the axes
So, S1 and Sy (see Figure ) By denoting the counter-clockwise rotation by %’T and %’r respectively

as r; and ry, and the reflections as sg 12, we obtain the following Cayley table:

e T1 T2 So S1 So

(§ e T T2 So S1 S9

T1 T1 T9 e S1 S9 S0

ro || o | € | 1| s2 | S0 s (2.7)

Sof|So|S2 |81 |To|T2 | T

S1 S1 S0 | S2|T1 |To | T2

So || S2|S1|So | T2 |T1|To

As we have
S0T180 = T2, T1ST2 = Sa, T1S172 = So, (2.8)
we see that the conjugacy classes in Dihg are

{ed, {rira}, {s0, 51,52} (2.9)

It is also not hard to construct a representation of Dihg from its graphic realization (@) By

identifying e = r(, we obtain

COS % — sin % CcoS @ sin % (2 10)
T = , S = ) , .
b sin @ CcoS % F sin % — cos %
for k =0,1,2. We note that
detry, =1, detsy = —1. (2.11)
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S 5’0

Figure 13: A regular tetrahedron embedded in a cube.

Example 2.4.3 Let us consider the following set of points,

1 t 1 t
(il,O,—E) , (0,1, E> . (2.12)
These points form a regular tetrahedron (1EPY[fi{&). The stabilizer of the tetrahedron can be
understood by embedding it in a cube (or a hexahedron, [F/SHIK. 32 J7{K). See Figure .
Around the axis penetrating perpendicularly through the center of each triangular face of the
tetrahedron, there exist respectively a 120° and a 240° rotation that keep the tetrahedron invariant.
There are in addition three 180° rotations with their axes perpendicular to the faces of the framing

cube. Together with the identity operator and the reflections, we obtain a symmetry group of order
12 x 2 = 24, and this group is usually called the tetrahedral group (iF VY HEAAHEE), T

Example 2.4.4 Now we consider a regular octahedron (1F-/\[H{£). It can also be embedded into
a cube (see Figure ) We remark that the octahedron is obtained by connecting the center of each
face of the cube, and in fact connecting the centers of faces of an octahedron also produces a cube.
When this kind of relation is satisfied, we say that the cube and the (regular) octahedron are dual
to each other. This is the analogue of the relation between a rectangle and a rhombus (see Figure
@) The symmetry groups of the dual geometric shapes are obviously isomorphic to each other.
We can see that there are 3 x 3 (90°, 180°, 270° rotations on each surface of cube)+2 x 4 (120° and

240° rotations on each surface of octahedron)+1 x 6 (180° rotation around each axis connecting the
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Figure 14: A regular octahedron embedded in a cube.

Figure 15: The dual relation between the rectangle and the rhombus.

centers of opposite sides of cube)+1 (identity)= 24 rotational generators in the group. Combined
with the reflection operator, the whole symmetry group is doubled to have 48 elements. This group

is called the Octahedral group (1F/\IH&EE), O.

As a well-known fact, the (convex) regular polyhedra can be classified into 5 simple types:
tetrahedron, cube, octahedron, dodecahedron (iF—+ —Jf{4) and icosahedron (i ——[fi{&). The
dodecahedron and the icosahedron are again dual to each other, and their symmetry group is called
the icosahedral group (1F .~ TH{4KHE) Z.

Correspondingly, it was shown that up to the conjugacy classes, finite subgroups of O(3) are
classified as Z,,, Dih,,, 7, O and Z. This is known as McKay’s ADE classification. We will see its
similarity with the classification in Lie algebras later, and here to help memorizing, we may simply
think of three classes as A(belian), D(ihedral) and E(xceptional) (including 7, O and Z). Their

direct connection with the ADE classes in Lie algebra can be most clearly seen in the context of

the algebraic geometry (fCELJLIA]).

2.1 O(N) and SO(N)

As has been described in () and (), all 3 x 3 matrices with unit determinant and satisfying
0'0 =1, (2.13)

for the SO(3) group. Similarly, one can extend such a definition to the set of all N x N matrices, and
the obtained group is called the SO(N) group. As mentioned before, we can remove the restriction
of unit determinant () in the case of SO(3) to get an O(3) group. This also extends the SO(N)
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group to an O(NV) group. Back to the case of O(3), we first see that
1= 0 -1 0 |€0®). (2.14)

As the operation of the transpose does not change the determinant, we have from () that
(detO)? =1 = detO = +1. (2.15)
Given an arbitrary element O € SO(3), then we obtain an element
-0 ¢ S0(3), but — O € O(3). (2.16)

We thus see a Zy structure of the O(3) group. Let us define the following concept of direct product
(ER).

Definition 2.5 (direct product, E[fH) Given two groups, G and H, when their product G x H :=
{(g,h)|"g € G," h € H} has the following multiplication operation

(g,h) o (g 1) :=(g-g" h-h), (2.17)
preserving a group structure, we say that G x H is the direct product of G and H.
It is indeed as a well-known fact that for N odd,
O(N) =SO(N) x Zs, (2.18)
where more explicitly Zy = {£I}.

When N is even, something more interesting happens. We need a new notion of the product of
groups called the semidirect product (EFH).

Definition 2.6 (semidirect product, 2 EFH) Given two groups G and H, if we have an auto-
morphism of G ¢y, : g — ¢,(g) labeled by elements h € H, then one can define a product on the
product set G x H ={(g,h)|g € G,h € H} by

(g,h) o (g',1") = (g-@nlg),h-1). (2.19)

This structure on GG x H is called the semidirect product, and the obtained group is often denoted

as

G % H. (2.20)

An important fact can then be written as
O(2N) = SO(2N) X Zs. (2.21)
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Example 2.6.1 As Dihg is a subgroup of O(2), let us study the Z, structure of this finite subgroup.

Ignoring the label of 7; and s;, we observe that the group action can be schematically written as
T’T:T, T‘S:S7 S./]":S’ S-S:’]"’ (2.22)
which is exactly a Zs action. More precisely, the labels obey

;- ’f‘j = Ti—i—j
Ty 85 = Sit+j

7 I (2.23)
S; Tj = Sifj

S; Sj = Ti—j

where 7,j € {0,1,2} take value in Z3. We see that the group action in Dihg depends on the first

element being r or s. Therefore we have

Dih6 = Zg X ZQ. (224)

2.2 Point Group

In condensed matter physics, what we are most interested in is the symmetry of crystals. A crystal
is constituted of a set of points, usually periodic and has a unit cell spanned by N vectors, v12 . n.

Then the set of points that describe the crystal are given by

niv1 + Nals + - -+ + NNV, (2.25)

goee

point group (f5i#f), and point groups are the most frequently used groups in condensed matter
physics. When stated more mathematically, we can say that the point group is the setwise sta-
bilizer of the three-dimensional Euclidean group (symmetry of the Euclidean space including the
translation) with the choice of the set as ()

There are several types of point groups considerable here. The first type consists of only rotations
of % for k=0,1,...,n—1. This group is called the cyclic group, denoted as C,,. One can further
add a mirror reflection into the group as a new generating element. Depending on the mirror
plane being perpendicular or parallel to the rotation axis, we say the new group a horizontal cyclic
group or a vertical cyclic group, respectively denoted as C,,;, and C,,,. The reason we use the word
horizontal and vertical is that we usually depict the axis of rotation in the z-direction, and the
mirror plane that perpendicular to this axis is in the horizontal direction (see Figure @) A new
kind of symmetry operation, rotation-reflection, can be introduced as the combination of a rotation
of 27” and a horizontal mirror reflection. The group generated by such an operation is denoted as

Son. The dihedral group D,, = Dih,,, can of course be taken as a symmetry of crystalm, together

1On two dimensional plane, we described the symmetry of folding of dihedrons as reflections, but in three dimen-

sions, they are in fact 180° rotations.
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Figure 16: Two different kinds of mirrors, respectively colored in red and blue, considered in point

groups.

with an associated group D,,;, with a horizontal mirror added and another group D,,4 with a vertical
mirror included. In addition to these series, we also have the tetrahedral group T' = T, its rotation-
reflection version Ty, tetrahedral group with inversion added T},, octahedral group O = O and its

rotation-reflection version O, as point groups.

Acoording to the crystallographic restriction theorem (fffA2#BR#$iIEF), only n = 1,2,3,4,6
are allowed as the label of point groupsa. Furthermore, there are several isomorphisms (equivalence)
among all the points groups: Cy, ~ Cy,, D1 >~ Cy, Dy, ~ Cy, and D14 =~ Cyy, and we note the fact
that Dyg, Dgg, Ss and Si2 do not exist, so in total, there are only 5 x 7 — 4 — 4 = 27 serial point
groups plus 4 (exceptional ones) (T, Ty, T}, and O, Oy,), that is 32 point groups.

2.3 Wallpaper group

The wallpaper group (H54%H) is a collection of finite subgroups of the Euclidean group that pre-
serves graphic patterns (see Figure [L7 for examples). Mathematically we can say that the wallpaper
group is a setwise stabilizer preserving a set of lines instead of a set of points in the case of point

groups.

2As we may recall that there is no lattice consisted of regular pentagons.
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Figure 17: Traditional patterns from Europe, China and Japan.

2.4 Examples of Point groups

Example: C; (5 only consists of the identity operator and the rotation of 180°, so it is isomorphic
to ZQ.

Example: C3 Cj is isomorphic to Zz = {0,1,2}. Let us consider the representations of this

group. First we have the trivial representation,

R¥% .. 01, 11, 21, (2.26)
R%: 001, lees, 2me7, (2.27)
RE: 01, lised, 2esed. (2.28)

We note that for any element g in C5 = Zs, it is always true that ¢% = 0.

Example: Cy, This group only has three non-trivial elements, ¢, (180° rotation), o, (a reflection
with respect to the horizontal plane x-y) and their product c¢,op. One can try to understand the
action of Cy, with the help of a 3D graph as () We consider a disk with four dots around it,
labeled by numbers 1 ~ 4. Thus we can represent the action of each element as how these dots are
exchanged. Explicitly, ¢, : 1+ 3, 2+ 4,0,: 1 2, 3 4, and c,o5: 1< 4, 2+ 3. For
future convenience, let us use a 2D diagram, (), to represent the configuration of () The
dots above the disk are denoted as usual black dots, while those below the disk are represented with

gray circles in the 2D diagram.
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N e

z (2.29)

(2.30)

We note that c,0p, = opc,, so this group Csyy, is an Abelian group, and thus Cyy, ~ Z ® Zs.

It is also straightforward to construct a 4-dim representation based on such an action:

0 010 01 00 00 01
0 0 01 1 0 00 0010
Cr = . op = . CrOp = (2.31)
1 0 00 00 01 01 00
01 00 0010 1 000

Example: (3, The group is generated by the rotation by 2,7”, Can, and again the reflection oy,
Again we can use the graph () to analyze the action of the group. Cax 1=-3—=5—=21,2—
4—56—20,: 1423+45c6,c%,: 1—=5—=3—=1, 26— 42 oy = oz
3
1—>4—>5—>2—>3—>6—>1,c22lah:ahc%i:c%ﬁhc%w: 1—-6—-3—>2—=5—=4-—1 Again
3 3

we see that this group is an Abelian group, and is isomorphic to Zs ® Zs.
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(2.32)

Example: (5, Similarly we can use a two-dimensional diagram () to represent the action of
Cs,, in which the vertical reflection is the reflection about the z-axis, i.e. in the y-direction. There
are two non-trivial generators in the group, ¢, : 1 < 3,2 <+ 4, and 0, : 1 <> 4,2 < 3, with
CaOy = 0uCr : 1 > 2,3 <> 4. It is again an Abelian group, Cs, = Zy ® Zo.

(2.33)
Let us write down the 4-dim representation read from the diagram:
0010 0001
0001 0010
Cr = , Oy = (2.34)
1 000 01 00
0100 100 0
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Example: (3, It can be graphically represented by the following diagram,

(2.35)

Thegeneratorsofthisgroupactasc%w: 1-3—-5—-1,2—-4—-6—>2ando,: 12 3«
6, 4 < 5. Wehavec%wav: 14, 23, 5H6,andavc%w: 146, 245, 3 4. This group

is a non-Abelian group!

We can again work out the matrix representation of all the elements in the group.

000O01O0 010000
000O0O01 100 000
100 000 000O0O0T1
Car = o, = , (2.36)
3 01 00O0O 000O0T10Q0
001000 000100
000100 001000
001000 000100
000100 001000
000O01O0 01 0000
Can = , CamOy, = , (2.37)
3 00 0O0O01 3 100 000
100 000 00 0O0O01
01 0O0¢O0O0 000O0T1@O0
000O0O0T1 000O0O01
000O0T1O0 000O0T1@O0
000100 000100
OyC2r = = Cin 0y = ) (2.38)
3 001000 3 001000
01 0O0O0O 01 00O0O
100 000 100000
000100
001O0O0O0
01 00¢O0O0
OpCian = = C2x0y. (2.39)
3 100 000 3
00 0O0O0T1
000O01O0
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We see that there are only 6 independent elements in this group: I, Cax, Cix, Oy, C2x 0y and OyCax .

As we have
OyC2x0, = Cux | (2.40)
3 3
and
-1
Car (mlav) (mi) = CanOyCix = CixC2x 0y = Oy, (2.41)
3 3 3 3 3 3 3
1
Cin (%cfﬁ) <C4w) = CinOyCix = CixC2x 0y = Oy, (2.42)
2 3 3 3 3

cz2x and cax belong to the same conjugacy class, while o, c2x 0, and o,cz2- are in the same conjugacy

class.

The generators of other groups can be found in e.g. http://www.gernot-katzers-spice-pages.
com/character tables/.

2.5 Characters and their usage

Definition 2.7 (character, F{Ffx) Given a (matrix-valued) representation R of a group G, then

the character of an element g € GG is given by

xr(9) = tr (R(g)). (2.43)

Proposition 2.7.1 It immediately follows that the character of the identity element is equal to

the dimension of the representation, i.e.

xr(e) = dim(R). (2.44)
Remark: It is also obvious that the character of any element in the trivial representation is 1.

Proposition 2.7.2 When a representation R of a group G is decomposed into two, say R; and
Ry, ie. R= Ry P Ry, then we have

Xr(9) = Xr,(9) + Xr,(9), (2.45)

since the character is defined as a trace.

Proposition 2.7.3 The character does not change under the similarity transformation, as

Xr(g) = tr (R(g)) = tr (M 'R(g)M) . (2.46)

Therefore the character keeps to be the same for the whole conjugacy class.
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Example 2.7.4 We start from Z, again. We have

Xr2)(0) =1, xre(1) =1, xran(0) =1, xrayn(l)=-L (2.47)

Example 2.7.5 Let us consider the (2, 1) representation constructed in () and () for Gs.
The characters can be read as

Xfam)(l) =3, XR(ZD(Ul) = XR(M)(O-Q) =—1, XR(Q’D(UUTQ) = XR(2’1)(U2U1) =0,
Xito) (o10901) = —1. (2.48)
One can in fact find another 1-dim representation in addition to the trivial representation,
=1, o—-1 oy —1 (2.49)
Let us denote this representation as R(1), and then the characters are found as

XR(qu)(l) = XR(le)(O—].O—Q) = XR(QJ) (0—20—1) == ]-7 XR(Q_]l) (Ul) = XR(271> (02) = XR(2’1) (0_10—20-1) == _1

(2.50)
We can decompose 171’(271) into R(2) and a 2-dim representation, [ 1,1), with characters
XRoan (1) =2, Xry,.(01) = XRoo0(02) = XR(, 4, (010201) = 0,
XR(1,1,1)(0102) = XR(1,1,1)(0201> =—1 (2'51)

The most naive representation (corresponding to @ in the construction introduced in Example

1.20.2) is a 6-dim representation with

001000 010000
000100 10000 0
10 0000 000010

o1 , Ot (252)
01 000O0O0 00000 1
00 0O0O01 001000
000O0T1O0 000100

The characters of this representation is

XR(I»l,l)(l) =6, XR(1,1,1)<9) =0, for vg # 1. (2.53)

Theorem 2.8 (Orthogonality, 1F33{%) For two irreducible representations R; and Ry of G, we

have
ZXR1(9)XRz(g_1) = |G|5R1,R27 (254)
geG
ZXRl (g)XR2(g>* - |G|5R1,R2' (255)
geG
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Remark: The proof of this theorem requires some tedious mathematical work involving Schur’s
lemma. We provide such details in Appendix @

Example 2.8.1 In Z,,

XR(z) (O)XR(Q) (O) + XR(Z) (1)XR(2) (1) =2= |ZQ|a (256)
XR(l,l) (O>XR(171) (0) + XR(l’l) (1>XR(171) (1) =2= |Z2|7 (257>
XR ) (O)XR<1,1)(O) + XR(2)<1)XR(1,1)(1> = 0. (2'58)

We remark that we can determine the characters of R(; ;) simply from the orthogonality, and note
that since |Zy| = 2, R(11) can only be a one-dimensional representation. In general, however, we

need more information to determine the full characters.

Example 2.8.2 In (5 = Zj3, we constructed three one-dimensional representations, (2.2G)-(R.28).

Interestingly, in these representations we have again

x(g™") = x(9)" (2.59)
Since one dimensional representation further satisfies
xr(g) = R(g), (2.60)
it is obvious that
Xr(9™")xr(9) = Xr(9)"XR(9) = 1. (2.61)

Therefore representations with the property () trivially satisfy the orthogonality conditions.
Corollary 2.8.3 Since |xr(9)|*> = xr(9)xr(9)* is positive-definite, the dimension of the represen-
tation, given by xg(e) is bounded by /|G|, i.e.

xr(e) < VIGI. (2.62)

Example 2.8.4 In G3, we constructed 3 low-dimensional representations, the trivial represen-
tation Ry, and R(21), R,1,1). It is easy to confirm that the trivial characters and (), ()
indeed satisfy the orthogonality condition. As for the 6-dim representation, one can confirm that

it is decomposed into

R = Re) @ Bz © 2Ra,1). (2.63)
So it is natural to conjecture that R, R,1) and R 1,1) are irreducible representations.

Since the character is the same for the whole conjugacy class, the number of independent numbers
in the set {x(g)}sec is equal to the number of conjugacy classes. Therefore we can in general

construct as many independent vectors g = (xr(9)), , where g,¢, stands for all the representative

Grep
elements in each conjugacy class, as the number of conjugacy classes.
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Theorem 2.9 The number of irreducible representations is equal to the number of conjugacy

classes in a group.

Example 2.9.1 We already know that there are two irreducible representations, Rz and Ry ),

in Zs, and three irreducible representations, R%S, R%‘“’ and R%S.

Example 2.9.2 Now we proceed to G3. We know there are three conjugacy classes, and there
are three (conjectured-to-be) irreducible representations. Let us compute the characters of the

remaining irreducible representation given the trivial one and R, ;). We assume
x(Cl(e)) =a, x(Cl(oy))=0b, x(Cl(oi09))=c. (2.64)
From the orthogonality (), we have
a+3b+2c=0, a—3b+2c=0, a*+3[b*+2|c|*=6. (2.65)

Note that a represents the dimension of the representation, and thus it is a real (and positive)

number. It is then easy to find the solution,

a=2 b=0, c=-L (2.66)

Let us focus on the case of Abelian finite groups for a while. There is a well-known theorem on

the classification of Abelian finite groups.

Theorem 2.10 Given an Abelian finite group A, one can always find a unique set of integer
numbers {ny,ng, ..., Ny}, so that A ~7Z, Q@ Zp, @ L, @ -+ Q Ly,

Example 2.10.1 Cy, and (5,

As we have already argued that both Cy;, and (5, are isomorphic to Zy®Z,, their representations
should also be possible to be decomposed into the direct product of irreducible representations of
Zs. Since there are two (one-dimensional) irreducible representations in Z,, we have in total four

irreducible representations in Zy ® Zo with characters,

Xoy200) =1, xgp"2001) =1, xa?(1®0)=1, x¥*1ol)=1, (267
X0 00) =1, X3 001) = -1, x3**(100) =1, xi"*(1e1)=-1, (2.68)
Xip2000) =1, 3001 =1, %2 01e0)=-1, ¥21el)=-1, (2.69)
XER000) =1, XP*2001)=-1, X210 =-1, x*=(1el)=1(2.70)

In Cyy,, by identifying
de0®0, e 0el, 0100, ¢;®Ro,=1®1, (2.71)
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Class
I ¢ o,
Rep. 3
A 1 1 1
As 1 1 -1
E 2 -1 0

Table 1: The characters of three irreducible representations of Cj,,.

we see that the four-dimensional representation (R.31), Rf% can be decomposed into

C
R = R @ Rgie o RS © R 272

Exercise Repeat the same analysis for Cy;, (decomposing the 6-dim representation into irreducible

representations of Zs ® Z.

More generally, one can work out all the irreducible representations of each non-abelian finite
group, and perform the decomposition of a given representation into irreducible ones. The characters

of irreducible representations are all known in the literature, so one can simply look them up from

Example 2.11.1 (5,. The table of all characters in all irreducible representations of (s, is known
as shown in Table m Note that the representation () to () is traceless except for the identity
element, so it is not difficult to write down the following decomposition:

R¢* = R & RG @ 2RG™. (2.73)

Example 2.11.2 Dj. The characters of irreducible representations of D3 are known as follows.

Class
e r s
Rep.

Ay 1 1 1 (2.74)

Ao 1 1 -1

E 2 -1 0
We note that it looks exactly the same as that of C,, but they are not isomorphic. Let us check if

the 2-dim representation () is irreducible. Since cos ¥ = cos i = —1, we see that

x(e) =2, x(r)=-1, x(s)=0. (2.75)

It is indeed an irreducible representation, equivalent to E! Another interesting problem to consider

is whether it is possible to put E as a one-dimensional representation given the information of A;
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and Aj representation. Let us assume

xe(e) =1, xp(r)=z, xp(s)=y, (2.76)
then
1+2x+3y=0, 14+2xr—3y=0 :>x:—%, y = 0. (2.77)
That is to say
Rp/(r1) = Rp/(rg) = —%, (2.78)
but
Ri(r) = Rur(r) - Re(ra) = =7, (279)

so such characters are not consistent.

isomorphism We see that D3 and Cj3, have the exactly same character table, so it is natural to

conjecture that D3 ~ Cj,. Indeed one can construct the following isomorphism between them
T C%, Sk C’¥0U, (2.80)

for k£ = 0,1,2 with the identification e = Cy. Then it is tempting to further conjecture that for
any two finite groups with the same character table, they are isomorphic to each other. However
this is not true generally (see [1]), but for Abelian groups, all irreducible representations are one-

dimensional and it will be the case.

So far we focused on using the completeness of the basis (xg,(Cly)) to decompose a given
reducible representation into the direct sum of irreducible ones. In this context, if we define the

following normalized orthogonal basis vectors, {¥g, },

(Ur, )y = \/%XR,-(CM;), (2.81)

where ny = |Cli| denotes the number of elements in the k-th conjugacy class, then the orthogonality
of this basis is translated to

it - Ug, = 0, . (2.82)
This is exactly what Theorem 2.8 states. However in linear algebra, we know that for a complete
basis,
Ze}]
Z URZ ® Q_J)RZ = H?’chXnC” (283)
i=1

where ng; denotes the number of conjugacy classes in this group. This leads to the following
theorem.
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Theorem 2.12 (Completeness, 5¢751:) Given the set of all irreducible representations, { R;} !

=1

nci

> Xr, (Cl)xr, (Clony, = |G|0k. (2.84)

=1

As an exercise, let us try to complete the character table of Cy, and Tj.

2.6 A bite on Monster Groups®

We recall that in any group, there are at least two normal subgroups, i.e. the set contains only the

identity element and the original group itself. These are called the trivial subgroups.

Definition 2.13 ( Simple group, H4[#E) Groups that do not contain non-trivial normal sub-

groups are called simple groups.

In fact simple groups with finite order can be completely classified. This great project was
initiated since the late 19th century, and got finally done in 2004 by Aschbacher and Smith [2]. In
addition to finite groups we have seen so far, classified in the way like Z,, Dihy,, 7, O and Z in
SO(3) (they form infinite families of Lie type, which will be seen later again in our classification
of Lie algebras), there are 26 exceptional ones called sporadic groups. The smallest one known as
the Mathieu group M;; with 7920 elements, while the biggest sporadic group is called the monster

group M whose order is

M| =2%.3%.5%.76.11%.13% . 17-19-23-29-31 - 41 - 47-59 - 71 ~ 8 x 10%. (2.85)

3 Lie Algebra and Lie Group

Definition 3.1 (Lie algebra, Z={{#{) A Lie algebra, g, is a ring under the addition operation +
and a bracket [e, o] (called Lie bracket), further with a scalar multiplication added. For any element
x € g, and a € C, the scalar product is usually denoted as ax. g forms a vector space under the

action of the addition + and the scalar product, that is, for a,b € C and z,y € g,
a(bx) = (ab)x, lx ==z, alz+y)=ax+ay, (a+b)x=ax+ bx. (3.1)
We further need to impose several conditions on the Lie bracket, (z,y, z € g)

l[ax + by, z] = alz, 2]+ by, 2], [z,ax+byl=alz,z]+b[z,y], (3.2)
—0, (3.3)
=0. (3.4)

The last relation is called the Jacobi identity.
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Corollary 3.1.1 For Vz,y € g, [z,y] = —[y, z]. That is to say, the Lie bracket is an antisymmetric

operation.

Example 3.1.2 General linear Lie algebra, gl,(C). This is simply the set of all n xn matrices with
complex entries, with the addition and scalar product defined in the usual way. The Lie bracket
is identified with the commutator of matrices, i.e. for X,V € gl (C), [X,Y] = XY — Y X. The
axioms of Lie algebra are automatically satisfied under this identification but the Jacobi identity

left non-trivial. Let us evaluate the Jacobi identity explicitly:
(X, [V, Z|+ [Z, [ X, Y]]+ [V, [Z, X]|]| =X(YZ-2ZY)— (YZ - ZY)X + Z(XY — Y X)
—(XY -YX)Z4+Y(ZX -XZ)—-(ZX -XZ)Y =0. (3.5)

We can further add constraints to restrict the set of matrices to obtain a lot of interesting examples

of Lie algebras.

With this Lie bracket, we can derive the following useful identity,
[AB,CD] = ABCD — CDAB = A[B,C]D+[A,C]|BD + CA|[B,D]+ C A, D] B. (3.6)

It plays an important role in the calculation of physics and the enveloping algebra or Lie group

discussed later.

Example 3.1.2 sly(C) is the Lie algebra restricted from gl,(C) by imposing the traceless condi-

tion. One can see that all elements in this algebra can be written as a linear combination of

0 1 00 10
e:<0 0)’ f:<1 0)’ hz(o —1>' (3.7)

If we restrict the scalars to only take values in R (mathematically we say we choose the field to be
R), then all matrices are in real components, and this new Lie algebra is denoted as sly(R). The

algebraic relations characterizing sly(C) are

[h,e] =2e, [h,f]l=-2f, e f]=h. (3.8)

Example 3.1.3 Pauli matrices. We can alternative choose the following basis for sly(C).

0 1 0 —i 1 0
U$:<1 0), 0'y=<i 0), O’Z:(O _1). (3.9)

They are called the Pauli matrices. An interesting feature of these matrices is that they are Her-

mitian,

ol = Ouy (3.10)



Note that
(xy — ya:)T =zl — zfyl (3.11)

Therefore, if we restrict the field to be R and set the Lie bracket to be [z, y] := i(zy — yx), then the
Pauli matrices generates a Lie algebra (of traceless Hermitian matrices). This algebra is usually

called su(2). The defining relations for this algebra read
02, 00] = =20y, [0.,04] =20, [04,0,]=—20,. (3.12)

Although su(2) and sly(R) are different algebras, by defining

1
Oy = 5(% +ioy), (3.13)
we can construct a (one-to-one) map,
orrre, o_w=f o, h, e )0 e e m (3.14)

to identify them. That is to say, if we have a representation of su(2), we can use the above map to

obtain a corresponding representation of sly(R), and vice versa.

Example 3.1.4 Heisenberg algebra. There are only two elements a and a' in this algebra, and

they satisfy
[a,a’] = 1. (3.15)

In physics, this algebra is related to the harmonic oscillator system and af is usually called the
creation operator, and a is the annihilation operator. More generally, one can consider creation

operators and annihilation operators further with an index, a,, and af, satisfying
[an, al,] o< 6pm. (3.16)
When {n} = Z-o, we often adopt the convention that a_,, = af, and set the normalization to be
[y Q] = NOpimo, "n,m € Z. (3.17)
Note that ag is a central element in this algebra.
In the harmonic oscillator system, a number operator

N = ala, (3.18)

which is equal to the Hamiltonian up to some constant, plays an important role. Similarly, we

would like to introduce the operator

Lo=)_a_nay, (3.19)

neN

to extend the Heisenberg algebra. It satisfies
[L07 an] = —Nanp, (320)
where we used the identity (@)
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Example 3.1.5 Conformal group and Virasoro algebra. ...

Lie groups The concept of Lie group is established as a group with its elements parameterized
smoothly and continuously. This group should have a differentiable manifold structure. As a
manifold, it does not have to be a connected space, but can be divided into several connected parts.
Therefore, there exists a discrete group that all elements in the Lie group is continuously connected

to an element in the discrete group.

Lie groups are usually constructed as a subspace of GL,(C) or GL,(R), that is the set of all
n X n invertible matrices (with complex or real entries). The scalar product can certainly be defined
in the traditional way on this group. More interestingly, around the origin (identity matrix) of the

group, we can extract out a Lie algebra on the tangent space.

3.1 From Lie group to Lie algebra

Unitary group U(n) and u(n) The unitary group U(n) is defined as the set of all unitary n x n

matrices (with complex entries), that is for U €U(n),
U'U =1. (3.21)
Schematically, one would expect U to be connected to an element u € u(n) via
U = exp(ifu) for 20 € R. (3.22)

Of course, the most generic element in U(n) is generated by a more complicated orbit in the space

of n X n matrices. Around 0 ~ 0, we derive that
(1 —i0ul)(1 +i0u) + O(F*) = 1 = u = u, (3.23)

that is to say w is a Hermitian matrix. Therefore u(n) is the set of all n x n Hermitian matrices.
One can further impose a condition that the determinant is one on U(n), and the resulting group
is called the special unitary group, SU(n). The corresponding lie algebra su(n) can be obtained by

impose a traceless condition on u(n).

Example 3.1.6 su(2) is realized by Hermitian and traceless 2 x 2 matrices. There are only three
independent d.o.f. in such matrices, and the most well-known basis was first written down by Pauli,
and now is known as Pauli matrices (Y055 [%):

Ux:<01), ay:<q_i>, O’Z:<10>. (3.24)
10 t 0 01
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By relabeling oy := 04, 02 = 0y, 03 := 0., we have the following commutation relations and

anti-commutation relations,

[O'j, O'k] = ZijZO'l, {O'j, O'k} = 25j,k]12><27 (325)
l

where {X, Y} = XY + Y X.
Orthogonal group O(n) and o(n) The orthogonal group O(n) is defined as the set of all matrices
O satisfying
0'0 = 1. (3.26)
In the same way we find that the elements o of o(n) satisfy
(1+i60")(1+i00) + O(6*) =1 = 0 = —0', (3.27)

that is 0(n) is the set of all anti-symmetric n x n matrices. We can again impose the determinant
equal to one condition to obtain the special orthogonal group, SO(n). However, the traceless

condition does not change the o(n) algebra, that is to say, so(n) is the same as o(n).

Symplectic group Sp(2n,C) and sp(2n,C) The symplectic group Sp(2n, C) is only defined for

matrices with even size. For an element M in this group, it satisfies

M'QM = Q, (3.28)

0 —lnxn
Q= . (3.29)
—[TLXTL O

Therefore we can derive the defining property for the elements m in the corresponding Lie lagebra,
sp(2n, C),

where

Q +i0m'Q + i0Qm + O(6%) = Q, (3.30)
that is to say,
Qm'Q = m. (3.31)

We note that the determinant of M €Sp(2n, C) appears to be 1 (but since there are even numbers
of diagonal entries, —M has the same determinant as M), so there is no special version of the

symplectic Lie algebra.
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Remark: why these groups? As we have already discussed for several times, the orthogonal
group O(n) represents the symmetry of rotations and reflections in n dimensions. Therefore, given
any two real vectors, v and u, (v;,u; € R, i =1,2,...,n), the orthogonal group preserves the inner

product
-0 = (d"); x (V);. (3.32)

This is why the orthogonal group that rotates

U — O, (3.33)
should satisfy
0'0 =1 (3.34)
When we consider complex vectors, say a@ and b (a;,b; € C for ¢ = 1,2,...,n), then the inner
product is defined as
at-b=(a): x (b), (3.35)

and the group that preserves the above inner product satisfies
U'u =1, (3.36)

and it is nothing but the unitary group. How about the symplectic group? One may think of an
inner product defined for quaternions. We can define for any ¢ = a + bi+ ¢j + dk € H, its conjugate

is given by
¢ =a—bi—cj— dk. (3.37)
We can check that
¢'q=a’+ b+ +d*. (3.38)

If we consider matrices with H entries, then they will satisfy a similar relation as the unitary group,
but we want to represent them in terms of complex matrices with doubled size. The inner product

of two quaternions ¢j and ¢, is given by

¢1q2 = (aras + biby + c1co + didy) + (a1by — biag — c1dsy + dica) i
+ (alcg + b1d2 — C1Q92 — d1b2)j + (a1d2 — b102 + Cle — dl(lg) k. (339)

We see that the above product can be realized by the product of 2 x 2 complex matrices, i.e. we

represent each quaternion ¢ with the following matrix,

at+bi c+di ) ' (3.40)

— M, =
1 ¢ <—c—|—di a— bi
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Then we have

a—bi —c—di

c—di a+bi ) = Qpa Moz, (3.41)

q*HMq*:(

where

0 —1
Qoxe = ( Lo > : (3.42)

Therefore in one-dimensional quaternion space H, the rotational group that acts on M, as
M, — SM,, (3.43)
satisfies
519528 = Qgyo. (3.44)

What happens when we go to higher dimensions? In two dimensions, we may define a 4 x 2 matrix

( (qh ) - ( %gl ) . (3.45)

The inner product of such vectors results in a quaternion number,

to represent a vector in HZ,

q2

0 M
_0O-1 2x2 @
= la ( M, M, ) ( o ) ( > ) . (3.46)

q2

( q;; qZ ) ( q1 > — 92_;2 (M;3Q2X2Mq1 +M(§4Q2X2Mq2)

We can perform a basis permutation to convert the matrix

0
o, ::( 2x2 0 ) (3.47)
2x2

into the standard form €2 shown before. For example, to permute the 4-th row (and resp. column)

and the 2-nd row (and resp. column), we can perform the following similarity transformation,

1 0 00 1 0 0 O 0O 0 0 -1
0 0 0 1 00 0 1 0 1 0
0, = , (3.48)
0O 01O 0010 0O —1 0 O
01 0 O 01 00 1 0 O O
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and it can be further transformed to Q by permuting the 2-nd row (and column) and the 3-rd row

(and column) by acting

1000
0010

(3.49)
0100
0001

In this basis, the quaternion vector is mapped to

ay + blZ c1 + d12
—co +dai ay — bot
L T e (3.50)
g2 a9+ bat o+ dyt
—Cy + dll a)p — bll
In this way, the rotational group of quaternion vectors can be generalized to arbitrary dimensions,
H™.

Compact Lie groups Since the Lie group can be identified as a manifold, we can discuss the
compactness of the Lie group. A particularly interesting case in physics is to take the field as R. It
is easy to see that the exponential of Hermitian matrices form a compact Lie group. In particular,
when diagonalized, the eigenvalues of a Hermitian matrix are all real. Therefore, the Lie group
generated by exponential of su(n) or u(n) is compact. Similarly, antisymmetric matrices with real
entires can always be diagonalized and the eigenvalues are paired as £); (if the matrix size is odd,
then there will be a zero eigenvalue). We then see that the Lie group generated by o(n,R) is also
compact. Note that all elements in o(n,R) are always traceless, so it is equivalent to so(n,R), and

the Lie group simply generated from the origin (identity matrix) is in fact SO(n).

Of course, we can consider Sp(2n,R) as a Lie group over the field R, but it is known to be

non-compact. Let us take the example n = 1 to have a more careful look. Let a general element in

Sp(2n, R) to take the form
a b
) 3.51
() 51)

ad — be = 1. (3.52)

then the only condition reads

Even when we consider the subspace ad = 1, we obtain a non-compact manifold, b = 0 with ¢ € R

arbitrary, or ¢ = 0 with b € R arbitrary.

Instead, we consider a compact symplectic group Sp(n) defined as Sp(2n, C)USU(2n). We
remark that in the simplest case of n = 1, it is nothing but SU(2), as Sp(2,C) only imposes a
determinant one condition. The corresponding Lie algebra satisfies both () and the Hermitian

condition.
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Geometric picture of SO(3) and SU(2)

3.2 sly and its representations

Let us recall the defining relations for the sly algebra.
[h,e] =2e, [h,fl==2f, e, f]=nh. (3.53)
We first try to extend the algebra by adding a new element,
M = 2(ef + fe) + h?, (3.54)
whose algebraic relation with other elements can be calculated with (@) as
[M,h] =0, [M,e]=0, [M,f]=0. (3.55)

That is, in the extended algebra, M is a central element.

The strategy to construct a representation is to map h to a diagonal matrix, and read out the
action of e and f in this basis, with the Lie bracket given by [X,Y] = XY —Y X. As the number of
basis in this representation is finite, we usually call it a finite (dimensional) representation. Given

an eigenstate of h, |a), which satisfies
hla) =ala), a€C, (3.56)
the states e |a) and f |a) are again eigenstates, and their eigenvalues are

h(ela)) = (a+2)ela), h(fla)) = (a—2)f|a). (3.57)

We see e raises the eigenvalue of the basis and f lowers it, so e and f are also respectively called the
raising and lowering operators. Eigenvectors with different eigenvalues are independent, so each of
these eigenvalues corresponds to a diagonal entry in the matrix representation of h. As h is mapped

to a finite matrix, we must have a vector |w) with the “largest” eigenvalue w s.t.
e |lw) = 0. (3.58)

Similarly, there exists a vector |[) with the “smallest” eigenvalue [, and is annihilated by the lowering

operator,
Fly =o. (3.59)

|w) is called the highest weight state, and w is called the highest weight in the representation we
consider. Correspondingly, |/} is the lowest weight state, and [ is the lowest weight. Eigenvalues in

the middle of them are called weights in the representation.
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In such a matrix representation, the extension to include M into the algebra is natural and
unavoidable (as the matrix multiplication is introduced in the representation space). Since M is
central, its value does not change in the whole representation, that is the eigenvalues of M acting

on both |w) and |I) are the same.

M |w) = (w® +2w) [w), M) = I*=20)|). (3.60)

This puts a constraint,
(w+)(w—1+2)=0, (3.61)
on the representation. By definition, w > [, so w — [ 4+ 2 # 0, and thus we obtain w = —[ in the

representation. Further from the property w — 2n = [ for ?n € N, we finally see that w = n € N,
i.e. the highest weight must be an integer. This strong constraint follows from the finiteness of the
matrix representation. As the weights line up at the interval of two, the dimension of representation

(or the size of the matrix used in the representation) is given by w + 1.

Remark One can also consider a general highest weight w to construct a representation, but the
weights in the representation will not be bounded from below, i.e. it will be an infinite-dimensional

representation.

Example 3.2.1 Let us write down the explicit representation corresponding to w = 1. There are

two basis with eigenvalues respectively 1 of h, and thus h is diagonalized in this basis to be

1 0
h:(o _1>. (3.62)

Let us denote the basis with their eigenvalues as |+1), and we determine the relative normalization
of these vector by |1) = e|—1). Then we have f|1) = fe|—1) = —h|—1) = 1. Therefore, e and f

are represented by the matrices

01 0 0
() () s

We see that it is exactly the defining representation of sls.

Remark One can compare the above fundamental representation with Pauli matrices in su(2).
We have

o, =e+f, o,=—ie+if, o,=nh. (3.64)

Thus at the level of Lie algebra, sly and su(2) are isomorphic, but to generate the corresponding

Lie group, we use exp (i0X) for X € g, where g is sly or su(2) and # € R. As we can see that the
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isomorphic map () involves complex numbers, the corresponding Lie group SU(2) and SL(2,R)
are different. Indeed since the eigenvalues of Hermitian matrices are real, SU(2) is a compact (£

Z11) group, while SL(2,R) is non-compact.

Example 3.2.2 Now we construct the representation corresponding to w = 2. h is diagonalized

as
20 0
h=10 0 0 (3.65)
00 —2
We again set the normalization as
2) =el0), [0) =el|-2). (3.66)
Then we find
f12) = fe*|-2) = =h|0) — eh|-2) = 2|0), (3.67)
f10) = —=h|-2) =2]-2). (3.68)
That is to say
010 000
e=|10011], f=1200 (3.69)
000 020
3.3 General structure of Lie algebras and roots
A general Lie algebra is characterized by the following commutation relation,
oy Jo) = far e (3.70)

where J,’s are the generators of the underlying Lie algebra.

A useful basis of this algebra is to first find the maximal set of simultaneously commutating

generators, {H;}i—

..........

a commutative Lie algebra, and is usually called the Cartan subalgebra. Then we build the basis

of the remaining generators s.t.
[H;, E,| = a; E°, (3.71)

where a = (ay,...,q,) is an r-dimensional vector and is called a root. Let us denote the set of all
roots by A.
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Example 3.3.1 In sly, the Cartan subalgebra has only one element, h. There are only two roots
in this algebra, A = {2, -2}, and Es =e, E 5 = f in ()

Example 3.3.2 sl3 is defined as a set of 3 x 3 traceless matrices. There are 2 diagonal traceless
matrices,

1 0 0 1 0 0
hy=10 —1 0], ha=| 01 0 , (3.72)
0 0 O 00 -2
and six off-diagonal ones,
010 0 01 0 00
ege=10001]|, e2=]10001], es=10011, (3.73)
000 0 00 0 00
0 00 0 00 000
et=|11 00|, e2=]10001], es=]0200 (3.74)
0 00 100 010
Apparently, {h;, ha} forms the Cartan subalgebra of sl3, and we can confirm that
€1 X E(270)7 €9 X E(Lg), €3 X E(_173), (375)
€1 X E(_Q’O) €y X E(_l’_g), €3 X E(L_g). (376)

We remark that there is still a d.o.f. left to normalize the roots properly. We will be dealing with
this shortly. [

Let us try to compute the commutation relation between E, and Ejg.
[Hi’ [EOM Eﬁ“ = [Ecw [Hiv Eﬁ]] - [Eﬁ7 [Hi7 Ea]]
= (a+ B) [Ea, Ep]. (3.77)

We thus see that if a + 3 ¢ A, then we must have [E,, Eg] = 0. When a + 3 € A, we have

[Ea, EB] X Ea+5. (378)

Ifa+p3=0,ie = —q«,then [E,, E_,] commutes with all H;’s. This means that [F,, F_,] can
only be a linear combination of the Cartan generators, H,.

Now we need to determine the normalization of H;’s and E,’s. The Cartan generators are chosen
to satisfy

1
Wtradj (HzH]) = (57;7]', (379)
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where hY is the dual Coxeter number (we will give the details on it later) and the trace is taken
over the adjoint representation of the generators. We also need to fix the normalization of root
generators, E,, and it is convenient to set it similarly to
1
2hV
The coefficients in [E,, E_,] = ), ¢;H; can then be determined through

trad] (E Eg) = 5a+50 (380)

1

1
2RV trog (E_oEo) = ;. (3.81)

1
trad] (E— [Hw Ea]) =0, IRV

tlAadj (Hz [Eaa E—aD 2BV

G =

Let us be more precise about the adjoint representation. It can be constructed as follows. We

utilize the commutation relation
[Jas Jo] = Z Far"Je, (3.82)
then we define the adjoint map as
Radj : Ja = Ma = (Ma)cb = fabc' (383)
Following from the Jacobi identity, we have

[Jc> [Jm Jb“ + [Jb> [Jca Ja]] + [']m [JIN JCH

=3 (Mo)ea(Ma)as + (My)ea(Moaa + (Ma)ea(Mp)ac) Je = 0 (3.84)

Note that
(Ma)eb = —(Mp) cas (3.85)

we obtain
(Ma - Me)pe = (Me - Ma)oe =Y fac"(Ma)se, (3.86)

which is exactly the matrix realization of the commutation relation () This map Rqq is the

adjoint representation of the Lie algebra.

We observe that in the adjoint representation, the dimension of the representation is equal to the
number of generators in the Lie algebra, so we can establish a one-to-one correspondence between

each generator and a basis vector of the representation space,
Xege|X). (3.87)
These vectors keep the same Lie-algebraic structure,
laX; +bX;) =alX;) +b|X;), (3.88)
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and
X 1) = X0 X) (3.89)
Then it is not hard to see that all of them are eigenvectors of the Cartan generators,
H,|H,) = |[H. ) =0, Hila) = ala). (3.90)
It is also possible to incorporate a complex structure in the Lie algebra so that
H] = H; (3.91)
then since a’s are real,
(Hi, B))' = Bl = — [H;, Ef] = o, EY, (3.92)
The matrix element in the adjoint representation can be worked out via

T | Jo) = |[as o) = D far 1 Je) - (3.93)

We see that the representation with weights equal to the roots is the adjoint representation.

Example 3.3.3 Let us re-construct the adjoint representation from the above basis labeled by

the generators. We start from sl,. Since we have
[H,Ey] =2E,, [H,E 5] =—-2E 5, [EyE 5 =H, (3.94)
there are three vectors in the adjoint basis,
|Ey),  |H). (3.95)
It is easy to obtain

-2 0

., Ea,e— | -100 |. (3.96)
0

2 0
H— 0 0 , FEyw—
0

o O O
o O O
S = O

0
-2 0

One can check that it is equivalent to w = 2 representation of sl, constructed in Example 3.2.2 by

using the similarity transformation of

U = diag(—1,2,2). (3.97)
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Example 3.3.4 In the case of sl3, the commutation relation in the normalized form reads

[Eoys E—oy] = Hi [Eay, E—o,] = H,

[Ears Bas] = Eartass  [E-ary Boas] = —E_a—as;
[Eaiss Eartas] =0, [E—ay, Baytas] = Eay,
[E—vy, Baytas] = —Eay,  [E-ais: F-ai—as] =0,
Hy,E,]=2E,,, [HsE,]=—E,,,

H,,E,)| = —E,,, |[Hs E,,]=2E,,

Hla Ea1+a2] = Eoé1+a27 [H27 Eaﬁ-ag] - Ea1+a27
Eam E*OZI*OQ] = _E*aw [Ea27 E*CYI*OZQ] = _E*0117 (398)
where we identified
h h
Hy = h17 H2:_71+72’ Eal = e, E*Oq = €1,
E'oé2 = e3, E’_Oé2 = ég, Ea1+02 = €9, E_al_QQ = ég, (399)

with the defining matrices given in Example 3.3.2. The adjoint representation is given by

10 0 000 0 0 | By tas)

02 0 000 0 0 |E,,)

00 -1000 0 O |E,,)
le00000000 |H.)

00 0 000 0 O |Hy)

00 0 001 0 0 |E_a,)

00 0 000 -2 0 |E o)

00 0 000 0 -1/ |E g—-a)

1 0000 0 0 O

0 -1 000 0 0 0

0 0200 0 0 0
H2_000000007

00000 0 0 O

0 0000 -20 0

00000 0 1 0

00 000 0 0 —1
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001 0 0O0O0 O 0 -1 00 0 0OO
000 -2100 O 0 0 00 0 O0O0O
000 0 O0O0O0O O 0 0 01 -2000
B - 000 0 O0O0T1 O By 0 0 00 0 0O0O (3.100)
000 0 0O0O0 O 0 0 00 0 10O
000 0 0O0O0 —1 0 0 00 0 0O0O
000 0 O0O0O0O O 0 0 00 0 0O01
000 0 0O0O0 O 0 0 00 0 0O0O

etc. We remark that the normalization chosen in this example is different from the one discussed

above, as we know that for sl3, hY = 3, and

1 1
Wtr(HiQ) =2, Wtr(Hle) =1, (3.101)

yet it is an often-chosen convention in practical computations. [

The adjoint representation can be understood as a representation built from the highest-weight
state |E,, ), so the highest weight of this representation is w = a3 = (11,42, ..., a1,). A more

general representation starts from an arbitrary weight w and we denote the highest-weight state as
lw), H;|w)=w;|w). (3.102)
As
H,E, |w) = [H;, E,| lw) + E,H; |w) = (w+ a)E, |w), (3.103)
we see that F, raises or lowers the weight of a state.

To work out the highest-weight representation more explicitly, we note that there are (in fact)
r independent sly triplets in the Lie algebra we are considering. Let us choose a basis {«a;};_; of

the root space, then we see that by defining
Ef = |oy| " Bia,, EP =iy - H, (3.104)
where H = (Hy, Ha, ..., H,), they form an sl, algebra,

(B} Ef] = |ou| ™ o - H, Big,] = H|ou| ' Birq, = £EF, (3.105)
(B} E] = |ai| i - H = E. (3.106)

)

To construct a finite-dimensional representation of the Lie algebra, we need to require each sly
sub-algebra to be represented finitely. From the discussion in the previous section, we see that the
weight of h; 1= 2E3, i

20
i Yy, (3.107)

|2

3Be careful about the normalization!
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must be an integer.

Comparing the above expression with the known eigenvalues of H;’s in the adjoint representation,

we can work out the inner product of the root vectors. For example, in sl3, we obtain

2001 vy 2001 - Qg

e = PE =—1. (3.108)
Under the normalization condition,
jou|* = Jasf* =2, (3.109)
we have
ap-ag = —1. (3.110)

Remark: Why finite-dimensional representations?

Example 3.3.5 Let us construct the representation of sly with highest weight w = (1,0) (in the
basis oy = (2, —1) and as = (—1,2)). The whole structure of the weight space looks like

1.1

(‘\) A
T (L0

B (Ii)

(b.1)

(3.111)

It is a three-dimensional representation, and usually also called the fundamental representation of
5[3.

Weyl group Let us plot the root system of sl;.

— Q9 g
@ --d----9
/ N\ /7 N\
/ \ / \
/ \ / \
/ \ / \
/ \ / \
/ \ / \
—Q 7 Qo N g’ ao
@ ®
\ YA RY /
\ / \ /
\ / AY /
\ / \ /
\ / A /
\ / \ /
o] Qg
DY
(3.112)
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where we employed the expression in the orthogonal basis,

o) = (%,?) . Qg = (%,—?) , (3.113)

that satisfies () and () We see that these roots form a honeycomb (#§H) lattice, and
therefore we have a finite group standing for the symmetry acting on this lattice. Such a finite

group is called the Weyl group.

It is known that the Weyl group can be generated from the following reflection associated to

each root «,

20«

W) = v — . 3.114
salv) =0 - % (3114)

It is easy to see that
Se(@) = —a, (3.115)

and when o - a = 2,
Sa(v) =v—(v-a)a. (3.116)

In the root system of sl3, we have

Sop(@1) = —1,  Sgy(@2) = a1 + a2,  Sa, (a1 + o) = g, (3.117)
Sap(1) = 1 + g, Sa,(2) = —an,  Sa, (1 + a2) = . (3.118)

The Weyl reflection associated to oy can be graphically understood as

(3.119)
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and similarly the Weyl reflection associated to o,

—Q ,—//062 ,
N
(3.120)
Example 3.3.6 Note that in fact we have for the fundamental weight w; = (1,0)
2
oy = 2t o (3.121)
3
thus
wy - 0 = 1, Wy * Qg = 0. (3122)

This shows why w is lowered only once by E_,,, and that maps to wy = 3%, which can further

be mapped to wz = _"17_2"‘2 These weight can be plotted as the following.

~
~ W3 wi,*
~~ "
~ o
O’ ~~
4‘ ~§
. ~
" he
. AES

(3.123)

3.4 Restrictions on root system and classification of Lie algebras*

In the last section, we see that for any representation of a given Lie algebra, the weight must satisfy

20
i Yz (3.124)

|ovi|?
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In particular, if we consider the adjoint representation, as we have all roots as the weights of the

representation, we arrive at the conclusion that

2, - 2a; -
T‘QEJ €z, chu?a €z, (3.125)
i j
for any pair of (4,7). Let us denote
QOéi o7 2@]' e
- . (3.126)
il |a;[?
then
AT
cos® O = (ai -ay)” g (3.127)

Pla? 4
We already see that the constraint on the angle between two vectors, «; and «;, is very strict, and

as 0 < cos?0;; < 1 (note that cosf = +1 means 6 = 0° or § = 180°, and thus o; = +a«;), the only

choices are niny = 0,1,2,3. The list of all possible angles is as the following:

ning eij
0 90°
1 60° or 120° (3.128)
2 45° or 135°
3 30° or 150°
As chosen so, {a,...,a,} is a basis of the root and the weight space, but there exists some

special basis of the root system so that
i=1

for Yoo and n; € Z. Within the region of integer coefficients, there is a further special set of roots
that cannot be expressed as a linear combination (in integer coefficients) of other roots, and we call
them simple roots. Of course, if « is a simple root, —« is also a simple root, It is thus important
to set the positivity of roots, and after doing so, the root system will be split into two parts, with

positive roots satisfying
o= Zniai, In; €N, (3.130)
i=1

and negative roots given by all —a’s.

The set of (positive) simple roots then completely characterizes a Lie algebra. Mathematician
Dynkin introduced a visual representation of the simple roots, called Dynkin diagram. First note

that for any pair of simple roots, a; and s, a; — as is not a root, that measn

E_o,|Eq) =0, (3.131)
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i.e. |Ey,) is the lowest-weight state of the sly triplet of ay. The corresponding weight

20&2 cQn

_ 3.132
e P, (3.132)

is a negative integer. Therefore we see that the angle between any two simple roots must be larger
than 90°. The only possibilities of the angle 0;; are 90°, 120°, 135° and 150°. We use a node,

Q (3.133)

to represent each simple root. According to the angle between two simple roots, we use the following

(3.134)
(3.135)
(3.136)

and when the angle is 90°, we do not draw any line connecting these nodes,

Q Q v (3.137)

Example 3.4.1 In the case of sl3, as we have already seen that we can choose the simple roots

graphic convention,

to be a; = (2,—1) and ay = (—1,2), but this vector representation is not in the orthonormal basis.

Instead it implies

20[1 %) 20(1 * Qg

= =1, 3.138
PR (3.138)
and thus
aq * Q2 1
coslip = ——= = ——. 3.139
2= Jalla] ~ 2 (3.139)

The Dynkin diagram of sl3 is thus given by

O—0O

&1 @2 (3.140)
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Example 3.4.2 [J

To classify the simple root systems, we further add a condition that in the set of all simple roots,
we do not have two subsets that orthogonal to each other. For later convenience, we call such a set
of simple roots as simply-connected (FLi%i#) system. In this way, we can classify all Lie algebras
(with finite-dimensional representations). Let us first describe the classification result before we
sketch the proof of it. There are in total 7 types of Lie algebra, usually called A, B, C, D, E, F
and G-type.

The Dynkin diagram of the A-type Lie algebra is linear:

Q—Q O (3.141)

According to the number of nodes, say n nodes, we call the Lie algebra of type A,. As we have

already seen, n = 1,2 respectively corresponds to sly and sl3. More generally, the Lie algebra of

A,-type is also called sl ;.

The Dynkin diagram of the B-type Lie algebra is given by

Q:Q N Q (3.142)

where the green node represents a simple root corresponding to a shorter (-norm) vector. Again

they are denoted as B,, Lie algebra or s09,,1.

The Dynkin diagram of the C-type Lie algebra is given by

O:Q - Q (3.143)

and C,-type is alternatively denoted as sp,,,.

D-type Lie algebra has a branch,

Q g O O (3.144)

and D,-type corresponds to $0s,.

E, F, G-type Lie algebras are usually called exceptional Lie algebras (ffi|7p2=X%). Unlike the
ABC'D siblings having infinite number of family members, there are only 5 exceptional Lie algebras

in our classification: Fg, Fr, Eg, Fy and Gj.
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The Dynkin diagram of Fjg looks like

G Q N Q Q (3.145)

E7 is given by

Q Q N Q Q Q (3.146)

and the Dynkin diagram of Fg reads

G NN AN AN <> <> (3.147)
F4 and G5 involves double and triple lines respectively. Their Dynkin diagrams are respectively

0O oasm
=0

and

(3.149)

The above is the full list of all Lie algebras. A useful terminology in the context of Lie algebra is
simply-laced. It means the Dynkin diagram only contains single lines and no double or triple lines.

One can see that simply-laced Lie algebras are of A, D or E-type.

To prove the classification stated above, we first need several lemmas.

Lemma 1 The sub-diagram (without any decoupled root) of a system with three vectors can only

be
Q—Q—Q (3.150)
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or

Q—O:O (3.151)

Proof: The sum of all angles between each two of three vectors, 615 + 023 + 637 is 360° if and only

if three vectors lie on a single plane, i.e. linearly dependent. Therefore the following diagrams,

(3.152)

C) \_ (Q (3.153)

and

etc., are not allowed.

Lemma 2 If there are two simple roots connected by a single line, then the new system 3 obtained

by “shrinking” these two roots into one from the original system II is also a simply-connected system.

Graphically, the new system ¥ is generated from II as

Qe

II - (3.154)

Proof: We remark that graphically, this lemma is almost trivial. To prove this claim mathemat-
ically, we need to formulate the “shrinking” operation algebraically. Following from lemma 1, we
know that in any three simple roots in II, there exist at least two root vectors orthogonal to each

other. In particular, for a;, 5 and another simple root v, we have
a-y =0, (3.155)
or

f-y=0, (3.156)
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which implies

(@+B8)-y=a-y, o (a+p)-v=8"7. (3.157)
We see that the shrunk root o + f indeed inherits the positional relations with other simple roots
in II, and thus the new system > with this new root o + [ is also simply-connected. [

Using a similar method, we obtain the following lemma.

Lemma 3 Given a simply-connected system,

o
@ (3.158)

then the new system

(3.159)

is also simply-connected.

Proof: Let us first confirm that o + 3 indeed is connected with v by double-line, i.e the angle
between them are 135°. We have « - f = 0, and
a-y _foy 1
oyl 1Bl 2

(3.160)

We also have

la+ 8| = V/]a|* + |B]2. (3.161)

Assuming both a and [ are normalized in the same way, i.e. |a| = |(], then

. . 1 1
ay+foy _ Ll 1 (3.162)

a+8Ihl 2 V2lal V2
We can rule out the possibility of

@ (3.163)
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as we can construct a system of three vectors as above to obtain

o v +

(3.164)

which has already been ruled out by Lemma 1. Therefore all simple roots connected to ~ in the
black box of the unspecified subdiagram are connected by a single-line. Then we see how the new
system is simply-connected. [J

It follows immediately by using Lemma 3 twice that

% (3.165)

Proposition 4 Combining Lemma 2 and Lemma 3 we see that the Dynkin diagram can at most

is not allowed.

has one branch, which consists of only single-lines.

Oé (3.166)
C—) %
W,
(3.167)

7

Lemma 5 The following diagrams,

O

@




o0

()
N

()
NN

O

Oo—C—0-—0

are not allowed as they do not pass the linear independency check.

(3.168)

(3.169)

Proof: We assign to each simple root a weight p; and show that for a proper choice of the such

weights, we have

<Z uiai)Q =0.

For example, the weight choice for the first diagram is given by

As we have

then

(5]

@

aq
Qg
a3
Oy

Oy

cap =—1, aj-azss67 =0,
caz=—1, az- 04567 = 0,
cag=az-a5=—1, az-agr=0,
’046:—]., Oé5'Oé7:—1,

CQr =5 Qg = Q- s = 0 - ap = 0,

= —2pu iy — 2fiafis — 2puspis — 2psfls — 2fiapte — 2tspiz +2 7

()

=—4-12-12—-12—-4—-4+2(34+12+9) =0.
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This completes the classification of all possible Dynkin diagrams.

3.5 Characters of Lie algebra and symmetric polynomials

In the context of Lie groups, we can again define the characters as

Xr(g) := tr (R(g)), (3.178)

for each element g in the Lie group G. As the Lie group is continuous, there are infinitely many
elements in the group. We will focus on the generators of the form g = exp(X), where X € g is
an element in the corresponding Lie algebra g. In this case, we shall evaluate the character in the

corresponding representation of the Lie algebra g,

Xp(X) = xr (exp(X)) = tr (exp (p(X))) . (3.179)

The trace of the exponential of generic matrices is very difficult to evaluate, while for diagonal
matrices, this is very simple. Fortunately, the Cartan subalgebra b is always diagonal for all the
states in a highest weight representation. Then the character restricted to the Cartan part is given
by

XoH) = Y mpe, (3.180)

A: weight

for VH € .

Example 3.5.1 SU(2). The Cartan subalgebra of su(2), or equivalently sls, is one-dimensional.
So we consider the character associated to the Cartan generator H = fey, e.g. for the fundamental

representation (with weight w = 1),

Xoot(H) =€’ +e 0 =t +t71, (3.181)

0

where we further defined t := €. More generally, in the representation of weight w = m, the

character reads

, (m—2)6 —(m—2)0 —m@ ol — e—2(m+1)0

Xuw=m(H) = ™ + ™7 4o e 4 T = e
B p(m+1)0 _ o= (m+1)0 _ sinh ((m +1)0) (3.182)
T @ _e® snh(d) |

Example 3.5.2 Fundamental representation of SU(3) or sl3. As
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3.6 Noether’s theorem

classical version

quantum version

3.7 Composition of representations
3.8 Invariants in Lie algebras
3.9 3D harmonic oscillator revisited

3.10 From Lie algebra back to Lie group

4 Affine Lie algebras

A Spherical Harmonics

The spherical harmonics Y are defined as the eigenfunctions of

1 0 0 1 o2

sin9%81n6%+m0_g02' (A1)
We can separate the variables to set
Y(0,0) = 0(0)2(p), (A.2)
satisfying
32—;; = —m?®, (A.3)
sin 6% (sin 9%) = m?0 + Asin’ 4 O, (A4)

where A represents the eigenvalue of Y. For ® to be a (continuous) periodic function, m has to be
an integer, m € Z, and ® is solved to be ® = ¢, Since § = 0, 7 correspond to two poles of the
sphere, which are two points with no speciality, we need to impose a continuous (regular) condition
on O at these two points. That is to say, at § = 0,

@:f)f<c+a0+292+§93+%94+§95+...>, >0 (A.5)
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together with

3

sinf =60 — % + O(6°), (A.6)

and

4
sin2g — 02— 4 o9 (A7)

3
(mz_ez>c+(m2—<é+1>2>a9+(SW —(€+27)+ (“ ) )

+<§(m2—(€+3)2)+(<€ DICh) ) )
((2)\+ 6(£+2)(€+3)> b+ <m£ - i(€+4)2) g- (g + 4—255(“2)) c> 0 + O(6°) = 0(A.8)

we have

We have ¢ = |m/|, no constraint on ¢, but a = e = h =0,
[m|(|m|+1)
A 4 mllimi1)

etc. One can solve the series expansion and find the condition for regularity at 6 = 7. A more

powerful analysis can be done by changing variable to x = cos, and then we have

(1— x2)ddx <(1 — a:2)ddx@> =m?0 + \(1 — 2?)0, (A.10)

which is known as the associated Legendre equation. Let us solve the equation with the series

expansionE

o
) :xKch:v", (A.11)
n=0
and the equation is translated to

A+(n+l=2)n+L0—1))coo— 2 +0*+m* + XN ey + (n+ L+ 1)(n+ L+ 2)cpys = 0.
(A.12)

One finds

lim %2 = 1, (A.13)

n—1 Cn

4Note that the uniqueness of Taylor expansion ensures the convergence of the series expansion solution on entire
€ [-1,1].
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which implies the series is probably not convergent at |x| = 1, and the only way to have a solution

regular at = 1 is to terminate the series at a finite n, that is to say for some n € N,
A=—(n+0)n++1). (A.14)
Note that the equation for ¢y # 0 implies
(=0, or (=1, (A.15)
so A is only parameterized by a positive integer L,
A=—L(L+1). (A.16)

The solution to the associated Legendre equation is a polynomial and is called an associated Leg-
endre polynomial. When m = 0, the equation is called the Legendre equation, and the solution is
the Legendre polynomial. Let us denote the Legendre polynomial labeled by L as Pp(x). We define

a new polynomial through Pp(x) as

m dm
Pl (x) = (—1)m(1—x2)7dmeL(x). (A.17)
Let us act the operator
d d d2 d
D=(1-2)—((1-2Y)—)=(1-2*)°"— —22(1 —2%)— Al
(=) (=g ) = (= e - 21— )7 (A18)
on Py (z),
PP = —(1— i L p sa(l— 2 L p | 222y (1 — 22 L p A.19
L(x) =—(1—217) P r(z) +4x(l —27) P r(z) + (1 —227)(1 —2%) ey r(z), (A.19)
while
iD—(1—x?)2d—3—635(1— 2)01—2—2(1—3952)— (A.20)
de da3 da2 x’ '

and that is to say

DP}(z) = —(1 — x2);%DPL(x) —2z(1 — xz)%dePL(x) - (1- x2)%(1 — 4x2)%PL(:L‘)
2 %i xr) — 2 x) — —3:2 %i X

= (1 - ") —DPi(x) (1_352)%0&( )~ (1= a%)2 —Py(a)

= (1= 2?2 L(L+1)—(1—2®)Py(x) + 22L(L 4+ 1)(1 — 2*)2 Py (z) — (1 — xz)%%PL(x)
= (1—2?)2L(L + 1)%&(:5) —(1— x2)é%PL(x)

= (1 —2?)(=L(L +1))P}(x) + P}, (A.21)
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which implies P} is a polynomial solution to the associated Legendre equation for m =1 and X\ =

—L(L+1). Now we assume P} satisfies the associated Legendre equation for m and A\ = —L(L+1),

and from
1 d 1
Py (e) = =(1 = 2%)2 — Pp'(w) — ma(l = 2%) 72 P (), (A.22)
x
we have

m 1 d m 3 d2 m 5 d3 m
DR () = (125 S Ppa) 200 —2)3 S Pp(a) — (1 - 078 ()

1 rd o s A2
—3ma(l — 232 P (z) — 2m(1 — :1:2)2@]% (z) —ma(l — 2%)2 e P (z)
—22%(1 — xQ)%ipm(x) +2x(1 — xQ)%d—QPm(J:)

de * da?2” ©

d

+2mazx(1 — xz)_%PF(:U) +2ma*(1l — 2 )%aPL ()

o 4 g A2 2 ot d
=—(1—2%)> dx3PL () +4z(1 —z )deQPL () + (1 —=227)(1 —x )2£PL (x)

3 d2 m 1 d m —1Hm
—ma(1 — x?)2 s P (z) +m(x? —2)(1 — x2)2£PL (z) — ma(l — 2*) "2 P (z)

1 d 2x 1 d

— _ _ 2 5 m _ m _ o 2 5 m
=—(l—-=x )2dePL (x) a _$2)%DPL () — (1 —x )2deL (x)

mx m 2\1 d m 2 m

— -DP"(x) —2m(l —2°)2 —P/"(x) — max(l — 2°) 2 P]"(2) (A.23)
(1 z2)3 dz

Now we use the assumed property of P/", i.e.

DP™(x) = m*P"(z) — L(L + 1)(1 — 2*) P} (z), (A.24)
to obtain
DI () = —m2(1 - x2)%%zsgn(x) +L(L+1)(1 - xQ)S%Pin(x) e L(L+1)(1 — 22) PP ()
2m2$ 1 1 d
——— = _PM™x)+ 2oL(L + 1)(1 — 2*)2P"(z) — (1 — 2*)2 — P (x
)+ 2L+ D= P ) — (1= )
3
T priey 4 maL(L+ 1)(1 — 22 Pr(a) — 2m(1 — 22)5 L pra)
(1—2?%)2 dx
—max (1l — xQ)’%PF(x)
2 pm+1 2\ pm+1 2m*x m 2m*x m
=m Py () = L(L+ 1)1 —27) P (2) — —— P (2) + —— < P/ (2)
(1— 22)3 (1—a2)2
L P () & %PF(@*) +2mP™ ™ (z) — ma(1 — 2?)"F PP (x)
— )

= (m+1)*P"(2) = L(L + 1)(1 — 2*) P"" (£).25)
By induction, we see that PE”H provides us a solution to the associated Legendre equation.
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What is left to us becomes to solve Pp(x) itself. The answer is known as

L3]
1
Pr(z) = oL (=1 LCx 2p-2Cp z"72F, (A.26)
k=0

NS

where ,,C,,, denotes the binomial coefficient (for simplicity). As we know from the recursion relation
that the series terminates at n = L, where n is the power of ™ in the series, which first of all is

consistent with the above answer. We have
1Ok 21—21C1L (]{] -+ 1)(2L — 2K>(2L — 2k — 1) CL—2k

J— = = 5 A.27
LCki1 2026 —2CL (L —Fk)(L —2k)(L —2k—1) CL—2k—2 ( )
and therefore
" L— 2)(L -1
c :_( n+2)(L+n-—1) (A.28)
Cn—2 n(n+1)
It is then not hard to confirm the above recursive expression satisfies () for m = 0.
Let us list some concrete expressions for the Legendre polynomials
1 1
P(z) =z, DP(z)= 3 (32> =1), Pi(z)= 3 (52° — 3z) ,
1
Py(z) = 3 (352" — 302>+ 3) . (A.29)
And for the associated Legendre polynomials, we have
Pi(z) = -3 +3, Pix)=0, Pj(x)=—3z(1— 2?3,
Pl(z) = 155(1 — 2%), P3(z) = —15(1 — 2?)%. (A.30)
In summary, we have the spherical harmonic function given by
Y70, ) = P (cos 0)e™. (A.31)

We remark that the associated Legendre equation only depends on m through m?, so we can extend
the analysis to negative m in the same way, and we see that |m/| is bounded by L.

Remark: From the explicit expression of Legendre polynomials, we see that no matter around
which point on = € [—1, 1] we expand the solution of the Legendre equation, it should truncate at
a finite order. Let us analyze the behavior of the associated Legendre differential equation near

xr =1, and we further set y =1 — z,

d d 9
y(2 — y)a (y(2 - y)a@> =m0+ \y(2 — y)0O. (A.32)
Let us expand
0=y Z ey, (A.33)
n=0
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and then the coefficients satisfy

(M40 +(n+0+A) oz — (4(n+ 07 +2(n+0) +2X) ¢y + (4(n + £)* —m?) ¢, = 0(A.34)

For n = 0, we simply have (? = mTQ, and if the series expansion truncates at certain “n, then we find

A=—(n+0)n++1). (A.35)

For even m, this constraint is no problem, and indeed agrees with the result from our expansion
around x = 0. However, when m is odd, A is no longer an integer, and it is inconsistent with the
truncation condition of the expansion around z = 0. That is to say, the truncation does not happen

for m odd. The series expansion in fact converges in a more delicate manner. Indeed we can see

n

around x = 1, the series starts from the behavior (1 — )2, which cannot be expanded in finite
terms of 2" for m odd. We notice that it is still perfect to work with m = 0 at the very beginning,
and impose the truncation condition to solve the Legendre polynomial, and then use the recursion

relation (JA.29) to generate the associated ones.

B Schur’s Lemma and its Consequences

C Symmetric Polynomials

Elementary symmetric polynomial:

er({z:}Y) = Z Ty Tiy « - T, (C.1)

1<t <-<ip

Power sum:

pr({zi}ly) = Zas;f. (C.2)

For a partition A = (Aq, Ag, ... ), we define

Al

Py = Hp’\l (CB)
i=1

Schur polynomial: for a partition A,
sy({zi} ) = det(z ) fdet (a2 7). (C.4)

By definition, we always have sy = 1 for any N.
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Example: N =2

8(1)($1, Ta) = 1 + To, 3(2)@1, Ty) = OE% + T2 + :ci, 3(1,1)(5E17$2) = T1T2. (C.5)
Pa1) = (1 + I2)2 = I% + 23129 + :c%, P = a:f + x% (C.6)
Py = 5@ 501, Pe) = S@) — S0 (C.7)

It is known that

pa(e) =) xhsu(x), (C.8)

where x4 coincides with the character of symmetric group Sy in the representation p and the

conjugacy class .

From the above, we found that

(2 _ 2 _ (1) _ 11
X(Z) - 17 X(l,l) - 1» X(Q) - 1a X(Ll) = —1L (C.Q)

3 _ 2,1 _ (1,1,1) 3)
X =L xg =-L xg =L Xxep=1, (C.10)

(2,1) (L1,1) 3 21
Xen =0 xeny =L Xiw =L Xy =2 (C.11)

(1,1,1) o
X(17171) - 1 (012)

D Two-Rubik’s Cube

(D.1)

E IR RS

TP (BT RE ARG AT AT LR, % &R B IMHIALS Tl . AErh s IARGX R A
NEERII], B kIR 2 ) HEATIEIHRSC. MH MRS o E.

L =T R HRFRIE (15)
B EML/ Nz g MAGE RO RRR SR B =P Ry 3k (NSEE =AY, Sl =M. EM =M
JEAE) . MOSFRIERY A B TRTIX A R BT 55, R IX LRI FRIE XS B A o
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Figure 18: Examples of pentagon tiling.

2. SEEHMIE (50")
BEHAT DL SR Al b T TR 4eh% (Pentagon tiling) — B R 80% FI— K ARMMER . 124 M1k N
LB 15 MBI TR (S IRELY). 75—t E M R RIET , ST & ST I
(BREE EREMEEMIELBIEAEH T, ) 2017 fEEE A% Rao BERKIEA T AL 16
TR TNIY , (EIZA AR SE R EATIFH « 15 BAT AR 2 SHOXFE LY, B
SXIFREsERS A OCE (REREIZE 16 FhotRTOLIE, WIA IR EE 7. )

3. ZURTHASRERE (35)
T R T B TR SR RO RS RER . DAL S E N By ~ —78.62eV. iHIIHEE
WAL RO S SO ARAT Ui IR A A 5 A S S (AR IR 2= E B N — 3

PEOR  BARTE AR 2 5 ERE B U T AT, o FRATTAT LAREIEG 225000 e 4 Jl P AT A% 3R AP 35
5> Ho KW H 72 [ EAER -

H=Ho+ Hint, (E.1)
B (ZE 7 Z =2),

p? p% Ze? 7 e?

Ho =
"= o

2l B Areo|T | B dreg|y|’

62

Hint ST ————
47T€0‘7"1 — 7"2‘
FATAT LA Hoie VENARIIA T TR

4. 80(3) 1Y 5 4= (25)
BRI SO(3) HY 5 4Ekon, B 5 x 5 JHFEIR T SO(3) BIMTA A MTT, Fhade 1R 20 2 /Y
REK R o R SRAERT I A ZEAREL 50(3) Y TLAERTR .

5. Dy #f5 Ss Bf (25)
WHUH] Dya 5 Ss ANEAEHERA
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Figure 19: Shastry-Sutherland lattice.

6. Shastry-Sutherland #%7- (25)
5341 Shastry-Sutherland #% -1 (@l@) SRR s FF5 H— T 2 32O BRI I G 2

7. B-RIZERHL (25)
IHBIE By B sor s
10. #EEHIHAL (25)
TR SRR AE IR (B AR ST BIR R
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